to appear in Time-Frequency Signal Analysis and Processing,
B. Boashash, Ed., Englewood Cliffs (NJ): Prentice Hall, 2002.

CONTENTS

15.3 Power Class Time-Frequency Representations and Their Applications
(A. Papandreou-Suppappola, F. Hlawatsch, G. F. Boudreaux-Bartels)
15.3.1 Power Class Quadratic Time-Frequency Representations
15.3.2 Power Class Applications
15.3.3 Summary and Conclusions

NN



15.3 POWER CLASS TIME-FREQUENCY REPRESENTATIONS
AND THEIR APPLICATIONS®

15.3.1 Power Class Quadratic Time-Frequency Representations

Various classes of quadratic time-frequency representations (QTFRs) are best suited
for analyzing signals with certain types of time-frequency (TF) geometries. For ex-
ample, when a signal has constant TF characteristics, Cohen’s class QTFRs (with
signal-independent kernels) [3] [4] are most appropriate. The aforementioned QTFR
classification is based on the grouping together of all QTFRs that satisfy the same
two signal transformation covariance properties (see Articles 4.3 and 5.6 and [5]
[11]). Specifically, Cohen’s class [3] [4] consists of QTFRs that are covariant to con-
stant (nondispersive) time shifts and frequency shifts of the signal whereas the affine
class (see Article 7.1 and [4] [12] [2]) consists of QTFRs that are covariant to scale
changes (dilations) and constant time shifts. Furthermore, the hyperbolic class [9]
[6] consists of QTFRs that are covariant to scale changes and hyperbolic dispersive
time shifts and are best suited to analyze signals with hyperbolic (nonlinear) group
delay. When the analysis signal has a group delay that is a power function of fre-
quency, the aforementioned QTFRs do not provide an adequate representation as
they do not match power TF characteristics. Thus, we designed power class QTFRs
to successfully localize signals along their power law group delay functions [7] [10].

The importance of power QTFRs is pronounced by the fact that many appli-
cations involve signals with dispersive group delays governed by a power law that
corresponds to some power parameter k. Examples of such signals include the dis-
persive propagation of a shock wave in a steel beam (k = 1/2), trans-ionospheric
chirps measured by satellites (k = —1), acoustical waves reflected from a spherical
shell immersed in water, various cetacean mammal whistles, and signal solutions of
the diffusion equation (k = 1/2) (e.g., waves propagating along uniform distributed
RC transmission lines). Power laws can also be used to roughly approximate other,
more complex, group delays. References for these applications can be found in [7].

Localized signal analysis application. The type of signals found in the applications
mentioned above constitute the family of power impulses that best typifies the power
TF geometry. Power impulses are defined in the frequency domain as

IX(f) 2 V()] e 22 ) = SRl] fo) [f] folm T e 2resenDII/E1" (15.3.1)

with monotonic phase spectrum A.(f/fr) = sgn(f) |f/fr|* and power group delay
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7o(f) = enlf) = UL /1,151 = ¢ SAL(f/,) with f € R. Here, sgn(f) provides
the sign (+1) of the frequency variable f, and f,. > 0 is a fixed reference frequency.
For successful analysis, an ideal QTFR T must be localized along the group delay
74(f) of the power impulse in Equation (15.3.1). In particular,

Ty (8, f) = |7a(f)] 6(t — c7i(f)) (15.3.2)

is very desirable in many applications where information about the signal analyzed
could be obtained from the localized curve t = ¢7.(f) in the TF plane. For ex-
ample, the localization could be used in applications such as signal classification or
estimation of the parameter ¢ in (15.3.1). As we will show next, some power class
QTFRs ideally provide the localized representation in (15.3.2) for analyzing power
impulses as well as other signals with power group delay.

The power law TF structure can also be observed in applications where a sys-
tem can cause a time shift that varies dispersively in frequency to an input signal
with Fourier transform X (f) yielding the output signal Y (f) = e~727cA=(f/f+) X (f).
Thus, power QTFRs could be used successfully in applications where a signal with
constant group delay passes through a system with power dispersive TF charac-
teristics that transforms the signal’s constant group delay to a power group delay
[7]. For example, the ocean is a medium (system) that could cause power disper-
sive changes to an underwater communications information message and its echoes.
These changes could be accounted for at the receiver when matching processing
tools, like power QTFRs, are used for detection.

The power QTFR classes. Following the covariance-based classification method,
for an analysis signal z(t) with Fourier spectrum X (f), we define all xth power

class QTFRs, T)(:)(t, f), to satisfy two specific covariance properties [7] [10]. The
first property is covariance to scale changes on z(t), i.e.,

TS (¢ f) = T (at, £a), (15.3.3)

where the scaling operator C, is defined as (C,X)(f) = X(f/a) /+/|a|- The second
property is covariance to power time shifts on z(¢) that correspond to frequency-
dependent shifts, 7.(f), in the signal’s group delay . Specifically,

TS (6, f) = TS (t—cra(f), ) = TS (t—c(&/FF155Y f)  (15.3.4)

DX
for f € R. The effect of the power time shift operator DY is given by [7]
(D X)(f) = e~ 92me M/ 1) X (f) = e792mesenDIF/ 11" x(f) . (15.3.5)

Here, ¢ € R and k € R (k # 0) is the power parameter associated with each
power class. The xth power function A,(b) = sgn(b) |b|*, b € R, corresponds® to a

!The definition A.(b) = sgn(b) |b|* versus A.(b) = b" extends the power function to b < 0 so
that A, (b) is an odd, strictly monotonic function constituting a one-to-one mapping from # to R.
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Figure 15.1: The power group delay 7. (f) for various choices of the power parameter .

transformation of the phase spectrum of the signal as shown in Equation (15.3.5).
The frequency-dependent time shift 7,.(f) in (15.3.4) corresponds to the derivative
of the power function, i.e., 7.(f) = %An(f/fr) = ﬁ|f/fT\'“_1. Fig. 15.1 depicts
Tx(f) in the TF plane for various choices of the power parameter .

The importance of the xth power class QTFRs is directly linked to the two
covariances in (15.3.3) and (15.3.4). The power time shift covariance in (15.3.4) is
useful in analyzing signals passing through dispersive systems with power law group
delay or signals localized along power law curves in the TF plane. On the other
hand, the scale covariance in (15.3.3) is important for multiresolution analysis.

Power class formulation. It was shown in [7] that any QTFR of the xth power
class can be expressed as

. 1 oo oo
T = | vt
UMD =MD X (£,) X*(fo) dfs df,  (15.3.6)

where the two-dimensional (2-D) kernel I'r (b1, b2) uniquely characterizes the QTFR.
Specific choices of I';(by, by) define specific QTFRs T®) in the xth power class. Also
note that a different power class is obtained by varying x in (15.3.6). When x =1,
the affine class is obtained which is an important special case of the power classes
corresponding to the constant (nondispersive) time shift 71 (f) =1/ f,.

The xth power class QTFR in (15.3.6) can also be obtained via a unitary warping
operation (see Articles 4.5 and 5.6 and [7] [10] [1]). Specifically, if T)((A) (t,f) is a

QTFR of the affine class, then the corresponding xth power class QTFR, T)((”) N,
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can be obtained by warping the affine class QTFR, T)((A)(t, f), according to [7]

100,1) = T FA18)
= T8 (e /) (53
Here, the unitary? frequency axis warping operator [7] [10] U is given by
X(FADGI)

U X)(f) = N X (frsen(H)If/£:17)

folme(FAT (F11)] VIR

where the inverse function A;!(b) satisfies A (A.(b)) = Ag(A;1(b)) = b. The
QTFRs of the affine class are defined as [4]

T)((A)(t,f) = |71|/_ /_ Lr(fi/f, f2/ f) €8N =12) X (f1) X*(f) dfvdfa

where T'r(by, b2) is a 2-D kernel characterizing the affine class QTFR (cf. (15.3.6)).
Note that T)((A) t,f) = T)((N)(t, f)|'€:1. The unitary warping relation in (15.3.7)
preserves certain desirable characteristics of the affine class while transforming other
ones to match the dispersive nature of the signals to be analyzed by power class
QTFRs. For example, whereas both classes preserve scale changes of the signal,
only the affine class preserves constant (nondispersive) time shifts. On the other
hand, the warping in (15.3.7) transforms constant time shifts to power dispersive
time shifts in the power class, and thus the constant time shift covariance of the
affine class is transformed into the power time shift covariance of the power classes.
The warping also provides an efficient method for computing power class QTFRs
when algorithms for computing affine class QTFRs are available [10].

Class members. Specific QTFRs of the power classes satisfy various desirable
properties in addition to the covariance properties in (15.3.3)—(15.3.4) satisfied by
all members of the power classes. Some power class QTFRs of particular importance
include the power Wigner distribution, the powergram, the smoothed pseudo power
Wigner distribution [7], and the Bertrand Py-distributions (see Article 7.1 and [2]
[7]). All these QTFRs have counterparts in the affine class by virtue of the power
warping relation in (15.3.7). For example, the power Wigner distribution,

A LA (o) (e ) o e
Wotx (/(Frra(£)), Fr Au(F/£1))

2Unitarity of the operator U, implies that U, preserves inner products. Specifically, the oper-
ator satisfies [ (Ux X)(f) U< X)*(f) df = [Z3, X(f) X*(f) df-

W (¢, f)




(cf. (15.3.7)) is the power warped version of the well-known Wigner distribution
(WD) , Wx(t, f) = [To. X(F+5)X*(f — %) e’ dv [3] [4] [5]. As such, it satisfies
many properties such as a specific set of marginal properties and the perfect TF lo-
calization property for power impulses in (15.3.2). Just like the WD, the power WD
contains oscillatory and partly negative cross terms when multicomponent signals
are analyzed (see Article 4.2 and [10]). In order to suppress cross terms, a specific
type of smoothing can be applied that is matched to the power TF geometry. The
powergram and the smoothed pseudo power WD apply such a smoothing to the
power WD, at the expense of the loss of some properties (such as the marginal
properties) and the loss of TF resolution. The Bertrand P,-distributions (see Arti-
cle 7.1 and [2]) are also perfectly localized for power impulses; moreover, they are
the only power class QTFRs that preserve constant time shifts in addition to power
dispersive time shifts. Power class members and their properties are discussed in
detail in [7]. Next, we present examples with both synthetic and real data.

15.3.2 Power Class Applications

Synthetic data analysis example. The discrete implementation of power QTFRs
(outlined in [10] [7]) was applied to analyze a two-component signal consisting of
two power impulses with power parameter fgigna1 =3. For computational purposes,
the impulses are windowed in the frequency domain. Figs. 15.2(a) and 15.2(b)
show the results obtained with the power WD and a smoothed pseudo power WD
with a very short smoothing window. Both QTFRs have power parameter x = 3,
matched to the power impulse parameter Kgjgna- The power WD in Fig. 15.2(a)
has very good TF concentration but large cross terms [10] which are effectively
suppressed in the smoothed pseudo power WD in Fig. 15.2(b) with hardly any
loss of TF concentration. Also shown (in Figs. 15.2(c) and 15.2(d)) are the results
obtained with the WD and an affine-smoothed pseudo WD, both members of the
affine class [4] (i.e., both QTFRs have power parameter k=1 # Kgjgna1). The WD
in Fig. 15.2(c) is not matched to the power impulses, displaying complicated cross
terms. The affine-smoothed pseudo WD in Fig. 15.2(d) does not suppress all the
cross terms and has a larger loss of TF concentration than does the smoothed pseudo
power WD in Fig. 15.2(b). Although all QTFRs in Fig. 15.2 are scale covariant, the
results of the two power QTFRs with k=3 in Figs. 15.2(a) and 15.2(b) are better
than those of the two affine QTFRs with k=1 in Figs. 15.2(c) and 15.2(d) because
the former two are optimally matched to the kgigna =3 power law group delays of
the power impulse signal components.

In order to further demonstrate the effect of mismatch in the signal parameter
Ksignal and the QTFR power parameter s, Figs. 15.2(e) and 15.2(f) show the re-
sults obtained when analyzing the above signal using the power WD and a smoothed
pseudo power WD with QTFR power parameter k = 4. Note that in Figs. 15.2(e)
and 15.2(f) the power parameter of the power class QTFRs, k = 4, is different from
that of the signal, gjgna1 = 3. The smoothed pseudo power WD in Fig. 15.2(f) has
better cross term suppression and better TF concentration along the true group de-
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Figure 15.2: Power class analysis of a two-component analytic signal consisting of the sum of two
windowed power impulses with signal power parameter Ksignal =3. (a) Power WD with k=3, (b)

smoothed pseudo power WD with k=3, (c) WD (k=1), (d) affine-smoothed pseudo WD (k=1),
(e) power WD with k=4, and (f) smoothed pseudo power WD with k=4.

lay than the affine-smoothed pseudo WD in Fig. 15.2(d) since the power parameter
mismatch in Fig. 15.2(f) is smaller than in Fig. 15.2(d).

Real data analysis example. Next, we demonstrate the use of power class QTFRs
for analyzing real data with dispersive TF structure. Fig. 15.3 shows two power
class QTFRs with £K=0.35 and two affine (k=1) QTFRs of the measured impulse
response of a steel beam with rectangular cross section® [8]. The impulse response
was obtained by lightly tapping one end of the steel beam in the direction orthogonal
to the flat side of the beam. Bending waves travel along the beam until they are
reflected at the free end. They return to the point of impact, are reflected again,
etc., thereby producing a series of echoes with increasing dispersion. The QTFRs
in Fig. 15.3 display a bandpass-filtered segment of the measured impulse response.

3The data was obtained by J. Woodhouse in an experiment at Cambridge University. We are
grateful to D. Newland and J. Woodhouse for making this data accessible to us.
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Figure 15.3: Power class analysis of a bandpass-filtered segment of the measured impulse response
of a steel beam (sampling frequency 4,096 Hz). (a) Power WD with x£=0.35, (b) smoothed pseudo
power WD with k=0.35, (c) WD (k=1), and (d) affine-smoothed pseudo WD (k=1).

As can be seen, the smoothed pseudo power WD with x = 0.35 in Fig. 15.3(b)
shows better resolution and/or cross term suppression than the other three QTFRs
depicted. The specific value of k = 0.35 was chosen empirically to match the TF
curvature of the primary reflection.

15.3.3 Summary and Conclusions

This article presented QTFR classes specifically matched to signals and systems
with power law group delay characteristics. These power QTFRs preserve scale
changes and power law frequency-dependent time shifts of the signal under analy-
sis. Thus, these QTFRs are potentially useful in applications where a propagation
medium causes power dispersive time shifts as was demonstrated using a real data
example. The implementation of power QTFRs can be based on a warping transfor-
mation that relates the kth power class with the affine class. Successful application
of power class QTFRs presupposes sufficient a priori knowledge about the signal
to aid in choosing the appropriate power parameter k.
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