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ABSTRACT

We present several novel tools for the statistical characteri-
zation of fading dispersive channels that do not satisfy the
usual WSSUS assumption. A local scattering function, de-
scribing the time- and frequency-dependent average scatterer
power, is introduced. Furthermore, a novel channel correla-
tion function is presented that quantifies the scatterer corre-
lation. Based on the channel correlation function, we intro-
duce the practically important class of doubly underspread
channels. Numerical results involving a simulated and a
measured channel illustrate the usefulness of our framework.

1. INTRODUCTION

Realistic models for fading dispersive channels are vital for
the design, simulation, and performance evaluation of wire-
less systems. For linear, time-varying (LTV) random chan-
nels, usually the assumption of wide-sense stationary un-
correlated scatterers (WSSUS) [1-5] is invoked. Unfortu-
nately, practical wireless channels never satisfy the WSSUS
assumption exactly. Thus, in this paper we establish a novel
framework for the characterization of non-WSSUS channels.

The main results can be summarized as follows:

e We introduce the local scattering function as an extension
of the ordinary scattering function to the non-WSSUS case,
and we show that it can be interpreted as a time-frequency
(TF) dependent average scatterer power.

o We define a new channel correlation function that extends
the TF correlation function of WSSUS channels. The chan-
nel correlation function is used to define a stationarity time
T; and a stationarity bandwidth Fy within which the chan-
nel can be approximated by a WSSUS channel.

e Based on the channel correlation function, we introduce
the concept of doubly underspread channels that are char-
acterized by a small delay-Doppler spread and slow TF
variation of the local scattering function. We demonstrate
that practical channels are indeed doubly underspread.

Related Work. Doubly underspread channels are similar in
spirit to quasi-WSSUS channels, introduced in a less rigor-
ous way in [2]. Methods for quantifying channel nonstation-
arities have been described in [6,7]. Finally, channel models
incorporating large-scale fluctuations (path loss, delay drift,
shadowing, etc.) have been presented in [§—10].

2. PREREQUISITES

We first briefly review the description of LTV channels and
the statistical characterization of WSSUS channels.

This work was funded by FWF grant P15156.

Characterization of LTV Channel. The input-output rela-
tion of an LTV channel H is'

F(1) = (Hs)(1) = ./h(t, T)s(t —1)d7.

Here, s(¢) is the transmit signal, r(¢) is the received sig-

nal, and h(z,7) is the impulse response of H. Alternative
channel descriptions are the time-varying transfer function

[2,4,5,11], defined as Ly(t,f) = [h(t,t)e />"/*d1, and
the (delay-Doppler) spreading function [2,4,5], given by
Sy(t,v) = [h(t,T)e />™V'dt. The spreading function char-
acterizes the reflectivity of scatterers associated to delay 7

and Doppler v. We note that time-varying transfer function
and spreading function are a 2-D Fourier transform pair.

WSSUS Channels. If the channel H is assumed to be WS-
SUS,? the 4-D correlation functions of the spreading func-
tion and of the transfer function simplify according to [1,2]

E{Syx(7,v)Su(7',V)} = Cx(z,v)8(v—V)8(t—7), (1)
E{Ly(t,/)Lu(t', )} = Ryt =1, f = f'). )

Here, Cy(7,Vv) and Ry (at,af) are the channel’s scattering
function and TF correlation function that are related as [1-3]

Cy(t,v) = //RH(At,Af)e*ﬂ”w*mf)dAtdAf. 3)

Thus, for WSSUS channels the spreading function is 2-D
white and the transfer function is 2-D stationary with power

spectral density (PSD) given by Cy(7,V).
The delay power profile and the Doppler power profile
are respectively defined as [1, 3]

Pa®) 2 [Caeviav, g 2 [Gulrvar.

Their Fourier transforms, py(af) = Ry (0,4f) and gy (ar) =
Ry (at,0), are known as time correlation function and fre-

quency correlation function, respectively [1-3]. Finally, f)}ZIé
JPy(t)dt = [Qg(Vv)dy is the channel’s path loss.

3. CHARACTERIZATION OF NON-WSSUS
CHANNELS

We next analyze channels that are not WSSUS. In contrast to
(1) and (2), this means that i) the spreading function S (7, V)

Al integrals are from —oo to oo,
Hereafter, without loss of generality, A(f,T), Sy (T, V), and Ly (t, f) are
assumed to be zero-mean 2-D random processes.



is no longer white, i.e., scatterers with different delay or
Doppler are correlated (these correlations typically corre-
spond to waves reflected by the same physical object) and
ii) the TF transfer function Ly (¢, f) is a 2-D nonstationary
process (e.g., due to large-scale fluctuations). These corre-
lations/nonstationarities are described by the (deterministic)
4-D correlation functions

Ry(7,v;aT,4v) £ E{Sk(7,v+av)Si(t—at,v)}, (4a)

Ry (1, fiat,af) = E{Ly(r. f +af) Lig(t —at,f)}.  (4b)
The 4-D correlation functions in (4) have been considered
too cumbersome to be of practical use. On the other hand,
the scattering function Cyy(7,v) and the TF correlation func-
tion Ry (az,af) are no longer well-defined. We resolve this
problem by introducing two novel second-order channel statis-
tics that have a clear and intuitive physical meaning and can
be viewed as proper extensions of the scattering function and
the TF correlation function to the non-WSSUS case.

3.1. Local Scattering Function

Definition and Interpretation. For WSSUS channels, the
scattering function is the 2-D PSD of the stationary process
Ly (2, f). For non-WSSUS channels, Ly(, f) is nonstation-
ary and thus its PSD, the scattering function, is not defined.
However, motivated by time-varying power spectra of non-
stationary processes (see e.g. [12]), we define a local scat-
tering function as

Cult.fiT,v) £ / / R (¢, f3a1,4f) e TP VA=TAD) g daf

— // Ry(T,v;41,av) e AT gat day .

Note that this definition is consistent with the WSSUS case
where one has 6y (t,f;7,v) = Cx(t,v). Unfortunately,
In general, Gy (¢, f:7,V) is not necessarily real-valued and
positive (however, it is approximately positive in the case of
doubly underspread channels considered in Section 4).

In a certain sense, the local scattering function describes
the mean power of scatterers causing a delay/Doppler shift
(t,v) at time ¢ and frequency f. This interpretation can be
supported as follows. Consider a test signal g(¢) that is well
TF localized about the origin of the TF plane. Transmit-
ting the signal g, . . (1) = g(t — 1y + %) e/27fot (localized
about the TF point (7, — 1, f;,)) over the channel H and tak-
ing the inner product of the received signal (Hg,oi%l fo)(t)

with g ..\ (t) = g(t — 1,) e/>*o™) (which is localized
about (1, f, + V,)) yields a measure of the energy transfer

from (t, — 7, f,)) to (t,, f, +V,) effected by H. On average,
this TF energy transfer can be shown to equal

2
E{‘<Hgtof1:0,f07gt0,f0+v0>’ }= (G Ke) (19, fo: T, Vo) (5)

where *, denotes d-dimensional convolution and K, (z, f; T,V)
is a “smoothing kernel” that can be shown to be effectively
nonzero only for (¢, f;7,Vv) close to (0,0;0,0). Hence, (5)
implies that a smoothed version of € (t, f;7,V) is positive
and describes the average TF energy transfer from the TF lo-
cation (7, — 7,, f,) to the TF location (%, f, + V,). A similar
conclusion can be drawn from the I/O-relation

W(t.f) = [[ altf = vt ) Wole — 7.~ v)dzav, ©

where W;(z, f) and W, (¢, f) denote the Rihaczek spectrum
[12] of the transmit signal s(¢) (assumed statistically inde-
pendent of H) and the received signal r(¢), respectively. For
WSSUS channels, (6) reduces to the well-known relation
Wr(taf) = (CH *QWY)(Ivf)'

Induced Channel Statistics. Extending the WSSUS case
(cf. Section 2), we next consider channel statistics that are
derived from the local scattering function.

o We define the global (or average) scattering function of a
non-WSSUS channel via the marginal

Cy(t,v) £ //%H(t,f; T,v)dtdf = E{|SH(7:,V)|2} :

Furthermore, since Ly (t, f) can be interpreted as channel
gain at time ¢ and frequency f, we define a TF path loss as

Pl f) é//%H(t,f; 7,v)dtdv= E{]LH(t,f)]z}. @)

In the WSSUS case, pg(t, f) = pg. Note that the above
marginal properties imply that the local scattering function
is predominantly positive.

o Integrating the local scattering function with respect to f
averages out the frequency dependence of the scatterer pow-
ers and thereby yields a time-varying scattering function,

Gy(t:7,v) 2 /%H(t,f;f,v)df.

o We define TF dependent delay and Doppler profiles as
Pyt f:7) é//%H(t,f;T,v)dv @®)
Dy (1, V) é//%H(t,f;r,v)dr. )

In the case of a WSSUS channel, &y (1, f;7) = Py(7) and

2y(t,f3v) = Ox(v).
o Integrating the TF dependent delay (Doppler) profile with
respect to f, 7 (f, V) defines a time-varying path loss

p(1) é/ Py(t,f:1)df dt :./‘,@H(t,f;v)dfdv.

For a normalized white stationary transmit signal s(¢), there

is B{|r()[2} = p().

3.2. Channel Correlation Function

Definition and Interpretation. The local scattering func-
tion describes the time- and frequency-dependent average
power of scatterers with delay T and Doppler v. However, it
does not characterize the correlation of these scatterers. To
this end, we introduce a novel channel correlation function

Gy (at,Af;4T,4v) £ //RL(t,f;At,Af) e IPEAV=IAT) grq f
://RS(T,v;AnAv)e*jZ”“Af*"m) drdv.

As required for a correlation function, |27y (az,af;47T,4v)| is
symmetric and assumes its maximum at the origin, i.e.,

|ty (at,af;47,4V)| = |y (—at, —Af; —aT, —aV))|
< 974(0,0;0,0).



In the case of WSSUS channels, scatterers with different de-
lays (a7 # 0) or different Doppler shifts (av # 0) are uncor-
related, i.e., @y (at,af;4T,av) = Ry (at,af) 8(at) 8(av). The
interpretation of &7 (az,4f;47,4v) as scatterer correlation is
further corroborated by the relations

Sy (at,4£30,0) = //RL(t,f;At,Af)dtdf,
244(0,0;4T,4v) = //RS(T,V;AT,AV)deV.

The first equation shows that for AT = av = 0, the channel
correlation equals the average (over all ¢ and f) correlation
of transfer function values Ly(t,f +4af) and Ly (t — at, f)
separated by ar and Af. Similarly, for az = af = 0, the channel
correlation equals the average (over all T and V) correlation
of all scatterer reflectivities Sy (7,V +4v) and Sy (7 —at, V)
separated by A7 and av.

Relation to Local Scattering Function. The channel cor-
relation function can be shown to be in 4-D Fourier relation
with the local scattering function,

Sy (At ,Af;4T,4V) = ////.CKH(;J; T,Vv) e J2RUAV—fAT)
x e PR VA) grdfdrdv.  (10)

This relation has several important aspects:

e In the WSSUS case, (10) reduces to the 2-D Fourier re-
lation (3) connecting the scattering function Cyy(7,Vv) and
the TF correlation function Ryy(az,af).

e Eq. (10) shows that ¢t < av and f < at are (Fourier) dual
variables. Thus, the variation of €} (z, f; T, V) with respect
to 7 and f is determined by the spread of @7 (ar,4f;4T,4v)
in the av and a7 direction, respectively (i.e., by the amount
of scatterer correlation). Denoting the maximum (effec-
tive) delay and Doppler correlation by ATmax and AVyx, re-
spectively, it is reasonable to define the channel’s station-
arity time Ty and stationarity bandwidth Fy as

1

ATmax

lI>

1
T, & F,

)
AVmax

Y

Within time intervals of duration 7 and frequency bands of
width Fy, €4(t, f37,V) is (effectively) constant as a func-
tion of ¢ and f (for 7, v fixed). For WSSUS channels,
the scatterers are uncorrelated and thus ATmax = AVimax =
0 and Ty = Fy = . This agrees with the fact that here
Cu(t, f;7,v) = Cy(t,Vv) is independent of ¢ and f.

e Similarly, according to (10) T <= af and v « at are (Fourier)
dual. Hence, the decay of @y (at,4f;47,4v) with respect to
at and af is determined by the extension of €y(t, f;7,V)
in the v and 7 direction, respectively, i.e., by the amount
of Doppler and delay. Denoting the maximum effective
delay and maximum effective Doppler frequency by Tmax
and Vpax, respectively, it makes sense to define the chan-
nel’s coherence time and coherence bandwidth as’

1 1
.2 —, Fk=

Vmax

12)

Tmax

3Note that there exist formally different but conceptually similar defini-
tions of coherence time and coherence bandwidth [4, 5].

4. DOUBLY UNDERSPREAD CHANNELS

Definition. We call a non-WSSUS channel (dispersion) un-
derspread if its time/frequency (delay/Doppler) dispersive-
ness in a certain sense is “small,” i.e., if for arbitrary ¢, f the
local scattering function €54 (¢, f; 7, v) is effectively nonzero

only for (7, V) close to (0,0). More formally, we require that
(13)

with Tmax (Vmax) being the channel’s maximum effective de-
lay (Doppler frequency) and dyy denoting the channel’s de-
lay/Doppler (dispersion) spread. Eq. (13) naturally extends
the dispersion underspread property of WSSUS channels (cf.
[1,3]). If (13) is satisfied, (12) implies ¢ F; > 1, i.e., that the
channel transfer function Ly (z, f) varies only slowly.

We next complement the dispersion underspread prop-
erty by a correlation underspread property that is important
for €y(t, 37, V) to be physically meaningful. Motivated by
the interpretation of .y (at,af;AT,av) as scatterer correla-
tion, we define a channel to be correlation underspread if
2y (at,Af;47T,4V) is concentrated about the origin, i.e., if

(14)

with ¢y denoting the channel’s correlation spread and T, Fe,
ATmax»> AVmax being the coherence time, coherence bandwidth,
maximum (effective) delay correlation, and maximum (ef-
fective) Doppler correlation, respectively, of the channel.

By combining the dispersion and correlation underspread
properties, we call a non-WSSUS channel doubly under-
spread if (13) and (14) are satisfied simultaneously. Using
the relations (11) and (12), these conditions can alternatively
be expressed by the two equivalent double inequalities

I Fs > ToFe > 1.

The first double inequality requires that i) the channel is
dispersion underspread and ii) only delay/Doppler compo-
nents close to each other are correlated. The second inequal-
ity means that i) the channel (transfer function) varies only
slowly and ii) the variation of the channel statistics is even
slower than that of the channel (transfer function).

Example and Physical Interpretation. We illustrate the
concept of doubly underspread channels by a simple exam-
ple; this example also serves to establish relations to geo-
metric properties of the physical propagation environment.
We consider a typical cellular mobile radio system operat-
ing at f. = 2 GHz in a suburban environment. The mobile’s
maximum speed is assumed to be v, = 15m/s which corre-
sponds to a maximum Doppler frequency of Vyax = %0 fe=
100Hz. With the maximum path length between base sta-
tion and mobile assumed to be d = 3 km, it follows that de-
lays up to Tmax = i—{ = 10 us can occur. With (12) we thus
obtain 7. = 10 ms and F. = 100kHz. With (13), we obtain
dy = 1073 < 1, i.e., a dispersion underspread channel.

Typically, the main mechanism causing scatterers (re-
flectivities) to be correlated is that they correspond to the
same physical object (building surface etc.). Assuming the
maximum spatial extension and angular spread of the scat-
terers to be w =30m and 6 = 3° implies ATyax = % = 0.1 us
and AVmax = Vmax sin(8) ~ 5.2 Hz. With (11), we then ob-
tain 7y = 191 ms and Fy; = 10 MHz. Furthermore, (14) yields
cg=52- 10~* < 1 and thus a correlation underspread chan-
nel. We conclude that the channels in this environment are
doubly underspread.

A
dH = Tmax Vmax < 17

A
cg = Te FeATmaxAVmax < L,

ATmax AVmax < Tmax Vmax < 1, or
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Figure 1: Propagation environments for (a) simulated and
(b) measured channel (dark gray indicates buildings).

Implications. The double underspread property has impor-
tant consequences for the interpretation and use of the local
scattering function (full details are presented in [13]):

e The local scattering function of doubly underspread chan-
nels is effectively real-valued and positive. In contrast, for
non-WSSUS channels that are not doubly underspread we
obtain significant imaginary/negative components.

e For doubly underspread channels, 34 (z, f; 7, V) is a smooth
function of ¢ and f, i.e., scatterer properties (power, delay,
Doppler) change only slowly over time and frequency.

e Within time intervals of duration 7; and frequency bands
of width F;, doubly underspread channels can locally be
approximated by (properly chosen) WSSUS channels (this
is similar to Bello’s quasi-WSSUS channels [2]).

e Doubly underspread channels allow to separate the ran-
domness and the TF-variations of the channel via a 2-D
Karhunen-Loeve expansion involving a simple TF local-
ization filter, TF shifts, and uncorrelated random weights.

5. NUMERICAL RESULTS

Simulated Channel. We first consider a synthetical exam-
ple for a mobile radio system with carrier frequency 2 GHz.
The (non-line-of-sight) urban propagation scenario is shown
in Fig. 1(a). The base station is assumed to be located some-
where in the north-west. The mobile (labeled ‘RX’) is as-
sumed to perform a U-turn at the crossroads with a con-
stant speed of 2 m/s (this corresponds to a maximum Doppler
frequency of Vinax = 13.3Hz and a coherence time of 7, =
75ms). There are two main propagation paths correspond-
ing to two street canyons. We assume that the delay of both
paths equals 7, i.e., we have a flat fading channel. For each
path there exist L subpaths corresponding to total angular
spreads of 6 = 5°. This non-WSSUS channel was simulated
according to h(t,7) = h(t) 6(t — 7,) with
2 L
h(r) =Y Zakyle”’k‘l exp[ /27 Viax cos(¢; , (1))] -
k=11=1
Here, A and Vi denote the random amplitude and phase

of the /th subpath of the kth path. Furthermore, ¢, ,(¢) is

the incidence angle (i.e., the angle between the directions of
path propagation and mobile motion) of the /th subpath of
the kth path. This incidence angle was simulated by adding
a (time-independent) random angular “jitter” Ag, , € [— g, g]
to the time-dependent mean incidence angle ¢, () associated
to path #k. For fixed propagation paths, the angles qS, (¢) and

@, (t) are determined by the motion of the mobile.
Fig. 2(a) shows the magnitude (in dB) of a typical re-
alization of h(t). The channel’s local sacttering function
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Figure 2: Simulated channel: (a) realization of h(t) (mag-
nitude in dB); (b) global scattering function for T = 1,;
(c) local scattering function Gy(t, f;7,,V) for arbitrary f
(grayscale plot, darker shading corresponds to larger val-
ues); (d)—(f) cuts of €y (t, f; 7, V) (in dB) at arbitrary f and
(d)t =12s, (e)t =4s, (f)t =8s.

Cu(t, f;7,Vv) (which is independent of f and obtained by
averaging over 50 channel realizations) is shown in Fig. 2(c).
It clearly displays the different time intervals where the mo-
bile moves east (0-3s), performs the U-turn (3—75s), and
moves back west (7-105s). In the initial phase, path #1 and
#2 experience Doppler shifts of —13Hz and 0Hz, respec-
tively (cf. Fig. 2(d)). During the U-turn, the Doppler fre-
quencies gradually change from —13 Hz to 13 Hz (path #1)
and from O Hz to 13Hz and back to O Hz (path #2), cf. Fig
2(c),(e). Finally, after the U-turn, path #1 and #2 experience
Doppler shifts of 13Hz and 0Hz, respectively. Note that
these insights cannot be gained from the global scattering
function (averaged over 10 s and 50 realizations) depicted in
Fig. 2(b). We finally note that the maximum Doppler corre-
lation was estimated as AVmax = 1.28 Hz which corresponds
to a stationarity time Ty = 781 ms.

Measured Channel. We next analyze measurements* of a
non-WSSUS channel performed in the course of the META-
MORP project [14]. The propagation scenario (suburban,
partial line of sight) is shown in Fig. 1(b) with the base sta-
tion labeled ‘BS’. The carrier frequency was f; = 1792 MHz.
During the measurement period of 50.33 s, the mobile moved
from position ‘A’ to position ‘B’ along the thick line with a
constant velocity of 1.6 m/s (corresponding to a maximum
Doppler frequency Vinax = 9.56 Hz). Within this period, 1024
impulse response snapshots 4 (kT T) were recorded (time in-
crement 7 = 49.152 ms, measurement bandwidth 10 MHz).
After subtracting a (rather weak) channel mean from the
measurements, an estimate of the local scattering function
Gy (1, fo;T,v) was obtained using a nonstationary 2-D mul-
tiwindow estimator (note that we used only a single channel
realization; for further details see [13]). Estimates of the
TF dependent delay profile 2y (t, f;7), the TF dependent

Doppler profile 2y(t, f+; V), and the TF path loss p3(t, f:).
were computed according to (8), (9), and (7).

“4Courtesy of T-NOVA Deutsche Telekom Innovationsgesellschaft mbH
(Technologiezentrum Darmstadt, Germany). We are grateful to I. Gaspard
and M. Steinbauer for providing us with the measurement data.
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Figure 3: Four sections of the estimated local scattering function €y (t, f;T,V) (in dB) of the measured channel with f = f,

fixed and (a)t =5, (b)t =20s, (¢)t =28s, (d)t =40s.
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Figure 4: Results for the measured channel:

(a) esti-
mated time-varying path loss pg(t, f.) (in dB); (b) estimated
time-varying delay profile Py(t, f.;7); (c) estimated time-
varying Doppler profile 2y(t, f; V).

The results are shown in Figs. 3 and 4 and can be inter-
preted as follows. During the first 25, there is no line of
sight and thus shadowing causes a large path loss (cf. Figs.
3(a),(b) and 4(a)). Furthermore, the Doppler frequencies
close to vnmax indicate that the angle of arrival (AOA) of all
paths is about 0°, i.e., the dominant waves arrive through the
street from ahead of the mobile (cf. Figs. 3(a),(b) and 4(c)).
As the mobile approaches the corner (labeled ‘C’ in Fig.
1(b)), the delays gradually drift from Tp,x = 0.5 to 0.3 us
(see Figs. 3(b) and 4(b)) and the spread of the Doppler com-
ponents grows since the scatterer’s angular spread and thus
the AOA spread increases (cf. Figs. 3(b) and 4(c)). After
25 s, the mobile passes the corner. This results in a line-of-
sight component and a significantly smaller path loss. The
dominant components arrive from broadside (AOA 90° and
Doppler frequency ~ 0Hz) as can be seen in Figs. 3(c) and
4(c). After the mobile turned right, the dominant compo-
nents arrive from ahead (AOA ~0°, Doppler frequency ~
Vmax); furthermore, delays drift from 0.3 to 0.1 us (see Figs.
4(c) and 3(c)). During the last 20 seconds, a second contri-
bution with Doppler frequency ~ —Vyax is seen in Fig. 4(c);
however, only the local scattering function in Fig. 3(d) shows
the larger delay of this component and allows to associate it
to a building (labeled ‘D’ in Fig. 1(b)).

Finally, we determined the estimates 7, = 105ms, F; =
2MHz, ATmax < 0.1us, and avpax = 0.38Hz. This corre-
sponds to a stationarity time 7y = 2.6s and a stationarity
bandwidth F; > 10MHz. (The measurement bandwidth of
10MHz was too small to determine ATy.x and Fy; more ex-
actly.) With these parameters, we obtain a dispersion spread

dy=4.38- 10~ and a correlation spread ¢y = 8- 103, Hence,
this channel is seen to be doubly underspread.

6. CONCLUSIONS

We introduced novel tools for the statistical characteriza-
tion of non-WSSUS fading dispersive channels and demon-
strated their relevance for practical wireless propagation sce-
narios. Further results regarding doubly underspread chan-
nels and the estimation of non-WSSUS channel statistics are
presented in [13]. We expect that our theoretical frame-
work is useful for realistic channel simulation, performance
analysis of wireless communication schemes, and improved
transmitter/receiver design. Finally, the stationarity time and
bandwidth are relevant for assessing transmission methods
exploiting long-term channel properties.
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