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Abstract—We extend the Wigner distribution (WD) to
conjugate unitary operators A, and Bg. The resulting “AB-
WD” is defined both as an a-b representation and as a time-
frequency representation. Important properties and relations
of the WD are generalized to the AB-WD.

1 INTRODUCTION AND OUTLINE

Recently, general frameworks for joint a-b representations
and time-frequency representations based on pairs of unitary
operators A, and Bg have been proposed [1]-[13]. In particu-
lar, the time shift operator T, and the frequency shift opera-
tor F, underlying Cohen’s class and the Wigner distribution

(WD) [5], {[17 have been generalized to the concept of

conjugate ( or dual) operators A, and By [6, 8, 10, 12, 13].

Classes of a-b or time-frequency (TF) representations based
on conjugate operators retain the structure of Cohen’s class.
Hence, each such class contains a central “AB-WD.”

This paper introduces and discusses the AB-WD. Section
2 summarizes the theory of conjugate operators. Sections 3
and 4 introduce the AB-WD as an a-b and TF representation,
respectively. A special case is considered in Section 5.

Cohen’s class and WD. Let z(t) € L2(IR) be a signal
with Fourier transform' X (f) = ftm(t) e~92"ft dt. Cohen’s
class of quadratic TF representations (QTFRs) [5], [14]-[17]

consists of all QTFRs C, (¢, f) that are covariant to the time
shift operator T, and frequency shift operator F, defined as

(T, 2)(t) =x(t—7) and (F, 2)(t) = z(t) &>,
Cr,ra(t, f) = Cu(t — 7, f —v). (1)
Any QTFR of Cohen’s class can be written as
Cu(t,f) =//x(t1) T (t2) ¥ (t1—t, ta—t) e P2 1"t gt gt
t1Jto

2
with a 2-D kernel function h(¢1,t2). The central QTFR(O%
Cohen’s class is the WD [5], [14]-[17]

Wa(t, f) /Tx(t + %) z* (t - g) eI ar (3)

/,,X<f+ g) X (f— g) I dy, (4)

from which any Cohen’s class QTFR can be derived as
cn=[ [we-ts-pwenay o
’ fl

[ (—t+7,—t
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with the kernel ¥(t, f) = — %) e I27fT dr.

2 CONJUGATE OPERATORS

Generalizing the shift operators T,, F, underlying Co-
hen’s class and the WD, we now consider two linear operators
A, and Bg indexed by parameters a € G and 8 € G with
G C IR. These operators are assumed to be unitary on a lin-
ear signal space X C L(IR), and to satisfy identical compo-
sition properties Aqay Aa; = A eas and Bg,Bg, = Bg,es,,
where (G,e) is a commutative group [1, 6, 9, 18]. The
etgenvalues )\Ab and eigenfunctions ui (t) of A, defined by
( o Up )(t) = M}, up (t), are indexed by a “dual” parameter
b. The A- Foumer transform (A-FT) [1, 5, 13] is defined as

Xa®) 2 (w,u') :/m(t)ub*(t)dt. (6)
t
Similar definitions apply to Ag ,, ui (t) and the B-FT Xp(a).

Two operators A, and Bg as defined above are called
congugate [6, 10, 12] if @ € G, b € G, and if application
of one operator to an eigenfunction of the other operator
merely produces a shift of the eigenfunction parameter, i.e.,

(Bg uf) (t) = u;f.ﬂ (t) and (Aa uf’) (t) = uB,,(t). The eigen-
values of conjugate operators can be written as [6, 10, 12]

)\é‘b — e:tj27r u(a)u(b), )\ga — Fizm w(B)pula) _

Moar (D)
where p(g) € IR maps (G, ) onto (IR,+) in the sense that
p(g1eg2) = p(gr) + p(g), p(go) = 0, and p(g™") = —pu(g)
with go the identity element in G and g™~ the group-inverse
of g. Due to (7), we shall write )\ib = Aq,p and )\g’a =
A%, in the following. Conjugate operators commute up to a
phase factor, A,Bg = Ao, BgA,. Their eigenfunctions are
related as <uaB, u,‘f) = Ag,bs fg ul (t) A} o dp(a) = ug'(t), and
S5 ub'(8) Aap du(b) = ug (¢), where du(g) = |p'(g)|dg if u(g)
is differentiable. The A-FT and B-FT are related as Xg(a) =
fg Xa(b) A, pdp(b) and Xa(b) = fg Xg(a) Ap,q du(a) (cf. the
equivalent concept of “dual operators” in [8, 13]).

Examples. The shift operators T,, F, underlying Co-
hen’s class and the WD are conjugate with (G,e) = (IR, +),
H(g) =9 b = f: a = tv AZ,f = e_JQWva AI/F,t = 6327rut7
wp(t) = &> Wl (t') = 6(t' — ), Xr(f) = X(f), and
Xrp(t) = z(t). The operators T,, F, are conjugate since
(F,, u;‘f)(t) = uf,,(t) and (TT uf)(t') = ufy (). They
commute up to a phase factor, T,F, =e /2" F,T,.

The operators underlying the hyperbolic QTFR class [19,
20] are conjugate as well, but the operators underlying the
affine class and the power classes [21]-[24] are not conjugate.



3 AB-WD AS a-b REPRESENTATION

We now introduce? the AB-WD as an extension of the WD
in (3), (4) to arbitrary conjugate operators A, and Bg:

WAB (a,b) 2 / Xa(be %) X3 (5o 72) X p du(8).
g

where X 4(b) is defined in (6) and 8'/2 is defined by 8'/2 e
BY? = B. The AB-WD is a function of the parameter a
of uZ(t) and the parameter b of u*(t) (see Section 4 for a

time-frequency version of the AB-WD). It can be equiva-
lently expressed in terms of the B-FT,

WiE(a,b) = /XB (a . a1/2) Xp (a . ail/z) Ao dp(a) .
g

For A, = T, and Bg = F,, these two expressions reduce
to (4) and (3), respectively, so that W, ¥ (a,b) = Wa(t, f).
On the other hand, the AB-WD can be formally obtained
from the WD by a unitary signal transformation and a pa-
rameter transformation (¢, f) — (a,b) [10]-[12]: If App =

e 2m 1@ 1®) (minus sign in the exponent), then
ot )
()

u(b)) - 1

, x(t) = X
. ®) i
where t, > 0 is a fixed reference time and p~'(-) is the
function inverse to pu(-). If Ag,p = €727 #@) #®)  then

WA (a,b) = Wﬁ(w(b), "f:’)), F(t) = \/lt_ XA(H—I(%)).

Properties of the AB-WD. The properties of the AB-
WD generalize the properties of the WD [5], [14]-[17]:

Real-valued: WP (a,b) € R.

Covariance property:

WéaBAam(av b)

W2E (a,b) = Wj(trp(a),

=WiP@aea Lbep™). (8)

Marginal properties:
[ Wi duty)
g
[ W duta)
9

Energy distribution property:

/ WA (a,5) du(a) du(b) =
g2

|X5(a))”, (9)

|Xa (D). (10)

lell? = / l2(t)? dt.

Moyal’s formula/unitarity:

/ ZWAB(a b) W, (a,b) dp(a) du(d) = [{z,y | .
E'igenfjnction localization properties:

Wir(a,b) = d(ubebyh) = (u(d) - p(bo)),

Wi (a,b) = d(u(aeagh)) = &(u(a) - p(ao)) -

2While only the auto AB-WD will be considered for simplicity,
we note that extension to the cross AB-WD is straightforward.

Interference formula:
[szlB(a,b)]2 _ / WEAB (aoa1/2,b0,31/2)
g2

- WP (aea™%be B71%) dp(a) du(B) -

Relation with AB-AF: We next introduce the AB-ambiguity
function (AB-AF) as

A';B(Ot,,@) = <Bﬁ_1/2Aa_1/2 z, B51/2A—al/2$>

/ Xa (b0 87) Xi (b0 87/%) Aoy du)

= /XB aoa1/2 Xp (aoa 1/2))\5 du(a) .

For A, = T, and Bg = F,, the AB-AF reduces to the
conventional AF [5], [14]-[17): AIF(a,B) = Au(r,v) =
Jiat+35)a™(t—3) e ™ at = [ X(F+5) X*(f-3)
eﬂ”f df. For Agp = e I2mu(@)u®) there is AAB(a B) =

Az (tr p(a), p(B)/t,) with &(t) = X (™ (t/tr)),
and for A,p = e/Zmul@n® there is AAB(a B =

As (t p(B), 1(a)/t,) with &(t) = = Xa (0™ (/1))
The AB-AF is related to the AB-WD as

AP (0, B) = / W (a,5) Ag.a X dp(a) du(b)

G2
// WAB a. a1/2 be 181/2)

Wi (aea™ " be p71%) du(a) du(®).

and

|AABaI3

Uncertainty relations: We define the A- spread o2, B-spread
2(6) | X4 (0)|%dp(b)
B, and AB-radius p2B(by) as 022 = 2 f - 4 .
I f 1X 4 (5)/2 du(b)
B2 & [ @ X @Pdu@ o A )
and bo) 2 (=) +(b
a2l pe (ko) (55) "+ (bo)
with by # 0. These quantities are related to the AB-WD as
a_ Jo O WL @) dp(@)du)
’ T2 WA (a,b) dpu(a)dp(®)
2 _ Jge 1 () W27 (a,b) dpa(a)du(b)
[T;2 W2 (a, b) dp(a)dyu(b)
2
My [(52)%+ (boﬂ(a)) | W2 (@, b) dpu(@)apo)
Jf 52 WP (a,b) dp(a)dp(b)

and there exist the bounds (uncertainty relations)

V bo # 0.

b)

xz

AB2(bO)

AB>

1
Oy O Z Ey AB(bO) Z T

V2
For the next properties, we assume Ay = e 92" wle) w(b),
Analogous properties hold for Ay, = €’ 2m (o) p(b)
Generalized chirp localization property:
A
Wm B(av b) = 6(/”’(1)) - cu(a))

for Xp(a) = &' @, ic., a(t) = [, /™0 @

ug (t) dp(a).



Generalized instantaneous frequency property:

Jyu®WAB@,b)du®) 1 g
fg W#'B(a,b) du(b) T omp (a) da arg{Xp(a)}.

Generalized group delay property:

[, n(a) W2 (a,b) dp(a) y
gfg B0 bydp(a) 7 g {Xa®)}.

2mp’ ()
Multiplication property: Let the B-FTs of z(t), y(t), and 2(t)
be related as ZB( ) = XB(a )YB( ), which can be shown
to entail Za(b fg XA be B3 HYa(B)du(B) and z(t) =

Sy Ya(8) <Bﬁx)<t) dp(B) = [, X(8) (Bsy)(t) du(B). Then

WA (a,b) = / WP (a,be 571) WA (a, B) du(3)
(4

Convolution property: Similarly, if Zg(a) = fg Xp(aea™)
YBe(a)du(a) such that ZA(b) = Xa(b)Ya(b) and z(t) =
J; YB(@) (Aaz)(t) dp(e) = [, X5(a) (Aay)(t) du(a), then

WAP (a,b) = / WA (a0 o™ b) WP (0, B) dia(a)
g

Covariant a-b representations. The class of all
quadratic a-b representations Q(a,b) that are covariant to
conjugate operators Aq, Bg as (cf. (8),(1)) @Bsa.z(a;b) =

Q:(aea”',beB7") can be formulated as [6, 10, 12
Qz(aab) = <.’I:, HaA,Ew> = (11)

/ /(Aa—1Bb—1.’IS) (t1) (Aa—1Bb—1.’L‘)* (t2) h™(t1,t2) dt1dts
t1Jta

with Ha y = BbA,HA _ _1B;-1, where H is an arbitrary
linear operator with kernel h(t1,t2). Equivalently,

Qu(ab) = // ¥(@, B) AL (0, B) oo dpi() du(B) (12)
g2

where the kernel ¥(a, ) is related to h(t1,t2) [6, 10, 12]. The
covariant class {Qw (a, b)} is the extension of Cohen’s class in

(2) to arbitrary conjugate operators A,, Bg. In particular,
the AB-WD is obtained with ¥(«, 3) = 1.

It can be shown that the covariant class {Q,C (a, b)} can be
derived from the AB-WD W28 (a,b) as (cf. (5))

Qu(a,b) = // Plasa bed™) WAP(a, B) du(o) du(B),
g2

(13)
where the kernel 1(a,b) is related to the kernel ¥(a, 8) in

(12) a5 (@,5) = [, U(a, B) X3 aAacs dp(a) du(B).

AB-spectrogram. Setting h(t1,t2) = g(t1) g™ (¢2) in (11)
yields the AB-spectrogram

S2B (a,b) = <x,BbAag> .

Here, 9(a,b) = W% ',b7') so that SiP(a,b) =
L= WitE (aea ™ Bobt) Wi (a, B) dp(a) du(B).

|L4%(a,b)|”  with L2 (a,b) =

4 AB-WD AS TF REPRESENTATION

The AB-WD can be re-formulated as a quadratic time-
frequency (TF) representation. Let v (t) denote the in-
stantaneous frequency of the eigenfunction wuj'(t), and let
72 (f) denote the group delay of the eigenfunction uZ ().
For any (a,b) € G2, the corresponding functions v{*(t) and
72 (f) are assumed?® to intersect in a unique TF point (¢, f).
Hence, there is a one-to-one correspondence (t, f) = l(a,b),

(a,b) = I7*(t, f) where I(-,+) will be called the localization
function of the operator pair A,, Bg. The localization
function is constructed by solving the system of equations

vit(t) = f, 7 (f) =t for (t, f) given (a,b) [11, 3, 6].
The TF version of the AB-WD is now defined as

5,AB A AB
W.'c (t) f) - W.’E (a7 b)|(a,,b):l_1(t,f) °

All properties of the a-b version of the AB-WD (see Section
3) can be re-formulated for the TF version of the AB-WD.
For example, the TF version of the covariance (8) reads

Whia,a(t f) = WP

where (a,b)o (a, 8
(9), (10) become

/ WAR (z2(5), £) diis(f3)
f

(10 wne@ ™)), a9

) = (a®a,beB). The marginal properties

[ X5(a)l*,  (15)

WA (4,0 (1)) di=(0) = |Xa(®)|?,  (16)

t
where dji1(f;a) and dfiz2(t;b) follow from 72(.), vi(-), and
du(-). All other properties and relations listed in Section 3
can be transferred to the TF domain as well.

5 AN EXAMPLE

We shall finally consider an example. Let the operators
A, and Bg be defined on the space X = L2(IR4) as

(Aer)(®) = Z=a(1).

where t, o, 8 > 0 with ¢, > 0 fixed. Since A, Aa; = Aajas
and Bg,Bg, = Bg,s,, the underlying group is the mul-
tiplicative group, (G,e) = (IR4,-), with identity element
go = 1 and inverse elements g~ = 1/g. The eigen-
values/functions of A, and Bpg are )\g,b = e 7J2rinalnb
ub (t) — \/_eJZTFIHbln(t/tT) and )\ﬂ _ ej27r1n61na, Uf(t) _
(lng — Ina). Note that u(g) = Ing and du(g) =
The A-FT is the Mellin-type transform X4 (b) =

Ooom(t)e—jQWInbln(t/tr)% and the B-FT is Xgp(a) =

Vitra z(tra). The operators A, and Bg are conjugate,
(B;; uf)(t) = ufﬂ(t) and (Aa uf)(t) = uB,(t). They com-
mute up to a phase factor, A,Bg = e /27InelnBB A
The a-b version of the AB-WD is the a-b, time-domain
version of the Q-distribution [19, 25, 26]
o o]

WfB(a,b) = tra/ w(trae“/z)

— 00

(BB $)(t) — ej27r Ing In(t/tr,) x(t)

t

m_Lgﬁ

m*(tTa e—u/2) e—j27r(1nb)udu

3Tn certain cases, this assumption holds if one uses the group
delay of uj}(t) and the instantaneous frequency of uZ (); here, an
analogous theory can be formulated.



with a,b > 0. It satisfies the covariance property

(e )

the marginal properties
2
tralo(t,a)f?,

/ WAB(q,5) P
0 b
o o] o0 N
w. da - dt
AB ,b @ _ / t j2mInb In(t/tr)
/) = (a,b) a | z(t)e 7

and other properties (cf. Section 3). The covariant class (11)
is the a-b, time-domain version of the hyperbolic class [19, 20]

Qz(a,b) =

/ / o(t) @ (t2) b” <t1 tz) —i2m(nd) In(t1/t2) gy gt

it can be derived from W5 (a, b) as (see (13))

/ / 47,0 2200

With v{(t) = (Inb)/t and 7/ ( ) = tra, the localization
function is obtamed as (t, f) = l(a,b) = (tra, M) with in-

verse (a,b) = I7'(t, f) = (£,€"). The TF version of the
AB-WD is then [19, 25, 26]

s t
WP ) = WP (1e)

o b
t/ z(te ) z"(te

for t > 0; it satisfies the covariance property (cf. (14))

(5 ol-5)

and the marginal properties (cf. (15), (16))
j2(t)]”

IRaCIE

e} 2

/ WAB (t M) dt / () e=92 b In(t/tr) dt
o t t o Vi

The class of QTFRs satisfying the covariance (17) is [19, 20]

Qult, f) = Qm(%,etf) -

WBﬁAM(a b)

b)

Qz(a,b)

—u/2) e—j21rtfu du

Wéanw(t,f) = (17)

t. [ t1 |t ;
f/ / a(t:) =" (t2) h*(tr?l,tr%) e d2mtf InCt1/ta) gy gy,
0 0

it can be derived from WAB (t f) as
wn=[_J,.
tl_O l__
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