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11.1 LINEAR TIME-FREQUENCY FILTERS®
11.1.1 Time-Frequency Design of Linear, Time-Varying Filters

Linear, time-varying (LTV) filters are useful in many applications, especially for
weighting, suppressing, or separating nonstationary signal components. The input-
output relation of an LTV filter H with kernel (impulse response) h(t,t') reads

y(t) = H)(@) = /_OO h(t, t)z(t') dt' . (11.1.1)

The nonstationary nature of input signal z(t), output signal y(t), and LTV filter
H suggests the use of time-frequency (TF) representations for analyzing, designing,
and/or implementing LTV filters.

There are two fundamentally different approaches to a TF design of LTV filters,
namely, the “explicit” and “implicit” design philosophies [9] [11]. Both are based
on a prescribed TF weight function M (¢, f) that provides a TF specification of the
desired filtering characteristic.

e Explicit design: The impulse response h(t,t') of the LTV filter H is cal-
culated (designed) such that a TF representation of H is equal to or best
approximates the TF weight function M (¢, f). In this article, the TF repre-
sentation of H will be chosen as the generalized Weyl symbol (see Article 4.7).
An alternative explicit design of LTV filters using the Wigner distribution of
an LTV system has been considered in [6]. The filtering itself is performed in
the time domain according to (11.1.1).

e Implicit design: The LTV filter H is designed implicitly during the filtering,
which is a three-step analysis-weighting-synthesis procedure. First (analysis
step), a linear TF representation—such as the short-time Fourier transform—
of the input signal x(t) is calculated. Second (weighting step), this TF repre-
sentation is multiplied by the TF weight function M (¢, f). Third (synthesis
step), the output signal y(¢) is calculated in a linear manner from the TF
function obtained in Step 2. Since all processing steps are linear, the overall
procedure amounts to an LTV filter.

In this article, we will consider explicit TF filter designs based on the generalized
Weyl symbol [5] [7] [9] [11] and implicit TF filter designs based on the short-time
Fourier transform [1] [2] [8] [9] [11] [12] [14] and the Gabor transform [3] [4] [11].
In particular, we will show that the resulting filters tend to perform similarly if the
TF weight function M (¢, f) is sufficiently smooth.

OAuthors: F. Hlawatsch and G. Matz, Institute of Communications and Radio-
Frequency Engineering, Vienna University of Technology, Gusshausstrasse 25/389,
A-1040 Vienna, Austria (email: fhlawats@Qpop.tuwien.ac.at, g.matzQieee.org, web:
http://www.nt.tuwien.ac.at/dspgroup/time.html). Reviewers: M. Amin and D. Jones. This work
was supported by FWF grant P11904-TEC.
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11.1.2 Explicit Design —The Generalized Weyl Filter
The generalized Weyl symbol (GWS) of an LTV system H is defined as

L, f) 2 /OO h(t +(% - Oé)T,t - (% + a)T) eI dr (11.1.2)

where « is a real-valued parameter. The special cases @ = 0 and o = 1/2 give the
Weyl symbol and Zadeh’s time-varying transfer function, respectively. For under-
spread LTV systems (i.e., LTV systems that produce only moderate TF displace-
ments), the GWS can be interpreted as a TF transfer function describing the TF
weighting produced by the system (see Article 4.7). Hence, a conceptually simple
TF design of an LTV filter H from a prescribed TF weight function M (¢, f) is based
on setting the filter’s GWS equal to M (¢, f) [7] [9] [11],

L) (4,.f) = M@, f). (11.1.3)

The impulse response of the LTV filter Hgwr thus defined is obtained via the
inverse of (11.1.2), i.e.,

hawr(t,t') = /

— 00

o0

M((% +a)t+(% —a)t',f> 2 =) g (11.1.4)

The filter Hgwr in (11.1.4) is termed generalized Weyl filter [9]; it depends on the
choice of the GWS parameter « used in (11.1.3). In particular, the choices o = 0
and a = 1/2 lead to the Weyl filter and Zadeh filter, respectively. For a = 0, a
real-valued weight function M (¢, f) will result in a self-adjoint [13] Weyl filter.

Dependence on a. The dependence of Hgwr on « effectively disappears in the
case of a smooth TF weight function M (¢, f) (yielding an underspread LTV system
Hgwr as discussed in Article 4.7; also note that smoothness of M (¢, f) is incom-
patible with a sharp TF cutoff). Let Hg\)NF and Hg‘),vp be two generalized Weyl
filters designed according to (11.1.4) with GWS parameter oy and as, respectively.
Then, one can show that the difference (Hg\),VFx)(t) —( g\))va)(t) of the output
signals of these filters satisfies

1 2
B wez — Hawez|, < e ® o) ‘62M
llll, - otofil,’
where || - ||, denotes the Ly norm. Thus, it is seen that the generalized Weyl filter

design is almost independent of « if €; is small, i.e., if M (%, f) is a smooth function.

TF projection filter. Formally, (11.1.3) can be viewed as the solution to the (un-
constrained) minimization problem Hgwr = argming ||M — Lg‘ ) H ,- Solving this
minimization problem under the side constraint that H be an orthogonal projec-
tion operator! yields the TF projection filter Hp introduced in [5]. More specifi-
cally, let ug(t) and A denote the eigenfunctions and eigenvalues, respectively, of

1 An orthogonal projection operator is characterized by being self-adjoint (H* = H) and idem-
potent (HH = H) [13].
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(Howr + Hywp)/2, where H denotes the adjoint of Hgwr [13]. Then, the
impulse response of Hp can be shown [5] to equal

he(t,t) = ) up(t)uj(t'),
keT
where 7 is the set of indices k for which Ay > 1/2.

The TF projection filter is only able to pass or suppress signal components, with
no other weights possible. It is advantageous in some situations since it is capable
of realizing very sharp TF cutoff characteristics. However, compared to Hgwr, the
calculation of Hp requires the additional solution of an eigenproblem. An efficient
online implementation of the TF projection filter is proposed in [10].

11.1.3 Implicit Design | —The STFT Filter
An STF'T filter consists of the following three steps [1] [2] [9] [11] [12] [14]:

e Analysis: Calculation of the short-time Fourier transform (STFT) [12] [14] of
the input signal z(t),

o

mmﬁ=/:wwgwwx

—00

where v, ;(t') = y(t' — t) e/ with ~(t) being an analysis window.

e Weighting: Multiplication of the STFT by the TF weight function M (t, f),
i.e., calculation of M (¢, f) FY (¢, f)-

o Synthesis: The output signal y(t) is obtained via an inverse STFT [12] [14],
w0 = [~ [ e B g ) atar

Here, g; (') = g(t' —t) 7>/ where g(t) is a synthesis window that is usually
assumed to satisfy ffooo g(t) v*(t)dt = 1 (this guarantees perfect reconstruc-
tion for M (¢, f) = 1).

These steps implement an LTV filter—hereafter denoted H, ,—that depends on
the TF weight function M (¢, f) and the windows (t) and g(¢).

Multiwindow STFT filter. An extension of the STFT filter H, , is the multiwin-
dow STFT filter 8] [11]

N N
Hy £ Zm H., o 40, with Z’?i =1, neR.
i=1 i=1

This is a linear combination of N STFT filters H, 4 with the same TF weight

function M (t, f) but different analysis windows (¥ (t) and different synthesis win-
dows g(9(t). Note that the STFT filter H, , is a special case with N = 1. Using a
larger number N of STFT filters yields increased flexibility of design at the expense
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Figure 11.1: Illustration of the case where the effective support of Sg")(u, 7) covers the effective
support of m(v, 7).

of increased computational complexity. The impulse response of the multiwindow
STFT filter Hy can be calculated as

hn(t,f) = / / M@, f)p(t—t', E—t") "D gy gf,

with p(t,#') = SN | 9; ¢ (¢) y@*(#'). Furthermore, the GWS of Hy is obtained as

L) (4, 1) = Mt ) = LE(t, f) (11.1.5)

where *x denotes two-dimensional convolution and P is the LTV system with im-
pulse response p(t,t').

Comparison with generalized Weyl filter. Comparing (11.1.5) with (11.1.3), we
see that the multiwindow STFT filter Hx using TF weight function M (¢, f) is equiv-

alent to a generalized Weyl filter using the modified TF weight function M (%, f) =
M, f) **Lgf) (t, f)- For nonnegative coefficients n;, M(t, f) will be a smoothed
version of M(t, f). However, for 5; = (—1)* and N — oo, it is possible to have

L) (t,f) = M(t, ) and thus Hy — Hgwr, i.e., the multiwindow STFT filter
approaches the generalized Weyl filter using the TF weight function M (¢, f). It can
be shown that the difference (Hyz)(t) — (Hawrz)(t) of the output signals of Hy
and Hgwr (both based on the same TF weight function M (¢, f)) satisfies

[Hye — Howrel, s

]l

coal [T 2 (@) 2
<€ = [/ / |m(1/,7')| |1—SP (1/,7')| dvdr
— 00 —0Q

(11.1.6)
Here, m(v,7) = [*_ [ M(t, f) e=3>"("t=7F) 4t df and S8 (v, 7) is the generalized
spreading function of P (see Article 4.7) The constant e, is related to the operator
P that characterizes the effect of the windows v (t), ¢(9(¢). in particular, e, will
be small if the effective support of Sl(;.a)(ll, 7) covers the effective support of m(v, ),
so that |1 —Sl(,a)(u, T) |2 ~ 0 on the support of m(v, 7) (see Fig. 11.1). This is favored
by a smooth TF weight function M (¢, f). Here, m(v, 1) is well concentrated about
the origin and thus its effective support can easily be covered by Sé,a) (v,7), even
using a small N. Hence, for a smooth TF weight function M (¢, f), the generalized
Weyl filter can easily be approximated by the (multiwindow) STFT filter. This will
be verified experimentally in Section 11.1.6.



11.1.4 Implicit Design Il —The Gabor Filter

The Gabor transform is the STFT evaluated on a TF lattice (nT, kF) with n, k € Z
[4]. A Gabor filter (see [3] [11] and Article 11.2) consists of the following steps:

o Analysis: Calculation of the Gabor coefficients of the input signal z(¢) [4],
o0
cur = [ sy viaar,
—0o0
where vy, (t) = 7(t — nT) e/>™*F't with ~(t) being a suitable analysis window.

o Weighting: Multiplication of the Gabor coefficients by the weights M, =
M(nT,kF), i.e., calculation of My, j cnk.

o Synthesis: The output signal y(t) is obtained via Gabor synthesis [4],
[ee) o0
Z Z Mn,k Cn,k n,k (t) s
n=—oo k=—oo
where g, 1, (t) = g(t —nT) e?2™F¥'t with g(¢) being a suitable synthesis window.

This scheme implements an LTV filter that will be denoted i—VI%g. The windows
~(t) and g(t) are usually assumed to satisfy the perfect-reconstruction (biorthogo-
nality) condition % g(t)v*(t— %) e >™kt/T dt = §,, ;, which presupposes critical
sampling (T'F = 1) or oversampling (TF < 1).

Multiwindow Gabor filter. An extension of the Gabor filter ITI.,,g is the multiwin-
dow Gabor filter [11]

N
Hy 2> nH, o0, with Y ni=1, neR,
i=1 i=1

i.e., a linear combination of Gabor filters ﬁ,y(i)’g(i) with the same TF weights M, j,
but different analysis windows (9 (¢) and different synthesis windows ¢?(¢). The
Gabor filter ITI%g is reobtained with N = 1. Using a larger number N of Gabor
filters allows to reduce the TF sampling density T'F (cf. [15]). The impulse response
of the multiwindow Gabor filter H N is given by

oo oo

In(t,t) = 3 D" Mg p(t—nT,t'—nT) ef2mrr =10,

n=-—00 k=—o0
with p(t,#') = YN, 7; gD (£)y@*(#'), and the GWS of Hy is
L(“) t f) = Z Z My L) (t=nT, f—kF),
n=—00 k=—o0

where P is the LTV system with impulse response p(t,t').
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Figure 11.2: Illustration of windowing and aliasing effects involved in the Gabor filter design.
The dark gray ellipse indicates the effective support of m(v,7). The light gray ellipses indicate

the effective support of m (v — FoT — ﬁ) for (n,k) # (0,0).

Comparison with generalized Weyl filter. We next analyze how close the multi-
window Gabor filter Hy (using TF weights M, , = M (nT, kF’)) is to the generalized
Weyl filter Howr (using TF weight function M (¢, f)). One can show that

Hyz — H
[Five ~Howral, _
Il

where €2 was given in (11.1.6) and €3 is defined as
2 1/2
(o) _n__k
l/ / Sp VT| Z (1/ 77 T) dl/dr] .

n#0

k70
As in the case of the STFT filter, the term ey is related to the operator P that
describes the effect of the windows (9 (t), ¢‘9(t). If M(t, f) is smooth so that
m(v, ) is well concentrated about the origin, a suitable choice of P allows to cover

the effective support of m(v, 7) by the effective support of Sl(:,a)(ll, 7), which results
in a small value of € (cf. our discussion in Section 11.1.3). The additional term
€3 is mainly due to potential aliasing errors which are caused by the sampling
My = M(nT, kF) that distinguishes the Gabor filter from the STFT filter. For €3
to be small, it is necessary that the effective support of Sé,a) (v, 7) does not overlap
with the periodic repetitions m (v — %,7— %) of m(v,7) (see Fig. 11.2). This can be
achieved if (i) m(v, ) is well concentrated about the origin and thus m(v—2%,7— %)
is well localized about ( s ;i) and (ii) T and F are small enough to ensure that

the periodic repetitions m(v — Z,7 — £) are sufficiently separated. For m(v,7)
well concentrated, the latter condition can be met even for TF > 1. Hence, we
conclude that for a smooth M (%, f), the generalized Weyl filter can be accurately
approximated by the (multiwindow) Gabor filter.

11.1.5 The Discrete-Time Case

While our discussion of TF filters has so far been placed in a continuous-time frame-
work, practical implementation of these filters calls for a discrete-time formulation.



The input-output relation of a discrete-time LTV system H reads

yln] = Ha)[n] = Y hln,n']aln],

n'=—oo0

with h[n,n'] being the impulse response of H. The GWS with arbitrary « is not
easily reformulated in a discrete-time setting. However, for a = 0 (Weyl symbol)
and a = 1/2 (Zadeh’s time-varying transfer function), which are the main cases of
practical interest, discrete-time formulations are given by

L(}(I))(n,é?) =2 Z h[n+m,n—m]e‘j4”9m,

m=—0o0

Lg/z)(n,é?) = Z h[n,n—m]e=72m0m

m=—0Q

Here, 6 denotes normalized frequency. We note that in order for Lg) (n,0) to be in
one-to-one correspondence to hn,n'], H has to be a halfband system, i.e., an LTV
system that accepts input signal components only within a specified halfband (e.g.,
0 € [-1/4,1/4)) and maps them to a halfband output signal [11].

The TF system representations Lg) (n,0) and Lg/ 2)(n, 0) can be used to design
discrete-time LTV filters from a TF weight function M (n, ) via an explicit filter
design (cf. Section 11.1.2) [11]. The discrete-time Zadeh filter (a = 1/2) is defined
by setting Lg/ 2)(n, 0) = M (n, 0); its impulse response is obtained as

1/2 ‘ ,
hln,n'] = M(n,0) 2 (=7 dg .
—1/2
In a similar manner, the discrete-time Weyl filter (a = 0) is obtained as

1/4 ‘
hln+m,n—m] = M(n,0) &*™™ dp . (11.1.7)
—1/4

Since Lg) (n, ) is meaningful only for halfband systems, M (n,8) here is specified
on the halfband [—1/4,1/4). According to (11.1.7), the impulse response h[nq,ns]
of the discrete-time Weyl filter is obtained only for ny + ns even (since ny + ns =
n+m+n—m = 2n). If we assume H to be a halfband system, h[ni,ns] is
completely specified by these samples. The missing samples (for ny + n2 odd) could
be obtained by interpolation; however, this is not necessary since the entire filtering
can be performed using only the even-indexed samples [11]. We note that in some
cases (especially for “chirpy” TF weight functions), the Weyl filter design results in
better filtering performance than the Zadeh filter design [11].

Discrete-time versions of the implicit filter design methods from Sections 11.1.3
and 11.1.4 can be obtained in a straightforward manner; see [1] [11] [12] [14] for
discrete-time STFT filters and [3] [11] for discrete-time Gabor filters.
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Figure 11.3: Comparison of explicit and implicit TF filter designs: (a) Specified TF weight
function M(t, f), (b)—(d) spectrogram (top) and real part (bottom) of (b) input signal z(t), (c)
output signal y(t) obtained with Zadeh filter, and (d) output signal y(t) obtained with STFT
filter. The dashed lines in the spectrograms indicate the TF pass region. The time duration is
2048 samples; the (normalized) frequency interval shown is [—1/2,1/2).

11.1.6 Simulation Results

Our first simulation example, shown in Fig. 11.3, compares the performance of the
Zadeh filter Hgwr (generalized Weyl filter with & = 1/2) and the STFT filter
H, ,. The TF weight function M (¢, f) (see Fig. 11.3(a)) models a bandpass filter
with sinusoidally time-varying center frequency and time-varying gain. The gain
is 1 in the first (earlier) half and 1/2 in the second (later) half, with a roll-off in
between. The two filters were applied to an input signal z(t) consisting of two
chirps (see Fig. 11.3(b)). The resulting output signals (shown in Figs. 11.3(c),(d))
are seen to conform to the specified TF weighting. Furthermore, they are effectively
identical (we obtained ||H, 4z — Haowrz||,/||Hawrz||, = 0.047), which is due to
the smoothness of M (t, f) and confirms our approximation in (11.1.6).

The application of a multiwindow Gabor filter Hy to speech enhancement (de-
noising) is considered in Fig. 11.4. The speech signal s(t) and its noisy version
z(t) = s(t) + n(t) (where n(t) is white noise with an SNR of 0dB) are shown
in Fig. 11.4(a),(b). The multiwindow Gabor filter has N = 5 branches and lat-
tice parameters T' = 5.8ms, F' = 172.25Hz. The analysis/synthesis windows
79 (t) = g (t) and the branch weights 7; were chosen as discussed in [11, Section
4.6.5]. The weights M,, , were computed from the multiwindow Gabor coefficients
csf’)k = [7 =z(t) 'y,(f’)k* (t) dt in a signal-adaptive, online manner that does not require
knowledge about the clean speech signal or its statistics [11, Section 4.7.3]. The
filter output is shown in Fig. 11.4(c); the SNR improvement is 4.92 dB.
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Figure 11.4: Speech enhancement using a multiwindow Gabor filter Hy. The figure shows the
smoothed pseudo-Wigner distribution (top) and the time-domain signal (bottom) of (a) the clean
speech, (b) the noisy speech (input of ﬁN), and (c) the enhanced speech (output of ﬁN). The
time duration is 4096 samples; the (normalized) frequency interval shown is [0,1/2).

11.1.7 Summary and Conclusions

We have discussed “explicit” and “implicit” time-frequency (TF) designs of linear,
time-varying filters. These design methods are useful for filtering nonstationary
signals if the filter characteristic can be specified in the TF domain via a TF weight
function. All filters discussed (except the TF projection filter) tend to perform
similarly if the TF weight function is sufficiently smooth. In the opposite case,
however, different designs may result in filters that perform very differently [11].

We finally note that the application of TF filtering to nonstationary signal esti-
mation and detection is considered in Article 12.4. Other TF approaches to time-
varying filtering are described in Articles 11.2-11.4.
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