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ABSTRACT

We propose time-frequency (TF) formulations, efficient
and stable TF design procedures, and an efficient TF im-
plementation for quadratic detectors. Conventional and TF
detectors are applied to knock detection and compared with
regard to performance and required a priori knowledge. It
is shown that TF detectors are advantageous under realistic
conditions where robustness and stability are important.

1 INTRODUCTION

We consider the problem of discriminating between two
signals so(t), s1(t) embedded in stationary white Gaussian
noise n(t) with power spectral density n [1, 2]. The hy-
potheses are H; : r(t) = r;(t) = s;(t) + n(t) (: =0,1). The
detector computes a quadratic test statistic

A(r) = (Hr,r) = f/ h(t, ) r(t')r (£) dtdt'|

i.e., the quadratic form of the observed signal r(¢) induced
by a linear operator H with kernel h(t,t'). This is com-
pared to a threshold to obtain the final decision. In the re-
mainder of this introduction, we consider several quadratic
test statistics that are suited to various models for so(t),
s1(t) and various levels of available a priori knowledge. In
Section 2, we propose time-frequency (TF) formulations of
these test statistics that yield efficient and stable TF de-
signs of detectors. Whereas much of the existing work on
TF detectors considered exact TF implementations of op-
timal test statistics [3]-[6], our TF detectors are approxi-
mations of the type introduced in [7, 8] that are valid for
the practically important class of underspread nonstation-
ary processes [9]-[11]. Section 3 discusses an efficient TF
implementation of quadratic detectors. Finally, the detec-
tors are applied to knock detection in Section 4.

1.1 Likelihood Ratio Detector

First, we model so(t), s1(t) as Gaussian nonstationary ran-

dom processes with known correlation operators! R, R, .
Here, the optimal (likelihood ratio) test statistic is [1, 2]

Ai(r) = (Hir,7) with H; = Ry '(R1 — Ro)RT', (1)

where R; = R, +9I (i = 0,1). For low SNR, i.e.? ||Rs, || <
7, the optimal test statistic A1 can be approximated by the
following “locally optimal” [1] test statistic that is induced
by a much simpler operator:

Asx(r) = (Har,r)  with Hy = Ri1 —Rpo. (2)

The R; can be estimated from N; observations rgn)(t)
(= 0, 1, n=12..,N;) by the sample correlation opera-

tors R; with kernels Fi(t, ) = N SN M) M.
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lFor example, Rs, is the linear operator with kernel

Tso(t: ') = E{so(t) sg(t)}-
2Here, ||H|| denotes the operator norm [12].

1.2 Matched Subspace Detector

Next, we model so(t), s1(t) as deterministic but unknown
except for s;(t) € § with § a known p-dimensional linear
signal subspace, and ||so||> < E and ||s1]|> > E with E
some known energy level. Here, an optimal test statistic
is the matched subspace detector [2] given by the quadratic
form induced by the orthogonal projection operator Ps on
8, which equals the energy of (Psr)(t),

As(r) = (Hsr,r) = (Psr,r) = ||Psr||2. (3)

The p-dimensional subspace & can be estimated via
ML subspace identification [2]. The estimated subspace is
spanned by the p dominant eigenfunctions of the total sam-

ple correlation operator R = NN +N1 (NoRo + NiRy).

1.3 Extended Matched Subspace Detector

As a model somewhere between the models of Subsections
1.1 and 1.2, we assume that so(t), s1(t) are nonstationary
random processes whose energies in K disjoint signal sub-
spaces Sk, (Ps, 5:,5:) = ||Ps, si||?, have known statistical
properties. A reasonable detection strategy then is to use
the subspace energies of the observed signal r(t),

gk (Pskr T) - ||P$k7'|| k= 1727 o '1K1

as an intermediate statistic and devise an optimal (i.e.,
likelihood ratio) test based on the &. Specifically, if the
s;(t) are Gaussian and the Sj have small dimensions so
that Ps, R;Ps, has only one dominant eigenvalue )\(k)
then under hypothesis H; the £, are (approximately) in-
dependent and exponentially distributed with parameters
O(k) 1 /)\(k) [2]. Here, the likelihood ratio test statistic is

K

Aa(r) =D [0 — 6] & =

k=1

(H4Ta T) ) (4)

i.e., the quadratic form with operator

K
k=1

This extends the matched subspace detector As since for
S = @i, Sk we obtain As(r) = S p, &

2 TIME-FREQUENCY FORMULATION AND
DESIGN OF DETECTORS

The detectors discussed above involve operator products,
operator inverses, and signal spaces, which leads to compu-
tationally expensive design procedures. We shall now dis-
cuss efficient, stable, and intuitive formulations and designs
of these detectors in the time-frequency (TF) domain.

2.1 TUnified Time-Frequency Formulation

It is known [4, 6, 7] that all quadratic test statistics can be
rewritten as inner products in the TF domain,
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A(r) = (Hr, ) = (p, W) = / /f plt, £) Wa(t, ) dt df.
Here,

p(t, f) = Lu(t, f) é/Th(tJr %, t— %) e I qr

is the Weyl symbol (WS) [13]-[15] of H and

W, (t, f) é/Tr(t+g)r*(t—

is the Wigner distribution [16, 17] of r(t). Thus, any
quadratic test statistic can be interpreted as a weighted
integral of W, (¢, f). However, instead of using this exact
TF formulation, here we shall typically consider approxima-
tions to the TF weight functions p(t, f) that are obtained
by replacing the WS of operator products by the products
of the WSs of the individual operators. Such an approxi-
mation is justified for underspread processes [7]-[11].

2.2 TF Version of Likelihood Ratio Detector
For the optimal (likelihood ratio) detector for Gaussian pro-
cesses, Ay in (1), the TF weight function is given by

pi(t, f) = Lu, (t, f) = LRO_I(R1*R0)R1_1 @ f)-

For jointly underspread processes so(t), si1(t) [9]-[11], this
can be approximated by [7, 8]

ﬁl(t f) A LRl(taf) _LRo(t’ f) — Wl_(taf) —_Wo(t,f)
’ Ly, (t, f)Lr, (t, f) Wot, /)Wa(t, f)
— 5
where W;(t,f) 2 Lg,(t, f) is the Wigner-Ville spectrum
[18, 19] of r;(t). This yields the TF test statistic

g) e I qr

Ri(r) 2 (51, W) = / /f pu(t, )Wt f) dt df .

While A; is here expressed as a TF integral, it can be
calculated more efficiently as the quadratic form Aq(r) =
(Hir,r). Here, the operator Hy is defined by Lg (t, f) =
pi(t, f), from which the kernel of H, is obtained as

!
hl(t,t’) _ /ﬁl (%, f) 2 (t—t )fdf_
f

Furthermore, an efficient TF implementation of A; will be
discussed in Section 3.

For jointly underspread si(t), pi(t, f) = Lg, (¢, f) ap-
proximates pi(t, f) = Lu, (¢, f). Hence, H; ~ H; which
implies that A; approximates the optimal test statistic A;.
The TF test statistic A1 has two advantages over Ax:

e While both A; and A; require complete knowledge of
the processes’ second-order statistics, for the TF detec-
tor A1 this knowledge is formulated in the much more
intuitive and physically meaningful TF domain. The
definition of H; is more transparent than the abstract
operator expression defining Hj.

o Computing H; requires only products and divisions of
functions and thus is much less expensive than com-
puting H; which requires products and inverses of op-
erators. It is also more stable since in the case of es-
timation errors the divisions in (5) can be regularized
much more easily than the operator inversions in (1).

For the locally optimum test statistic Az in (2), the TF
weight function becomes

pZ(t,f) = LH2(t1f) =Wl(t7f) _W(](t,f) )
which yields the following TF formulation of Az,

As(r) = (W1~ Wo, Ws). (6)

This TF formulation is exact, i.e., not based on an un-
derspread approximation. It extends a frequency-domain
formulation of Ay valid in the stationary case [1]. For
s1(t) = 0, the TF formulation (6) was reported in [4].

Given N; observations ™ (t) (i = 0,1; n = 1,2, ..., N;),
the Wigner-Ville spectra W;(t, f) can be estimated by the
WSs of the sample correlation operators R; ,

N;
Wilt f) £ L, (6, ) = = S Wt ). (D
¢ n=1 K

2.3 TF Subspace Detector

For the matched subspace detector As in (3), the TF weight
function is given by

p3(t7f) = Ws(t:f)a

where Wis(t, f) = Lpg(t, f) is the Wigner distribution of
the signal space S as defined in [20, 21]. In the case of a
non-sophisticated signal space S [20], the space S can be
associated with a TF region R such that

Ws(t, f) = Ir(t, f) = {(1) g Eif% ng

The area of R approximately equals the dimension of the
space S [20, 21]. Replacing ps(t, f) = Ws(t, f) by pa(t, f) =
IR (t, f) yields the TF test statistic

Ra(r) 2 (I, W) = //WT(t,f)dtdf,

R
which can also be written as the quadratic form Az(r) =
(Hgr,r) with Hy defined by Ly (t, f) = Iz(t, f). An effi-
cient TF implementation will be discussed in Section 3.
The TF region R can be estimated as R(g) = {(¢, f) :
Wt f) > e}, with W(t,f) = 55 [NoWo(t, f) +
N (t, f)] (cf. (7)) and € chosen such that ff?%(s) dtdf =

p (the dimension of §). This procedure is the TF counter-
part of ML subspace identification (cf. Subsection 1.2).
These approximate TF versions of matched subspace de-
tection and ML subspace identification are more intuitive,
stable, and efficient than the original methods that require
a numerically expensive and sensitive eigendecomposition.

2.4 Extended TF Subspace Detector

The TF detector As can easily be generalized to the ex-
tended matched subspace detector A4 in (4). We as-
sociate to each subspace Sy a TF region Ry such that
Iz, (t, f) = Ws, (¢, f) and define the TF test statistic

K
Aa(r) =" 09— 60" & with & = / Wa(t, f) didf.

k=1 Re
- - . (8)
Alternatively, As4(r) = (Har,r) with Hy defined by

Lg, (. f) = 0, [08 — 6] I, (8, f).

3 MULTI-WINDOW
STFT IMPLEMENTATION

For jointly underspread processes so(t), si(t), it can be
shown that the various operators occurring in the conven-
tional and TF designed test statistics are effectively un-
derspread. It is known [11] that any underspread operator
H can be decomposed as H = Y372, A1 Q;. Here, Q; is
an operator that performs a short-time Fourier transform
(STFT) analysis with analysis window wu;(¢), a multipli-
cation of the resulting STFT by the TF weight function
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Figure 1. Estimated Wigner-Ville spectra W;(t, f) calculated
from (a) non-knocking (i=0) and (b) knocking (i=1) training
data. Horizontal azis: crank angle (in degrees) which is propor-
tional to time, vertical azis: frequency (in kHz).

Lu(t, f), and finally an STF'T synthesis with synthesis win-
dow u;(t) (“STFT filter”) [11, 13, 22]. The calculation of
the coefficients \; and the (orthonormal) STFT windows
w;(t) is dicussed in [11]. Any underspread operator H can
thus be represented as a linear combination of STFT filters
with orthonormal windows u;(¢) and identical TF weight
function Lu (¢, f) (“multiwindow STFT filter”). Typically,
the coefficients A\; decay fast so that it suffices to use a multi-
window STF'T filter with finite (small) order L. This yields
the following efficient multiwindow STFT implementation
of the quadratic test statistic induced by H:

A(r) = (Hrr) = AP (r) & <Z)\ler, r>.
=1

It can be shown that this can equivalently be formulated
as the inner product of the WS of H with a multiwindow

spectrogram of 7(¢), A (r) = <LH7 Zlel )\1551”)>, where

S,(n"’)(t,f) denotes the spectrogram (i.e., squared STFT
magnitude) of r(t) with analysis window w;(t).

4 APPLICATION TO KNOCK DETECTION

Finally, we consider the application of the various detectors
to the detection of knocking combustions in car engines.
Knock detection is important since a car engine is most
efficient near knocking conditions but frequent knock can
damage the engine. Previous work [23, 24] showed that
knock is a transient phenomenon consisting of several res-
onances with decreasing resonance frequencies (see Fig. 1).
Thus, detectors should match this time-varying behavior.

The available observation data® rgn) (t) comprised 1091
pressure signals obtained from a pressure sensor mounted
inside the cylinder. The signals were recorded at fixed ro-
tation speed of 4000 rpm. The data had been manually
classified into 900 non-knocking and 191 knocking combus-
tions. This data was further split into a training set (100
non-knocking and 91 knocking signals) from which the sta-
tistical a priori information was estimated, and the remain-
ing 800 non-knocking and 100 knocking signals that were
used to assess the detectors’ performance via empirical re-
ceiver operator characteristics (ROCs) [1, 2]. The estimated
Wigner-Ville spectra are shown in Fig. 1. Fig. 2 compares
the TF weight functions of some of the detectors considered.
The results (ROCs) obtained with the various detectors are
compared in Fig. 3 and discussed below.

4.1 Detectors Based on Complete Statistical A
Priori Knowledge

Likelihood ratio detector A;1. The sample correlation oper-
ators R; calculated from our data were poorly conditioned.

3In our experiments, all signals were discrete-time and finite-
length, and hence all operators reduced to finite-size matrices.
However, for the sake of consistency we shall continue using our
previous notation.

Although we used pseudo-inverses to compute H; (cf. (1)),
the likelihood ratio test statistic A1 performed poorly (see
Fig. 3(a)). This might also be (partly) due to possible non-
Gaussianity of the data.

Locally optimum detector A>. The design of As does not
require operator inversions (cf. (2)) and hence does not suf-
fer from numerical instabilities. This resulted in improved
performance of A, as compared to A;.

TF detector A;. Since we observed our car engine signals
to be effectively underspread, we furthermore considered

various TF detectors. The design of A; according to (5),

using the estimated Wigner-Ville spectra W;(t, f) in (7) (see
Fig. 1), merely involves divisions of functions that are easily
stabilized. Compared to A1, this results in a more stable
detector design (cf. Fig. 2(b),(c)) and better performance.

The TF detector A; is also seen to perform better than As.

4.2 Detectors Based on Partial Statistical A Priori
Knowledge (Subspace Based Detectors)

Bandpass filter detector Ao. For the sake of comparison,
we consider the practical, particularly simple test statistic

Ao(r) £ ?:1 fB,- |R(f)|?df (with R(f) the Fourier trans-

form of r(¢)) which is the output energy of a time-invariant
band-pass filter with three pass-bands B; matched to the
dominant resonance bands of the signals. (Note, however,
that systems currently in use employ only one resonance
band.) This can be interpreted as a matched subspace
detector with & the subspace of signals bandlimited to
Bi1 U B3 U Bs. From Fig. 3(b), it is seen that Ao performs
worst among all subspace-based detectors considered.

Matched subspace detector As. The signal space S under-
lying A3 was estimated by means of ML subspace identifi-
cation (cf. Subsection 1.2) with p = 6 (this corresponds to
allowing dimension 2 for each dominant resonance). The re-
sulting detector A3 performs better than the simple detector
Ao since the estimated subspace better matches transient
and time-varying signals properties.

TF subspace detector Az. The TF region R underlying A3
was estimated as explained in Subsection 2.3 (with p = 6).
Since TF thresholding is much less affected by numerical er-
rors than the eigendecomposition required for ML subspace
identification, A3 performs partly better than As.

Extended matched subspace detector A4. In our case, a
meaningful determination of the subspaces Sy can only be
done via TF space synthesis from the resonance TF regions
[20, 21]. Since this implies a partial TF design, we did not

apply A4 but went straight for the TF detector As.

Egtended TF subspace detector A4. We split the es-
timated TF region R (see above) into three TF regions
Rk corresponding to the three dominant resonances (cf.
Fig. 2(f)) and computed the statistics & in (8). Using a
Kolmogorov-Smirnov test [25] with significance level 5%,

we verified that the Ek are reasonably well approximated by

an exponential distribution with parameters 95’“) =1/ )\gk)
estimated from the dominant eigenvalue of the projected
sample correlation operators (see Subsection 1.3). These

estimates were used to design A4. The resulting detector
performs partly better than As but poorer than Ags.

5 CONCLUSION

We have introduced time-frequency (TF) formulations, ef-
ficient and stable TF design procedures, and an efficient
TF implementation for several quadratic detectors requir-
ing different levels of a priori knowledge. Conventional and
TF detectors have been applied to knock detection and their
performance has been compared. The proposed TF detec-
tors were observed to be advantageous due to their robust-
ness and numerical stability.
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Figure 2. TF weight functions p(t, ) or p(t, f) of (a) bandpass filter detector Ao, (b) likelihood ratio detector A1, (c) TF detector
A1, (d) locally optimum detector Aa, (e) matched subspace detector As, (f) TF subspace detector A3. (The azes are as in Fig. 1.)
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Figure 3. ROCs of (a) detectors based on complete statistical a
priori knowledge and (b) detectors based on incomplete statistical
a priori knowledge (i.e., based on subspace models).

In practice, knock detection uses vibration data obtained
from an acceleration sensor mounted on the engine block
(instead of the pressure data considered here). We applied
the detectors discussed above to vibration data as well and
obtained qualitatively similar results.
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