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4.3 THE COVARIANCE THEORY OF TIME-FREQUENCY
ANALYSIS?

4.3.1 The Covariance Principle

Many important classes of linear and bilinear /quadratic time-frequency representa-
tions (TFRs) can be defined by a covariance property. For example, the family of
short-time Fourier transforms [3] [9]

oo
Fht, f) = / 2t h* (¢ —t) eI g (4.3.1)
—0oQ
(where ¢t and f denote time and frequency, respectively, x(t) is the signal under
analysis, and h(t) is a function that does not depend on z(t)) consists of all linear
TFRs L that are covariant to time-frequency (TF) shifts according to

Lg .t f) = e 207 L (t—7,f—v). (4.3.2)

]
Here, S, is the TF shift operator defined as (S, z)(t) = z(t — 7) e/2™*. Thus,
among all linear TFRs, the short-time Fourier transform is axiomatically defined
by the TF shift covariance property (4.3.2). Similarly, Cohen’s class (with signal-
independent kernel h(t1,t2)), given by [3]

Cw(t,f):/ / z(t1) y*(t2) h*(ty—t, ta—t) e 927 (=) g dp, . (4.3.3)

comprises all bilinear/quadratic TFRs B that are covariant to TF shifts according
to

BS"’,Vz,ST,Vy(t’ f) = Bw,y(t_T; f_V) . (434)

Similar covariance-based interpretations and definitions can be given for many other
important classes of linear TFRs (e.g., wavelet transform, hyperbolic wavelet trans-
form, and power wavelet transform [7] [9] [10]) as well as bilinear /quadratic TFRs
(e.g., affine, hyperbolic, and power classes [2] [3] [6] [7] [10]; see also Articles 5.6,
7.1, and 15.3).

In this article, we present a unified covariance theory of TF analysis that allows
the systematic construction of covariant TFRs [4] [5] [12]. (See [8] for a much
more detailed treatment.) Covariance properties are important in TF analysis since
specific unitary signal transformations often occur in practice—e.g., time shifts and
frequency shifts as described by the TF shift operator S;, correspond to the delays
and Doppler shifts, respectively, encountered in radar and mobile communications.

OAuthors: F. Hlawatsch, Institute of Communications and Radio-Frequency Engineer-
ing, Vienna University of Technology, Gusshausstrasse 25/389, A-1040 Vienna, Austria
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G. Taubdck, Telecommunications Research Center Vienna (FTW), Tech Gate Vienna, Donau-
City-Strasse 1, A-1220 Vienna, Austria (email: tauboeck@ftw.at, web: http://www.ftw.at). Re-
viewers: J.-P. Ovarlez and A. Papandreou-Suppappola. This work was supported by FWF grant
P12228-TEC.
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4.3.2 Time-Frequency Displacement Operators

A key element of our covariance theory is the concept of TF displacement operators
(DOs), which are operators that displace signals in the TF plane. The DO concept
generalizes the TF shift operator S;,, for which the TF displacements are simple
shifts (translations), to other types or geometries of TF displacements.

Group fundamentals. In what follows, we will need some fundamentals of groups.
A set G together with a binary operation * that maps Gx G to G is called a group
if it satisfies the following properties:

1. There exists an identity element go € G such that g x gg = go x g = g for all
geqg.

2. To every g € G, there exists an inverse element g~' € G such that gxg~! =

97 %9 = go.
3. Associative law: g1 * (g2 * g3) = (g1 * g2) * g3 for all g1,¢2,93 € G.

If, in addition, g; * go = g2 * g1 for all g1,9> € G, the group is called commutative
or abelian. An elementary example of a commutative group is (R,+) for which
gi*xg2 = g1+ 92, go = 0, and g7!' = —g. Two groups (G,*) and (#,o) are
said to be isomorphic if there exists an invertible mapping ¢ : G — H such that
(g1 % 92) = ¥(g1) 0 Yp(g2) for all g1, 92 € G.

Definition and examples of DOs. We are now ready to give a formal definition
of DOs. A DO is a family of unitary operators D, g indexed by a 2-D “displace-
ment parameter” (a,3) that belongs to some group (D,o). This operator family
{Da,5}(a,8)ep is supposed to satisfy the following two properties:

1. A displacement by the group identity parameter (ay, 5o) is no displacement,
ie.,
Do s, =1,

where I is the identity operator.

2. A displacement by (a4, 1) followed by a displacement by (a2, 82) is equivalent
(up to a phase factor) to a single displacement by (a1, 81) o (as, 82), i-e.,

= ejd)(al’ﬁl;aQ’BQ) D(al,ﬁl) o(as2,B2) v (ala /Bl)a (0[2, /32) €D 3
(4.3.5)

Da,,8,Da, .8
with ¢(a1, B1; @z, 32) being a continuous function.
More precisely, stated in mathematical terms, a DO Dy, g is an irreducible and faith-

ful projective representation of a group (D, o); the function e/?(@1:81:22,62) jis known
as the cocycle. For e/9(*1:81522.82) = 1 D, 5 is a unitary group representation [8].



Two basic examples of a DO are the following:

e The TF shift operator S, ,. Here, (o, 8) = (7,v) and (D, o) is the commuta-
tive group (R?, +) with operation (1,v1)0 (2, v2) = (71 + 72, v1 +1»); further-
more (19,v0) = (0,0), (7,v)"! = (=7, —v), and ¢(11,v1; 7, 12) = =27V To.

e The TF scaling/time shift operator R, ; defined as (R, -z) (t) = ﬁ z(=1).

Here, (o, 8) = (o,7), (D,o0) is the noncommutative affine group with D =
Rt x R and group operation (o1, 71)0(02,72) = (0102, T102 + 72); furthermore
(0077—0) = (110)7 (Ja 7_)71 = (1/07 —T/U), and ¢(0177—1;0277—2) =0.

Additional structure of DOs. The interpretation that a DO D, g performs TF
displacements motivates certain topological assumptions which can be shown [8] to
imply that (D, o) is a simply connected 2-D Lie group. This, in turn, can be shown
to have the following two important consequences [8]:

1. The group (D, o) underlying D, g is either isomorphic to the group (R?,+)
underlying S, , or isomorphic to the affine group underlying R, ; (see the
examples above).

2. The DO D, g is separable (possibly up to a phase factor) in the follow-
ing sense: there exists an isomorphism ¢ : (a, 8) — (&/,8') such that the
parameter-transformed DO Dy-1(4 ) (briefly written as Dy g hereafter)
can be factored as [8]

DaI7BI - eju(al’ﬁl) Bﬁ’Aa’ . (4.3-6)
Here, Ay and Bpg (termed partial DOs) are indexed by 1-D displacement
parameters o/ € (A,e) and B’ € (B, x), respectively, where (A, o) and (B, %)
are commutative groups that are isomorphic to (R, +). For example,

S.,=F, T, and R,,=T,C,,

with the time-shift operator T, , frequency-shift operator F,,, and TF scaling
operator C, defined as (T,z)(t) = z(t — 7), (F,z)(t) = =z(t) />, and
(Com)(t) = \/1?' z(L), respectively.

4.3.3 Covariant Signal Representations: Group Domain

We shall now discuss the construction of TF representations that are covariant to
a given DO D, g. This construction is a two-stage process: first, we construct
covariant signal representations that are functions of the displacement parameter
(i-e., the group variables) (a, 8). Subsequently (in Sections 4.3.4 and 4.3.5), we will
convert these covariant («, 8) representations into covariant TF representations.
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Covariance in the group domain. A linear (a, §) representation L, (a, 3) is called
covariant to a DO D g if

Lo, (e, ) = @@L L (0, 8)0 (), 8)7Y),  (43.7)

for all signals z(t) and for all (e, 8), (o/, ") € D [8]. Similarly, a bilinear/quadratic
(o, B) representation By ,(a, f) is called covariant to a DO Dy g if

BDa’,B’wv Da/’ﬂly(aa ﬂ) = Bw,y ((a7 /8) o (alﬂ Bl)_l) 2 (438)
for all signal pairs z(t),y(t) and for all (a, ), («/,5') € D [8] [12]. Note that the
“linear” covariance property (4.3.7) differs from the “bilinear” covariance property
(4.3.8) in that it contains a phase factor.

For example, for S, , the covariance properties (4.3.7) and (4.3.8) become

LSTI,VIZ(T) I/) — e—j27r('/—u’)‘r’ L, (T—TI, V—I/I)
BS,.I)L,/Z',STI’V/y(T7 V) = Bz’y(T_TI, V_I/I) ,

which are seen to be identical to (4.3.2) and (4.3.4), respectively. For R, ,, we
obtain

b ) = 1(5.557)

g T—T
BR . T, R, . l’y(a- T) =B a?/( —I)
o! g

Construction of covariant (a,3) representations. It can be shown [8] that all
linear (a, B) representations covariant to a DO D, g as defined in (4.3.7) are given
by

Lo(8) = (2, Daph) = / 2(t) (Daph)*(t) dt (4.3.9)

where h(t) is an arbitrary function and Z is the time interval on which D, g is
defined. Similarly, all bilinear/quadratic (a, ) representations covariant to a DO
D, s as defined in (4.3.8) are given by [8] [12]

Bz,y(a,ﬂ) = <$ D, BHDa B y = /Z/I.’L'(tl) y*(tQ) [Da’BHD;’{B]*(thtg) dtidts
(4.3.10)
where H is an arbitrary linear operator and [D BHD_1 ](t1,t2) denotes the kernel
of the composed operator D sHD_ 1. The equations (4.3.9) and (4.3.10) provide
canonical expressions for all covariant hnear and bilinear /quadratic (a, 8) represen-
tations.
For example, for S, , these expressions yield

oo

Lo(r,v) = / 2(t) ™ (t—1) e=927 gy

—00

B z,y 7', / / t1 (tz) h (tl—T,tQ— )6 j2mv(ti—ta) dtldtz,



which are seen to be the short-time Fourier transform in (4.3.1) and Cohen’s class in
(4.3.3), respectively. Similarly, for R, we obtain time-scale versions of the wavelet
transform and the affine class [3]:

Lo(o,7) = ﬁ/_(: (1) h(t%) dt

1 o > t1—7 ty—
By y(0,7) = H/ / o)y () 0 (P20, 27T das

[ g

4.3.4 The Displacement Function

The covariant («, 3) representations constructed above can be converted into co-
variant TF representations (ultimately, we are interested in TF representations and
not in (a, B) representations). This conversion uses a mapping (a, 8) — (t, f) that
is termed the displacement function (DF) since it describes the TF displacements
performed by a DO D, g in terms of TF coordinates [8].

The DF concept is based on the following reasoning. If a signal z(t) is TF
localized about some TF point (t1, f1), then the transformed (“displaced”) signal
(Da,pz)(t) will be localized about some other TF point (¢2, f2) that depends on
(t1, f1) and a, 8. We can thus write

(t27f2) = eD(tlafl;anB):

with some function ep (¢, f;a,8) that will be called the extended DF of the DO
D,s. For S;, and R, ., for example, it can easily be argued that the extended
DF is given by

es(t, f;mv)=0C+71,f+v), er(t, f;0,7) = ((J't + T, g) . (4.3.11)

Construction of the extended DF. In general, the extended DF cannot be found
“by inspection,” and therefore we need a systematic method for constructing the
extended DF of a given DO D, [8]. The expression'! Dy 5 = e/#@0) BgA,
(see (4.3.6)) states that Dy g is, up to a phase factor, the composition or series
connection of A, and Bg. Hence, ep(t, f; @, ) can be obtained by composing the
extended DF of the partial DO A,, ea(t, f;a), and the extended DF of the partial
DO Bg, es(t, f;3), according to

en(t, f;,8) = em(ealt, f;a); B) . (4.3.12)

Using this expression, the task of constructing ep(t, f;«, ) reduces to the task
of constructing ea (¢, f;a) and eg(t, f;3). We will explain the construction of
ea(t, f; @) [8]; the construction of eg(t, f; ) is of course analogous.

1 For simplicity of notation, we assume that the parameter transformation v : (o, 8) — (o', 8')
described in Section 4.3.2 has already been performed, and we write a, 8 instead of o, 3’.
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Fifugy }()
(tlafl)

\ \ \ >

Figure 4.1: Construction of the extended DF of A,.

We first recall the “definition” of ea (¢, f;a): If z(t) is localized about (t1, f1),
then (A,z)(t) will be localized about (t2, f2) = ea(t1, fi;a). In order to find
(2, f2), we consider the (generalized) eigenfunctions us* (t) of A,. These are defined
by (Aquft)(t) oc uf(t) and indexed by a parameter b € (A, ), where (A, 8) is again
a commutative group isomorphic to (R, +). The TF locus of uf*(t) is characterized
by the instantaneous frequency f;{us*}(t) or the group delay 7,{u*}(f), whichever
exists.? Here, e.g., we assume existence of f;{uf*}(t). Let us choose b; such that

the TF curve defined by f,-{u{,’;}(t) passes through (1, f1), i.e.,

fi{ufy}(t) = fi. (4.3.13)

This is shown in Fig. 4.1. Now since (Aqug*)(t) o uj*(t), A, preserves the TF locus
of ul‘: (t). Therefore, under the action of Ay, all TF points on the curve fz{ug’\1 Ht)—
including (t1, f1) —are mapped again onto TF points on fi{u{:}(t). Hence, (t2, f2) =
ea(t1, f1;a) must lie on fi{uj: }(t) (see Fig. 4.1), i.e., there must be

filut}(t2) = fo. (4.3.14)

In order to find the exact position of (t2, f2) on the TF curve defined by f;{us }(t),
we use the fact that to any partial displacement operator A, there exists a dual
operator Az with & € (A4, ) that is defined by the “almost commutation relation”
AsA, = e?™a(0)va(8) A A [8] [11]. For example, the dual operator of T, is F,,
and vice versa. Let u‘é" (t) with b € (A, ®) denote the (generalized) eigenfunctions of
A and assume, e.g., that the group delay Tg{u‘é"}( f) exists. Let us choose by such

that the TF curve defined by Tg{ué}(f) passes through (¢, f1), i.e. (see Fig. 4.1)

Tg{U{%}(h) =t . (4.3.15)

Now assuming suitable parameterization of u,f}(t), it can be shown [8] that

A A 7
(Aqui')(t) o< uz, (1) forall a,be (A,se). (4.3.16)
2The instantaneous frequency of a signal z(t) is defined as f;{z}(t) = %% arg{z(t)}; it ex-
ists if arg{z(t)} is differentiable and z(t) # 0 almost everywhere. The group delay of z(t) is
defined as 14 {z}(f) = —%% arg{ X (f)} with X(f) = [°°_x(t) e927ftdL; it exists if arg{X (f)}
is differentiable and X (f) # 0 almost everywhere.




Thus, A, maps all TF points on Tg{ué}(f)—including (t1, f1)—onto TF points

on Tg{ué.a}(f). So (ta, fo) = ea(t1, fi; @) must lie on Tg{ug‘;.a}(f) (see Fig. 4.1),
ie.,

Tg{u;;s‘l.a}(fz) =t. (4.3.17)

The construction of es can now be summarized as follows (see Fig. 4.1):

1. For any given (t1, f1), we calculate associated eigenfunction parameters b; €
(A,8) and by € (A, e) as the solutions to (4.3.13) and (4.3.15), respectively:

flufy}t) = f1, T {ul }(f1) =t . (4.3.18)

2. The extended DF e, is defined by the identity (t2, f2) = ea(t1, f1; @), where
(t2, f2) is obtained as the solution to the system of equations (4.3.14), (4.3.17):

fz{ulﬁ}(té) = f2 ) Tg{u‘é-a}(fz) =ts. (4319)

A similar construction of ea can be used if, e.g., 7,{ui*}(f) and fi{ug‘}(t) exist

instead of fi{ui*}(t) and Tg{u }(f). An example for this case will be provided in
Section 4.3.6.

After construction of the extended DF of A, as detailed above, the extended DF
of Bg is constructed by means of an analogous procedure, and finally the extended
DF of D, g is obtained by composing ex and eg according to (4.3.12).

The DF. The above discussion has shown how to construct the extended DF
en(t, f;a,3). We go on to define the DF dp(a, 8) by fixing ¢, f in en(t, f; «, B):

dp(a, ) £ ep(to, fo;a, ) with tg, fo arbitrary but fixed.

The DF is a mapping (a,3) — (i, f), i-e., from the displacement parameter (or
group) domain to the TF domain. If the inverse DF dp' (¢, f) exists, then it can be
shown [8] that the extended DF can be written as

€D (ta f: a, /B) = dD (dl?)l (t> f) o (a7 ﬂ)) - (4320)

Examples. Application of the construction explained above to the DOs S; , and
R, . yields the extended DFs eg(t, f;7,v) = (¢ + 7, f + v) and er(t, f;0,7) =
(at + T, £) Note that this agrees with (4.3.11). Corresponding DFs are obtained
by setting, e.g., t = f =0ineg(t, f;7,v) and t =0, f = fo # 0 in er(t, f;0,7):

ds(r,v) = (r,v),  dr(o,n) = (7, %) .

A further example will be discussed in detail in Section 4.3.6.
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4.3.5 Covariant Signal Representations: Time-Frequency Domain

In Section 4.3.3, we derived covariant linear and bilinear /quadratic signal represen-
tations that were functions of the displacement parameter (o, §). Using the inverse
DF mapping (a, ) = d[_,1 (t, f), these covariant (o, ) representations can now be
converted into covariant TF representations (TFRs).

Covariance in the TF domain. A linear TFR L,(t, f) is called covariant to a DO
D, if

Lo, alt,f) = U0 GNP I (ent, £ () 8)7Y), (43:21)

for all z(t) and for all (o, #') € D [8]. Similarly, a bilinear/quadratic TFR B, ,(t, f)
is called covariant to a DO D, g if

BDa/,ﬁ:w,Da/’ﬁly(ta f) = Bw,y (eD(ta f; (ala /B’)_l)) ) (4322)

for all z(t), y(t) and for all (¢, 8) € D [8]. With (4.3.20), it is seen that these covari-
ance properties are simply the (a, §)-domain (group-domain) covariance properties
(4.3.7) and (4.3.8) with the transformation (o, 8) = dg' (t, f)-

For example, for S; , the covariance properties (4.3.21) and (4.3.22) become

-ZJST/ ulz(ta f) = e_jZﬂ-(f_”,)T, Ew(t_Tla f_VI)
BST',Vlw,ST',wy(t: = Bw,y(t_Tl’f_Vl)'

These relations are equivalent to (4.3.2) and (4.3.4), respectively. For R, ,, we
obtain

Ingetf) = L(2T o)
!

~ ~ t—T1
BRa/,T/w,Ra/’le(tﬂ f) = B-TL‘,y(T) Ulf)

Construction of covariant TF representations. It has been observed above that
the TF covariance properties (4.3.21) and (4.3.22) are equivalent to the (a,f3)-
domain covariance properties (4.3.7) and (4.3.8), respectively, apart from the trans-
formation (a,8) = dg'(t, f). From this equivalence, it follows that all covariant
linear TFRs L(t, f) are obtained from corresponding covariant linear (a, 3) repre-
sentations L (a, 3) as given by (4.3.9) simply by setting (a, 3) = dBl (t, f). Conse-
quently, all linear TFRs covariant to a DO D, g are given by
Lot f) = La(a, B) (2D o pyh) = /I 2(t) (Dyso.py 1) (¥)
(4.3.23)
where h(t) is an arbitrary function and Z is the time interval on which D, g is
defined. Similarly, all covariant bilinear/quadratic TFRs B, ,(t, f) are obtained

(a,8)=dp’ (. f) -
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from corresponding covariant bilinear/quadratic (o, §) representations B ,(a, 3) as
given by (4.3.10) by setting (c, 8) = dp' (¢, f). Thus, all covariant bilinear /quadratic
TFRs are given by

Bz,y(ta f) = Bz,y(aaﬁ)

— 1
(,8)=dg (¢, f) o <gC’Ddl]‘al(t,f)I'ID L(t, f)y>

_— * 1 -1 5
= I/Ia:(tl)y (t2) [D 4= 1,5 HD i f)] (t1,t2) dt1dts,  (4.3.24)

where H is an arbitrary linear operator. The equations (4.3.23) and (4.3.24) provide
canonical expressions for all covariant linear and bilinear/quadratic TFRs [8].

For example, the classes of all linear and bilinear/quadratic TFRs covariant to
S, follow from (4.3.23) and (4.3.24) as

L) = [ at)nr@-ne I a

et f) / / ) B (ti—t,ta—t) e~ 92 (1=t gy, dt,

they are seen to be the short-time Fourier transform in (4.3.1) and Cohen’s class in
(4.3.3), respectively. Similarly, the classes of all linear and bilinear/quadratic TFRs
covariant to R, , are obtained as

=t f) \/70/ (t —t)) dt'

Boytf) = | & / / o(t1) y* (ta) B* (% (tl—t)%(trt)) dtrdts ;

they are TF versions of the wavelet transform [9] and the affine class [2] [3]. Thus,
the short-time Fourier transform, the wavelet transform, Cohen’s class, and the
affine class have all been obtained by means of the systematic construction provided
by covariance theory.

4.3.6 Example: Hyperbolic Wavelet Transform and Hyperbolic
Class
So far, we have considered the elementary DOs S, , and R, ; as illustrative ex-

amples. Let us now apply our covariance theory to a situation that is a little less
elementary. We consider the DO 'V, , defined by

1 t 9y In
(Vory@)(t) = (G, Coz)(t) = ﬁm(;) e2mInt/t) 450 50, yeR.
Here, C, is the TF scaling operator defined by (C,z)(t) = %x(i) with o > 0;

furthermore, G., is the hyperbolic frequency-shift operator defined by (Gyz)(t) =
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z(t) e72™7In(t/t0) with to > 0 arbitrary but fixed. Note that C, and G, are dual op-
erators since G,C, = /277 C,G,. Comparison of the relation Vg, ., V,, 4 =
e7iimnInoa o 4qe With (4.3.5) shows that (0,7) belongs to the commutative
group (Rt x R, 0) with group law (o1,71) o (02,7) = (109,71 + 72), identity ele-
ment (1,0), and inverse elements (o,7) ™! = (1/0, —7). This group is isomorphic to
the group (R2?, +). Furthermore, we see that the cocycle phase function is given by
(01,75 02,72) = =27y Ino,.

We now begin our construction of TFRs covariant to the DO V, ,. In the (o,7)
domain, the covariance properties (4.3.7) and (4.3.8) read as

LVal,n,/w(a'; 7) = e_jZﬂ.(’Y_FYI)lnal Lw(%aﬁ'_’y’)
g
BV”I’,YICE,VGI’.YICU(Uﬂ FY) = Bw,y(;:’}’_’yl) Y

and the covariant linear and bilinear/quadratic (o,) representations are obtained
from (4.3.9) and (4.3.10) as

1 i )
Ly(o,y) = %/0 x(t) h* (5) e 2T/t g 5 >0

1 o[> (0.0 b (L 12 gms2m e /t2)
Bay(on) = o | [ ) (5.2 ) e dadtz, 0> 0.

Next, we construct the DF of V,,, = G,C,. We first consider the extended DF
of C,. Although clearly ec(t, f;0) = (ot, f/o), we shall derive ec(t, f;0) using
the systematic construction procedure from Section 4.3.4. The eigenfunctions of C,,
are uS(t) = % es2myIn(t/to) " with instantaneous frequency fi{uS}(t) = v/t. The

eigenfunctions of the dual operator G., are given by u$(t) = §(t — s), with group
delay 7,{uS}(f) = s. (It can be verified that (4.3.16) is satisfied: (C,uS)(t) =
Vo &t —os) o< uG(t).) Thus, (4.3.18) becomes v1/t; = fi and s; = t;, which
yields the eigenfunction parameters associated to the TF point (t1, f1) as y1 = t1 f1,
s1 = t1. Similarly, (4.3.19) becomes 71 /t2 = f2 and s;0 = t2, which yields ¢t =
sio = oty and fo = v1/(s10) = fi/o. Hence, the extended DF of C, is finally
obtained as
fi

ec(ti, fi;0) = (t2, f2) = (Utly—)-

g

The extended DF of G, is obtained similarly. The eigenfunctions of G, are
uS(t) = §(t — s), with group delay 7,{uS}(f) = s. The eigenfunctions of the dual
operator C, are uS (t) = % es2myIn{t/to) "with instantaneous frequency fi{u$}(t) =
~v/t. (We verify that (4.3.16) is satisfied: (G- uS)(t) = % ei2myIn(t/to) gi2my’ In(t/to)
x u$+7, (t).) Thus, (4.3.18) (with the roles of instantaneous frequency and group
delay as well as time and frequency interchanged) becomes s; = t; and v, /t1 = f1,
which yields the eigenfunction parameters s; = t1, y1 = t1 f1. Similarly, (4.3.19)

(with the same interchange of roles) becomes s; = t2 and (1 +v)/t2 = fa2, whence
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to = s1 =t and fo = (1 +7)/s1 = f1 +v/t1. Hence, the extended DF of G, is

obtained as ;
eG(thfl;’Y) = (t2;f2) = (t17f1 + E) )

The extended DF of V,, , = G,C,, can now be calculated by composing ec(t, f; o)
and eg(t, f;7) according to (4.3.12), which yields

eV(taf;U7 ’7) = éag (eC(t7f;U); 7) = (Uta
Finally, the DF (and inverse DF) of V,,, follow upon setting ¢t = ¢to > 0 and f = 0:
_ : _ . -1 _ (L
dv(O',’Y) - eV(t(]aoa 057) - (Uto, Uto) ) dV (ta f) - (to’tf) .

With the DF at our disposal, we are ready to pass from the (o,v) domain into
the TF domain. The TF covariance properties (4.3.21) and (4.3.22) become

bty = e (£ (5 )

!

B s t
val”"lw’V"I"‘/Iy(t’ f) = B$7y (;, JI (f—%)) )

and the covariant linear and bilinear/quadratic TFRs are obtained from (4.3.23)
and (4.3.24) as

~ t . ’
Lot f) = 4/ 0/ ) b (o= ) —Rm /) gt >0
- t t. )
Byt f) = / / (t1) y*(t2) h* (to?1 tof) e~ P2mtfnt/t) gy dt, . ¢>0.

These TFRs are analogous to (respectively) the hyperbolic wavelet transform and
the hyperbolic class introduced in [10], the difference being that in [10] the hyper-
bolic time-shift operator was used instead of the hyperbolic frequency-shift operator
G,.

f+v/t)_

g

4.3.7 Summary and Conclusions

Time-frequency representations (TFRs) that are covariant to practically important
signal transformations—like time and frequency shifts, time-frequency scaling (di-
lation /compression), or dispersive time and frequency shifts—are of great relevance
in applications. We have presented a unified and coherent covariance theory of
TFRs that allows the systematic construction of TFRs covariant to two-parameter
transformations. We note that a much more detailed and mathematically rigorous
discussion with many additional references is provided in [8], where also the ex-
tension to groups not isomorphic to (R, +) is outlined. Furthermore, relations of
covariance theory with the principle of unitary equivalence are discussed in [1] [§]
(cf. also Article 4.5).
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