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Abstract—We present time-frequency (TF) formulations
of optimal detectors for various nonstationary detection
scenarios involving underspread processes. These TF for-
mulations yield a better understanding of optimal detectors
and simple TF design procedures.

1 INTRODUCTION

We consider the detection of a signal s(t) corrupted by
nonstationary noise n(t). This can be formulated as a hy-
pothesis test Ho: r(t) = n(t) versus Hi: r(t) = s(t) + n(t),
where r(t) is the observed signal. The noise is assumed to
be Gaussian, zero-mean, and circular complex with corre-
lation function R, (t,t") = E{n(t)n*(t')} or, equivalently,
correlation operator' R,. We note that n(t) € S, where
the noise space S, = R(Ry) is the range of Ry,.

It is well known that the optimal detectors use the ob-
served signal r(t) to form a @uﬂicient) test statistic A(r)
which is compared to a threshold to obtain the actual de-
cision [1]-[3]. We shall distinguish the following two cases.

Case 1: Deterministic signal. The signal s(t) is mod-
eled as deterministic and known. We assume that s(t) € S,
since otherwise perfect detection would be possible [2].
Hence, there is also r(t) € Sn, so that the noise space
S, is simultaneously the observation space. The optimal
detector in this case is the likelihood ratio detector [1]-[3]

whose test statistic is the linear functional®

Ao(r) = Re(R,, 'r, s). (1)
The performance of this detector is completely character-
ized by its deflection® [1, 2]

d2=2(R,"'s,s). (2)

Case 2: Random signal. The signal s(f) is a non-
stationary, zero-mean, circular complex random process
with correlation operator Rs. Furthermore, s(t) and n(t)
are uncorrelated. To exclude perfect detection, we assume
Ss; C Sn where §; = R(R.) is the signal space.

There exist two important optimal detectors. The likeli-
hood ratio detector assumes s(t) to be Gaussian; the corre-
sponding test statistic is the quadratic form [1]-[3]

Ay(r) = (Hyr, )

*Funding by FWF grant P10012-OPH.

1The correlation operator R, is the linear operator whose
kernel is the correlation function Ry (¢,t').

2The inner product is defined as (z,y) = f z(t) y*(t) dt. In-
tegrals are from —oo to oo unless stated otherwise. All inverse
operators (e.g., R, 1) are to be understood as (pseudo-)inverses
on the observation space Sy,.

3The deflection of a test statistic A(r) is defined as d?
(E1{A}—Eo{A})®

Varo{A}

tion and variance, respectively, under hypothesis H; [1, 4].

3)

where E; and var; are the conditional expecta-
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with the operator H; given by
H =R;' - (R: +R:) "' =R;'R(R. +Ra) ™', (4)

or H; = R}, '"Hopy where Hopt = Rs(Rs + Ry) 7" is the
nonstationary Wiener ﬁlteril, 5]. The second optimal test
statistic, defined as the quadratic test statistic maximizing
the deflection, is given by the quadratic form [4]

Aq(r) = Hgr, r) (5)

This detector does not assume the signal to be the Gaus-
sian. The (maximum) deflection achieved is given by*

dé = tr {I‘Z} with T' = R;l/stRﬁl/z )

where T' is known as SNR operator [3].

with Hy =R, 'R,;R".

(6)

Stationary case. In the limiting (asymptotic) case of
stationary processes, the test statistics (1), (3), and (5)
and the deflections (2) and (6) can be expressed in the
frequency domain as

_ [ Be{R(H) S"(H)} 2o [ISHI
no = [FERE O g =o [EECw @
_ P.(f) :
M0 = [ e RO ®
Aalr) = /f P RO af, i = /f [j.fg?)] ¥ ©)

where R(f) and S(f) are the Fourier transforms of r(t)
and s(t), respectively, and Ps(f) and P,(f) are the power
spectral densities of s(t) and n(t), respectively. These
frequency-domain expressions involve simple scalar prod-
ucts and inverses (instead of operator products and in-
verses) and are hence easily interpreted. They also allow a
simple frequency-domain design of optimal detectors.

Outline of paper. Most previous papers on the sub-
ject (e.g., [6, 7]) have described exact time-frequency (TF)
implementations of test statistics. In contrast, we pro-
pose approximate TF formulations which extend the simple
frequency-domain expressions (7)-(9) obtained in the sta-
tionary case to the practically important class of “under-
spread” nonstationary processes [8, 9, 5]. Section 2 sum-
marizes the TF tools required. Sections 3 and 4 discuss the
TF formulation and TF design of the optimal detectors for
a deterministic signal and for a random signal, respectively.
Optimal signal design is reformulated as a TF signal syn-
thesis problem. Section 5 extends the TF detector design
to the case of a random signal with reduced a priori knowl-
edge. The close-to-optimal performance of the TF designed
detectors is verified using computer simulations.

4¢r{-} denotes the trace of an operator.



2 TIME-FREQUENCY FUNDAMENTALS

Weyl symbol and spreading function. Our TF formu-
lations will be based on the Weyl symbol (WS). The WS
of a linear operator (linear, time-varying system) H is a
“time-varying frequency response” defined as [10]-[12]

Lu(t, f) = /H(t+ g,t - g) e I dr

where H(t,t') is the kernel (impulse response) of H. This
kernel can be re-obtained from Ly (¢, f) according to

H(t,t) = / u(EL p) ernte g,
f

Using the WS, bilinear forms can be expressed as

(10)

(Ha,y) = (Lus, Wy ) = / /f Lia(t,F) Wya(t,f) dt df, (1)

where Wy (¢, f) = fT y(t + g) z* (t — 1) e 9217 dr is the
cross Wigner distribution of y(¢) and z(t) [13].
The spreading function of an operator H,

T T —j27vt
= | H —,t— = TETVE dt
/t (t+2,t 2)6 s

is the 2-D Fourier transform of the WS and can be shown
to describe the TF displacements caused by H [14].

Wigner-Ville spectrum and expected ambiguity
function. If H = R, is the correlation operator of a non-
stationary random process z(t), then its WS is known as
the Wigner-Ville spectrum (WVS) of z(t) [15],

Su(r,v) (12)

Wat, f) = Le. (t, f) = / e+ 6= T) e ar

The WVS describes the average TF energy distribution of
z(t) [15]. Furthermore, the spreading function of R, equals
the ezpected ambiguity function (EAF) of z(t) [8],

Au(r,v) = Sp.(r,v) = / m(t+ t—E) e 2 gt (13)

which can be interpreted as a TF correlation function [8].

Underspread operators. A linear operator H is under-
spread if its spreading function Su(7, VS) is effectively sup-
ported within a small region Apg about the origin of the
(7,v)-plane [8, 9]. An underspread operator causes only
small TF displacements. Two operators are jointly under-
spread if their spreading functions are effectively supported
within the same small region about the origin. For jointly
underspread operators Hy, Hy, it can be shown that [9]

LH1H2(ta f) =~ Lu, (t’f) Ly, (t,f)-

Simulation results suggest that an underspread operator
H is jointly underspread with its (pseudo-)inverse H™', so
that Ly-1g4(t, f) = Lg-1(t, f) Lu(t, f) in the TF region
G which corresponds to the range Sy = R(H) of H in the
sense of [16]. Combining with H™'H = I, where I is the
identity operator on Su, we obtain Ly-1(t, f) Lu(t, f) =
Li(t, f). It can furthermore be shown [16] that Li(¢, f) = 1
on Gu, so that we finally obtain

1

Lyg-1(t, f) = Int )’

(t, f) € Gu. (14)
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Underspread random processes. A nonstationary
random process z(t) is underspread if its correlation op-
erator R, is underspread, i.e., if its EAF A,(7,v) is effec-
tively supported within a small region A, = Ar, about
the origin of the (7, v)-plane [8, 9]. This means that process
components far apart in the TF plane are effectively un-
correlated. Two processes are jointly underspread if their
EAFs are effectively supported within the same small re-
gion about the origin.

3 CASE 1: DETERMINISTIC SIGNAL

TF formulation. We shall now derive a TF formulation
of the optimal test statistic (1) for detecting a deterministic
signal. Applying (11) to (1), we obtain

Ao(r) = Re(R, 'r,s) = <LR;1,Re {W;,.} )

Assuming an underspread noise process, we can use (14),

1 1
Lp-1(t,f) = == (6 f) €Gn,
Rnl( f) LRn(t,f) VVn(t,f) ( .f)
where G, the observation TF region (corresponding to the
observation space S, [16]), is the effective TF support of
the noise WVS W, (t, f). Furthermore, since both s(t) and

r(t) are in S,, W, (t, f) will be effectively zero outside
Grn, and we finally obtain the following approximate TF
formulation of the optimal test statistic (1),

A(r) & // Re {W.,(t, f)}

Wa(t, f)

The deflection (2) can s1m11ar1y be approximated as

/ Ws dtdf = 2// SNR(t, f) dtdf ,
Gn

where Ws(t, f) = Ws,s (t, f) is the auto Wigner distribution
[13] of s(t) and SNR(t, f) = W,(t, f)/Wa(t, f) is a “TF
dependent signal to noise ratio.” Thus, we obtained an

intuitively pleasing interpretation of the deflection d2 as
average 1F SNR. Note that the above TF expressions are
completely analogous to the frequency-domain expressions
(7) valid in the stationary case; indeed, they reduce to (7)
for stationary noise.

TF design. The TF formulation (15) suggests a TF
design of a test statistic for detecting a deterministic signal.
The TF designed test statistic is defined as

// Re{Ws.r(t, /)} dt df.

Wa(t, f)
For underspread noise where (15) is a good approximation,

there is Ao(r) = Ao(r) so that the TF designed detector
will perform nearly as well as the optimal detector. The
deflection of the TF designed detector is easily shown to
be the average TF SNR,

// Wolt: ) g g = 2// SNR(t, f)dtdf . (17)

Wal(t, )

The TF designed test statistic can equivalently be ex-
pressed as the linear functional A, (r ) Re(H,r, s), where

H, is defined via its WS as Ly; (¢, f) = I/Wn(t,f)7 t, f) €

Gn. The kernel of H, can be obtained using (10). This can
be viewed as an (approximate) TF implementation of the
inversion of R, which is computationally attractive as the
WS allows an efficient implementation using the FFT. The

dt df. (15)

(16)



TF designed detector has the further advantage that the
required a priori knowledge (the noise WVS Wa(t, f)) is
specified in the intuitively more accessible TF domain.
Optimal signal design. Returning to the optimal test
statistic (1), we define the optimal signal sopt(t) as the
(normalized) signal s(t) maximizing the deflection,

Sopt(t) = arg max d2 =

arg max R,;ls,s .
lIsll= gIISII=1( )

Assuming that R, has finite rank, sopt(t) can be shown to
be the eigenfunction of R, corresponding to the smallest
eigenvalue of R,. With (11), we have equivalently

Sopt(t) = arg ||m|fa—X1<LR;1 , Wa). (18)

This can be interpreted as a TF signal synthesis problem
[17, 18]. TF signal synthesis is the calculation of the (nor-
malized) signal s(¢) whose Wigner distribution, W;(t, f),
is closest to a given “TF model function” M(¢, f), i.e.,
Sopt (t) = arg ming =1 ||M — Wk|| or, equivalently,

Sope(1) = arg max (M, W)

This is recognized as our signal design problem (18) with
TF model M(t, f) = Lg-1(t, f). For an underspread noise
process, there is Ly —1(t, f) &= 1/Wa(t, f) which shows that

the optimum signal will occupy those TF regions where the
noise WVS assumes small values.

In a similar manner, we can maximize the deflection (17)
of the TF designed detector (16),

// SNR(t, f) dt df

where SNR(t, f) = Ws(t, f)/Wa(t, ). ‘This corresponds to
TF signal synthesis with M (¢, f) = 1/W, (¢, f).

= arg max

Fopt (1) lsli=1

4 CASE 2: RANDOM SIGNAL

TF formulation. Assuming that the signal process s(t)
and the noise process n(t) are jointly underspread, and
reasoning as in the previous section, the WSs of H; in
(4) and Hy in (5) can be approximated as Lm, (¢, f) ~
= Walt.f) and Lu, (t, f) = 2580 for (¢, ) €
W (6,£) [Wa (£ F)+ W (£.)] ¢ W, (t.f)

Gs; here, G, C Gy, denotes the effective support of Wsl(t, f)-
This results in the following approximate TF formulations
of the test statistics A;(r) in (3) and A4(r) in (5),

Ws(t,f)
o //g WD IV L)+ of)dtdf (19)
Ag(r) = Ws(t Wat,f) (t.f) b df. o0
g, Wa(t.f)

Furthermore, the (maximum) deflection achieved by the
deflection optlmal detector Agq(r) can be reformulated as

dd_//Lra(t f)dtdf ~ //SNR (t, f) dtdf ,

with the TF dependent signal to noise ratio defined for
(t, f) € Gs as SNR(t, f) = Wi(t, f)/Wa(t, f)- These ex-
pressions generalize the frequency-domain expressions (8)
and (9) valid in the stationary case; they reduce to (8) and
(9) for stationary signal and noise processes.
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TF design. The TF formulations (19) and (20) suggest
a TF design resulting in the quadratic test statistics

A Ws (tvf)
) _//gs Wt D) IVt )Wt ) - P e df, (21)

(r) 2 /W"f) (4, f) dt df.

For jointly underspread signal and noise, the TF designed
test statistics A;(r) and A4(r) can be expected to perform
nearly as well as the optimal test statistics A;(r) and Aq(r),
respectively. The deflection achieved by Ay4(r) is given by

d; = // SNR?(t, f) dtdf = ||SNR||>.
Gs

The above TF designed test statistics can be equiva-

(22)

lently implemented as quadratic forms, Al( ) = (Hir,7)
and Aq4(r) = (Hdr Y, where H, and H, are defined

W (¢,
via their WSs as L, (¢, f) A [WS((t ff)i_wn(t 7y an nd

Lus, (1, f) £ Z50 for (1, ) €G-

The TF designed detectors have the advantage that the
a priori knowledge required is specified in the TF domain.
Furthermore, the operator inversions of R, and Rs+ R, in
(4) and (5) are replaced by computationally less expensive
scalar inversions plus WS transforms.

Simulation results. Fig. 1 compares the performance
of the optimal likelihood ratio detector (test statistic A;(r))
with that of the corresponding TF designed detector (test
statistic A;(r)). The nonstationary processes s(t) and n(t)
were generated using the TF synthesis method in [19].
The performance results in parts (e)-(h) were obtained by
Monte Carlo simulation. It is seen that the TF designed
detector closely approximates the optimal detector.

5 EXTENDED TIME-FREQUENCY DESIGN

We now consider a nonstationary random signal s(t) cor-
rupted by stationary white noise with known intensity
(power spectral density) 7. The statistics of the signal
process s(t) are assumed to be unknown except for the
support As of the EAF of s(t) (see (13)). This reduced a
priori knowledge suffices to calculate a minimum-variance

unbiased estimate of the signal WVS W;(t, f) given by [20]
Wa(t, f) = (Teyr,r) —n  with Ty y =S ;TS ;.
Here, S; s is the TF shift operator, (S;sz)(t') = z(t' —
t) el 2 f t’, and the operator T is defined via its spreading
function (see (12)) such that St(r,v) = I,(r,v), where
I(r,v) is the indicator function of the EAF support As
(i.e., Is(r,v) is 1 for (r,v) € As; and 0 elsewhere). This
WYVS estimator can be shown [20] to be unbiased under hy-
pothesis Hp (i.e., when the signal s(t) is actually present).
It can also be shown [20] that the variance of W;(t, f) will

be reasonably small if s(t) is underspread.

Substituting the WVS estimate Ws(t, f) for W (t, f) and
using W, (t, f) = n in the TF designed test statistics A;(r)
and Aq(r) (see (21), (22)) yields the test statistics

Aé(r)zl/ Wt )y o pyarar,
n FWs(t, f) +n
AL(r) //W (t, £) Wi (t, £) di df
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Figure 1. Comparison of optimal and TF designed detectors: (a) WVS of underspread signal s(t), (b) WVS of underspread
noise n(t), (c) WS of optimal operator Hy, (d) WS of TF designed operator Hy, (e) conditional probability density functions
(pdf’s) of optimal test statistic Ay(r) under either hypothesis, (f) conditional pdf’s of TF designed test statistic Ai(r), (g)
receiver operator characteristics (ROC) [8] of optimal test statistic Ai(r), and (h) ROC of TF designed test statistic A(r).

For s(t) underspread, these test statistics can be expected
to perform reasonably well. Note that A)(r) allows an in-
tuitive “estimator-correlator” interpretation: an estimate
of the signal WVS is computed which is then correlated
with the Wigner distribution of the observation r(t).

6 CONCLUSIONS

We presented a framework for the time-frequency formu-
lation, interpretation, and design of optimal detectors for
deterministic and random signals. This framework is based
on the Weyl symbol and Wigner-Ville spectrum, and is

valid for underspread, nonstationary processes.

We also

extended the time-frequency detector design to include an
estimation of the signal’s Wigner-Ville spectrum.
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