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ABSTRACT

The coherence function is extended to nonstationary ran-
dom processes through introduction and investigation of a
coherence operator and time-frequency (TF) coherence func-
tions. For underspread nonstationary processes, it is shown
that TF coherence functions are a meaningful tool for non-
stationary coherence analysis and that they provide approx-
imate TF formulations of the coherence operator.

1. INTRODUCTION

Consider two jointly stationary, zero-mean, real or circular
complex random processes z(t) and y(t) with power spectral
densities P;(f) and P,(f) and cross power spectral density
P, 4(f). The coherence function [1-3]

s Puy(f)
) = R

is a practically useful, normalized measure of the cross-corre-
lation of spectral components of z(t) and y(t). It satisfies

e (AP <1, (1)

with |ye,,(f)|> = 0 iff 2(t) and y(t) are uncorrelated pro-
cesses (P, (f) =0) and

Mew (I =1 ()
iff z(t) and y(t) are related by an invertible linear time-
invariant system, y(t) = (k * x)(t). Furthermore, |ys,,(f)|’
is invariant to invertible linear process transformations, i.e.,
for a(t) = (h1 * z)(t) and b(t) = (ha * y)(t) we have

Nas (A = Moy (- ®)

This paper extends the coherence function to nonstation-
ary processes. Section 2 introduces and studies a coherence
operator of nonstationary processes. Section 3 reviews some
time-frequency (TF) fundamentals. Section 4 shows that
for underspread nonstationary processes, the TF coherence
function introduced in [4] is an approximate TF formulation
of the coherence operator that approximately satisfies sev-
eral desirable properties. Section 5 introduces a class of TF
shift covariant TF coherence functions. Simulation results
are presented in Section 6. We note that proofs are omitted
due to lack of space; most proofs can be found in [5].

2. THE COHERENCE OPERATOR

Let us consider two nonstationary, zero-mean, real or circu-
lar complex random processes z(t) and y(t) with autocor-
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relation operators R;, Ry, and cross-correlation operator!
R:,y. The coherence function is no longer defined; how-
ever, by analogy to the coherence matrix [7], we define the
coherence operator of z(t) and y(t) as

., 2 R;'’R.,R; "2,

where, e.g., Ry /2 denotes the inverse of the positive semi-
definite square-root RY? of R, [6]. Equivalently,

I‘m,y = Ri;’g ’

where #(t) = ( ;1/233)(15) and §(t) = (R;lﬂy)(t) are sta-
tionary and white with correlation Rz = Ry = 1.

If z(t) and y(t) are jointly stationary, the kernel of T, ,
is given by (I‘w, )(tl,tz) = ﬁw,y(tl — tz) with ’hyw,y(T) =
55 e (F) eﬂ"fyrdf. In this sense, I, is consistent with
the conventional coherence function 7z, (f).

Bounds. The coherence operator I'; , satisfies bounds

that are analogous to (1). Specifically, the singular values [6]
or > 0 of I'; , are bounded as

o, < 1.
The operator norm [6] ||Tsyllo £ sup|gp=1 1Tz, gll, (With
llgll, =[5, |g(t)|2dt]1/2) is similarly bounded as

Tz yllo < 1.

Finally, we have the following bounds on the (non-negative)
quadratic forms induced by the positive semi-definite [6]
“squared” coherence operators Iy Ty, or L, T, (with

T,7, the adjoint [6] of Iy,,): for any g(t) with ||g||, =1,

(I‘iﬂ,yraj:'yga g) S 1, (I‘;:yrw,ygag) S ]-a

with the inner product defined as (z,y) = 55, x(t)y* (t)dt.
Note that I, , = O iff z(¢) and y(t) are uncorrelated.
Completely coherent processes. The “squared” co-
herence operators equal the identity operator,
LI, =0h I, =1

(equivalently, I, , is a unitary operator [6]), iff y(¢t)=(Kz)(t)
with some invertible linear (generally time-varying) system
K. This extends property (2) to the nonstationary case.

Linearly distorted processes. An extension of (3)
is possible only under rather restrictive assumptions. Let

1R,y is the linear operator [6] with kernel rg,(t1,t2) =
E{z(t1) y*(t2)}; furthermore, Ry = Ry ,e.



a(t) = (Hiz)(t) and b( ) = (sz)(t) with H; and H» in-
vertible. Then T, 1,1" b= I yl" if H; is positive definite
and commutes with R;. S1m11arly, 1‘a yTap = Ty To y if Hy
is positive definite and commutes with R, .

3. TIME-FREQUENCY FUNDAMENTALS

Next, we briefly review some TF representations and con-
cepts that will be used in subsequent sections.

e The Weyl symbol (WS) [8-11] of a linear operator (lin-
ear time-varying system) H with kernel (impulse response)
h(ti,t2) is defined as

u(t, f) é/ h(t+%,t—g) e I qr

For an underspread system H (see below), Lu(t, f) can be
viewed as a time-varying transfer function [10,11].

e The spreading function (SF) [8,10,11] of a linear operator
(linear time-varying system) H,

A °° _ —j27nvt
SH(T,II)—/_OOh(t+2 ¢ 2) dt
describes the distribution of time shifts by 7 and frequency
shifts by v effected by H.

e The Wigner-Ville spectrum (WVS) [12-15] of nonstation-
ary random processes z(t), y(t) is defined as

VVz,y(t f) LRmy(t f)’ m(t’f):m1m(t’f)€R

For jointly underspread processes z(t), y(t) (see below), it
can be interpreted as a time-varying (cross) power spectrum.

e Another time-varying power spectrum is the physical spec-
trum [12-16]

Sﬂ?ay(t7 f) £ Ww,y(ta f) *x %(_t: _f)
Sa(t,f) £ Soa(t, f) 20,
where ** denotes 2-D convolution, g(t) is an analysis window
(normalized such that ||g||, = 1), and W (¢, f) is the Wigner
distribution [12,17] of g(¢).
e The expected ambiguity function [14,18]

Aﬂﬂ,y(sz)éSRm,y(Tay)a A (T V) ww(Tiy)

describes the statistical correlation of process components
separated in time by 7 and in frequency by v.

e A system/operator H is underspread if its SF Su(r,v)
is supported within a rectangular region G = [—7g, 7g] X
[-vg,vg] of area og = 47grg < 1[5,10,11]. This means that
H introduces only small TF shifts. Similarly, a process z(t)
is underspread if its expected ambiguity function A,(7,v)
is supported within a rectangular region G of area og <
1 [14,18]. This means that z(t) features only limited TF
correlations. Two processes x(t),y(t) are jointly underspread
if A,(1,v), Ay(7,v), and A, , (7, v) are supported within the
same rectangular region of area og < 1.

4. A TIME-FREQUENCY COHERENCE
FUNCTION

We are now ready to study asimple and intuitively appealing
TF formulation of the coherence operator I'; , that avoids
operator inversions. A TF coherence function based on the
WYVS was defined in [4] as

Lyt f) & ——Pes®)
Walt, f) Wy t, f)

where R is the TF region on which W, (t, f) > 0 and W, (¢, f)
> 0. I,y (¢, f) is a complex-valued function that is covariant
to TF shifts (see Section 5) as well as to TF scalings and
other metaplectic transformations of z(t), y(t). For z(t), y(t)
uncorrelated, there is I'z (¢, f) =0 on R.

tflerR, (4)

Iy (t, f) as approximate TF formulation of T .
We now show that for z(t), y(t) jointly underspread, I} 4 (¢, f)
approximates the WS of the coherence operator I ,. We
start by noting that Iz, can be alternatively defined by

Hm]-‘m,yHy = Rw,y 3 (5)

with H, = Ri/ 2 and H, = R;/ 2 Qur central assumption
will be that Su,(r,v), Su,(r,v), and A; ,(7,v) are sup-
ported within the same rectangular region G = [—7g, 7g] X
[-vg,vg] of area og = 41gug.

We can split the coherence operator I'; , into a part I‘f, v
whose SF is supported within G and a part I"wg,y whose SF
is supported outside G. This is motivated by the desire of
approximating I'; , by I';/, in the sense that replacing T,
by I'¥, does not greatly affect the validity of (5):

H.I,,H,=R,, =— H,JIZ H ~R,,. (6)

Indeed, we have the following result.
Theorem 1 [5]. Under the assumption stated above, the
difference Hml"f,yHy — Ry,y @5 bounded as?
| Ho L, Hy — Roy
Ha |, [1Te,y ] [Hy [l
Hence, if 0g < 1, i.e., if z(t) and y(t) are jointly under-

spread, the approximation in (6) is indeed valid.
We now pass to the TF domain using the WS.

Theorem 2 [5]. Under the assumption stated above, the dif-
ference Au(t, ) 2 L, (t, f)Lyg (¢, f) L, (t, )~ Way (8, f)
is bounded as®
|A1(t7 f)| 377
< — og + 90g .
1Sk, [1; [1ST. , Ml N1SE, Il ¢

Hence, for g < 1 one has

LHz (ta f) Lrﬁy (t’ f) LH'y (ta f)

< 3+/og.

~ Woy(t,f). (7)

Wa(t, f)
\/ W, (t, f) valid for underspread z(t) and
We(t, f)Wy(t, f) on

We now insert the approximations Ly, (¢, f) =
and Lu, (¢, f) =

for underspread y(t) [5] and divide by
R. Equation (7) thus becomes

Lyg (6 f) = Tuy(t, f),  (f)ER, (8)

where I, 4 (¢, f) is the TF coherence function in (4). Further-
more, it can be shown [5] that Lyg, (t, f) equals Lr, ,(t, f)

*Here, [H[|, = [ /23, 2%,
3We note that ||Sul|,

158l 0o

tl,tg |2dt1dt2] 1/2.

|h
£ 12 22, |Su(r,v)|drdv and

2 sup,., [Sua(r,).



convolved by a function (¢, f) whose 2-D Fourier trans-
form is 1 in G and 0 outside G. For og small, ¢(¢, f) is a
smooth function and thus ergy (t, f) is a smoothed version
of Lr, ,(t, f). Hence, (8) states that for jointly underspread
z(t), y(t), the TF coherence function Iy 4 (t, f) is approz-
imately equal to a smoothed version of the WS of the co-
herence operator Ty . In this sense, I'; (¢, f) provides an
approximate TF formulation of the coherence operator I'; .

Bounds. In Section 5, it will be shown that the alter-
native TF coherence function

() & 2zl
5.t £) .00, f)

satisfies the bound |T; (¢, f)|* < 1. For z(t) and y(t) jointly
underspread, the WVS are approximately equal to the cor-
responding physical spectra [5, 14,18], and thus I}y, (¢, f)

(t f) or, equivalently, S (t7 f) 531 (tv f) |Ww,y(t7 f)|2
Wa(t, f) Wy (t, f) |S 2,y (t, f)| The last approximation is sup-
ported by the following result.
Theorem 3 [5]. Let A,(7,v), Ay(r,v), and A, (1,v) be
supported within the same rectangle G = [—71g, 1¢]X[—Vg,vg].
Then, the difference As(t, f) 2 Su(t, f) Sy (¢, f) |Wm,y(t, f)|2
—Wa(t, )Y Wy (t, f) |S’z,y(t, f)|2 is bounded as

|A2(ta f)|
Azl 1Al 1Aeyll; —

(9)

Q

b

where € £ max(,,,yeg |1 — Ay(, 1/)| with Ag(7,v) the ambi-
guity function [12, 17] of the analysis window g(t) used in
the physical spectrum.

Since Ay(7,v) = 1 for small (7,v), e will be small for
small G and thus, still for small G,

ITew(t, )| = [Tyt N (10)

With [T , (¢, f)|> < 1, (10) implies that for (t),y(t) jointly
underspread |Tz,y (2, f)|2 is approximately bounded by 1.
However, for 2(t), y(t) not underspread, |I; 4 (t, f)|* may
be arbitrarily large. Consider for example the two corre-
lated random processes z(t) = Bu(t+to) e 7270t and y(t) =
Bu(t—to) e?2™fot where u(t) = ef”t2/T2/\/ﬁ, to and fo are
fixed, and 8 is random with E{|8|?} =+ > 0. One obtains

o~ 2782/ T2+ £2T2] jam(to f—fot)

(t,f) = ve
(t, ) = e 2rl(t+t0)*/ T +(f+£0)°T"]
(t, f) = ve —27r[(t—i0)2/T2+(f—f0)2T2]_

It is seen that W (t,f) and W, (¢, f) are localized about
(—to, —fo) and (to, fo), respectively. However, Wy, (t, f) is
localized (and oscillatory) about (0,0), corresponding to a
“statistical cross term” [14]. It follows that

Ty (8, )| =

which for increasing to, fo can become arbitrarily large.
This refutes a previous incorrect claim that |y, (¢, f)| is
bounded by 1 [4]. Furthermore, we see that the large val-
ues of |,y (¢, f)| are due to TF correlations [5,14,18], i.e

correlations between components of z(t) and y(t) located in
different parts of the TF plane, which give rise to “statistical

tO/T2+f2T2]
b)

cross terms” in W, (t, f) [14]. We note that for large to, fo,
the processes z(t) and y(t) are not jointly underspread.

We next consider
(Kz)(t), where

Completely coherent processes.
the case of linearly related processes y(t) =
we would like to have

Ly, £ =1, tfeR

AR NACE
Theorem 4 [5]. Let Sk(7,v) and A, (r,v) be supported
within the same rectangle G = [—1g,7g] X [—vg,vg] of area
og = 41guvg. Then, the difference As(t, f) 2 |Wm,y(t,f)|2 —
We(t, ) Wy (¢, f) is bounded as

|As(t, 1) < Un
A5 118x]; — 2

Hence, for small og, |Wm,y(t,f)|2 ~ Wi (t, f) Wy (t, f) and
the approximation (11) is indeed valid. Small og implies
that z(t) and K are jointly underspread; in this case, y(t) =
(Kz)(t) will be underspread as well. An example where K is
not underspread and thus (11) is not valid was given further
above. Indeed, the processes x(t) = Bu(t + to) e™/27f0t and
y(t) = Bu(t — to) e?>™fot defined above are related as y(t) =
(Kz)(t), where K is a TF shift operator which for large to, fo
is not underspread.

(11)
or, equivalently, |me (t, f)|

0g .

Linearly distorted processes. For a(t) = (Hiz)(t)
and b(t) = (Ha2y)(t), we would like to have the (approxi-
mate) invariance

Lot A = Tu@. NI, @HER,  (12)
which equivalently requires |[W,5(t, f)|> Wa(t, f) Wy (t, f) =
[We.u (¢, F)I* Wa(t, ) W (2, f).

Theorem 5 [5]. Let Su,(r,v), Su,(r,v), A(r,v),

A, (r,v), and A, (7,v) be supported within the same rect-
angle G = [—71g,76] X [~vg,vg] of area og = 41gvg. Then,
the difference Aa(t,f) 2 |[Was(t, F)I? Walt, f) Wy (t, f)
|W$)y(t: f)|2Wa(t: f)Wb(t’ f) 18 bounded as
|Aa(t, £)| 9
— — — 3 < 5096
Azl 1Ayl Ayl 1Se 117 1Sl — 2

Hence, for small og, (12) is indeed valid, which means

that |1“z,y(t, f)|2 is approximately invariant to linear pro-
cess transformations. Small og implies that the processes
z(t) and y(t) and the operators H; and H, are all jointly
underspread; this implies in turn that a(t) = (Hiz)(¢) and
b(t) = (Hay)(t) are jointly underspread processes as well.

5. SHIFT-COVARIANT TIME-FREQUENCY
COHERENCE FUNCTIONS

A generalization of T, 4 (¢, f) is given by
PL5)(t, f)

it f) &
VPO @, ) POt f)

, () eER,

where
o0 oo
PO, f) & / / P (b1 + bt +£) ¢ (b1, 12)
—oo J —o0

e I mt)f gy gt (13)



is a TF shift covariant time-varying power spectrum [5,12—
15] and R is the TF region on which P{?(t, f) 2 P)(t, f)
>0 and Py(c) (t, f) > 0. We assume that the kernel function
c(ts,t2) in (13) satisfies ¢* (2, t1) = c(t1, t2) so that P (¢, f)
is real-valued. Two important special cases of Fz(,cﬁ (t, f) are
T,,(t f) in (4) (obtained with P)(t,f) = Wa,(t, f) or
clti,t2) = 6(2E2)) and Ty (¢, f) in (9) (obtained with

PEY(t,£) = 8a,y(8, £) or eltr, 12) = g(t1) g7 (£2))-

The TF coherence function I‘w(f;(t, f) is a complex-valued
function that is parameterized by c(t1,t2) or, equivalently,
by the (self-adjoint) linear operator C with kernel c(t1,t2).

For fixed c(t1,t2), 1“,52 (t, f) is TF shift covariant, i.e.,
I ) =Tt —7.f —v)

with &(t) = z(t — 7) /2™, §(t) = y(t — 7)e!?™. For
z(t), y(t) uncorrelated, there is 1“952 (t, f)=0on R.
Theorem 6 [5]. There is

¢ n°<1, (tf)eRr

for all x(t),y(t) and with nonempty R iff the operator C
underlying Fm(cz (t, f) is positive semidefinite.*

Indeed, if C is positive semidefinite, then Pw(,cﬁ (t, f) is
a smoothed version of W, (t, f) [14]; this smoothing sup-
presses the statistical cross terms of W, (t, f) present in
the overspread case and thus allows Fm(,cﬁ (t, f) to be properly
bounded even for overspread processes.

The operator C underlying I, (¢, f) in (9) is positive
semidefinite, and thus |T (¢, f)|* < 1. On the other hand,
the operator C underlying I (¢, f) is not positive semi-
definite, and indeed we have observed in Section 4 that
ITe., (, £)|? can be arbitrarily large (however, we recall that
it is approximately bounded by 1 in the underspread case).

6. SIMULATION RESULTS

Experiment 1. We analyze the coherence of the input z(t)
and the noise-contaminated output y(t) = (Kz)(t) + n(t) of
a time-varying linear system K. The input z(t) is stationary
and white with correlation R, = I (corresponding to con-
stant WVS W, (¢, f) = 1). The noise n(t) is stationary and
white with correlation R, = nI (corresponding to constant
WVS W,.(t, f) = ) and uncorrelated with z(t). The WS
and SF of K are depicted in Figs. 1(a) and (b), respectively.
The SF of K shows that K is underspread.

In the noise-free case (n = 0), z(t) and y(t) are com-
pletely coherent, i.e., Ty , T\, = T}, T, , = I Since z(t) and
K are underspread, Theorem 4 applies and we can expect
that [Ty, (¢, £)|> = 1. Indeed, we found that the maximum
deviation of |Ty,,(t, f)|? from 1 was 0.028.

For n > 0, the noise causes a reduction of coherence
that depends on the output SNR. Since the output SNR
is TF-dependent (due to the TF weighting characteristic of
K as shown in Fig. 1(a)), the coherence reduction is TF-
dependent as well. This is clearly indicated by the WS of

4We recall that a positive semidefinite operator C is defined
by the condition (Cz,x) > 0 for all z(t) [6]. For C positive

semidefinite, there is P,EC)(t, f) > 0 for all (¢, f) and for all z(¢).

5 v 80
; 4 (b)
60
3
40
2 T
1 20
0 0
— >t
1 1
(¢ d
; © ., @ |l
0.6 0.6
0.4 0.4
0.2 0.2
0 0

—t —t

Figure 1: Simulation results for Experiment 1: (a) WS of
K; (b) magnitude of SF of K; (c) magnitude of WS of I‘,:g,y;
(d) magnitude of Iz,y(t, f). The rectangle in (b) has area 1
and allows to assess the underspread property of K. Time
duration is 256 samples; normalized frequency ranges from
—1/4 to 1/4.

rg y and the TF coherence function I} 4 (¢, f) shown in Figs.
1(c) and (d), respectively. Moreover, the similarity of these
two results confirms the validity of the approximation (8).

Experiment 2. Again, y(t) = (Kz)(t) + n(t) with z(t)
and K as in the previous example. However, n(t) now is
nonstationary narrowband noise with WVS as shown in Fig.
2(a). From the expected ambiguity function of n(t) shown
in Fig. 2(b), it is seen that n(t) is reasonably underspread.
The Weyl symbol of TY y and the TF coherence function
I.,y (¢, f), shown respectively in Figs. 2(c) and (d), are again
seen to be practically identical. In this example, significant
coherence reduction occurs only in the TF support region of
the noise; in the remainder of the TF plane there is complete
coherence, thus indicating a pure linear relation between
those components of z(t) and y(t) that are located in this
“noise-free” TF region. Again, both Lyg, (¢, f) and Iy 4 (¢, f)
clearly indicate the TF dependence of coherence.

Experiment 3. We finally analyze the coherence of
pressure signals z(t) measured inside the cylinder of a com-
bustion engine and vibration signals y(t) measured on the
engine block.® The goal is to see whether the pressure and
vibration processes are linearly related (as assumed in [19]).
Both z(t) and y(t) consist of several resonances with de-
creasing resonance frequencies. Estimates I ,(t, f) of the
TF coherence function I, , (¢, f) are shown in Fig. 3 for two
different engine speeds. (These estimates were computed us-
ing estimated Wigner-Ville spectra [20] obtained from mul-
tiple realizations.) For both engine speeds, |f‘w,y(t,f)| is
seen to be significantly larger than zero in the TF support
regions of the resonances. Specifically, in the TF region of

5We are grateful to S. Carstens-Behrens, M. Wagner, and J.
F. Boéhme for providing us with the car engine data (courtesy of
Aral-Forschung, Bochum).
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Figure 2: Simulation results for Experiment 2: (a) WVS of
n(t); (b) magnitude of expected ambiguity function of n(t);
(c) magnitude of WS of LY, ; (d) magnitude of Ty y(t, f).
The rectangle in (b) has area 1 and allows to assess the un-
derspread property of n(t). Time duration is 256 samples;
normalized frequency ranges from —1/4 to 1/4.

the first resonance the maximum of |f‘$,y(t, f)| is about 0.9,
which clearly indicates a linear relationship. For the second
and third resonance, the maximum of |F$,y(t,f)| is about
0.7 and 0.4, respectively. This still suggests a linear rela-
tionship, though apparently contaminated by measurement
noise and extraneous interference.

7. CONCLUSIONS

We introduced and studied a coherence operator and time-
frequency (TF) coherence functions for nonstationary co-
herence analysis. We showed that for jointly underspread
nonstationary processes, TF coherence functions are mean-
ingful tools for nonstationary coherence analysis. However,
if the processes are not jointly underspread underspread,
meaningful results can only be obtained with TF coherence
functions based on smoothed time-varying spectra. We note
that TF coherence functions can be estimated based on es-
timates of the time-varying spectra involved [4, 12, 13, 20].
Furthermore, many of the theorems presented can be ex-
tended to a generalized underspread concept that does not
require exact compact support of spreading functions and
expected ambiguity functions [5,10,14].
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