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ABSTRACT

The robuston scheme is a novel reduced-detail paradigm for nonsta-
tionary signal modeling/processing with enhanced statistical stabil-
ity. Here, we apply the robuston scheme to the problem of detecting
a nonstationary random signal in white Gaussian noise. We pro-
pose two different “robuston detectors” along with signal-adaptive
online implementations that perform online estimation of the signal
statistics from a single observation. The performance of adaptive
robuston detectors is assessed through numerical simulations.

1. INTRODUCTION

In nonstationary environments, statistical signal models that are
very detailed may not allow reliable estimation of the statistics in-
volved. We therefore introduced the robuston scheme as a reduced-
detail paradigm for nonstationary signal modeling/processing with
enhanced statistical stability, and we applied this scheme to sig-
nal estimation [1]. Robuston signal modeling/processing uses time-
frequency localized subspace signal components (called robustons)
as atomic entities; it employs special time-varying filters (robuston
filters) that allow an efficient online implementation, and statistical
signal descriptors (robuston correlations) that can be estimated in a
stable manner by means of intra-subspace averaging [1].

In this paper, we apply the robuston scheme to the problem of
detecting a nonstationary random signal in white Gaussian noise.
We introduce two types of “robuston detectors”: the robuston likeli-
hood-ratio detector (RLD) for a Gaussian signal process and the ro-
buston deflection-optimal detector (RDD) for a non-Gaussian sig-
nal process. For practical application, we also propose signal-adapt-
ive versions of these robuston detectors that perform online estima-
tion of the signal statistics (i.e., robuston correlations) from a single
observation. The RLD and RDD generalize minimax-robust detec-
tors previously introduced in [2].

This paper is organized as follows. After a review of the robuston
scheme in Section 2, the RLD and RDD are introduced in Section
3. In Section 4, adaptive implementations of these detectors are
proposed. Finally, Section 5 presents simulation results assessing
the performance of adaptive robuston detectors.

2. REVIEW OF THE ROBUSTON SCHEME
Robuston signal decomposition. The robuston scheme is based on
a decomposition of a discrete-time signal x[n] into orthogonal sub-
space components (robustons) x, ,[n], i.e., x[n] =Y _, Z[L:_ol X, ,[n]

[1-4]. The robustons are used as atomic entities for statistical sig-
nal modeling and processing. The (k,)th robuston x, ,[n] lies in a

P-dimensional linear signal subspace 2 ;. As shown in Fig. 1,itis

effectively located in a time-frequency rectangle corresponding to
the time interval (block) [kN, (k+ 1)N] with block length N = LP

and the frequency band [, 5] = [4£, (lg,)P] with bandwidth
1/(2L)

= P/(2N). There are L frequency bands.
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Figure 1: Time frequency location of the robustons x,, ,[n]. The sub-
space Z | is blown up into its LCB functions (. subspace dimension
P =4 assumed). Only positive frequencies are shown.

The robuston subspace 2 Kl containing the robuston x; (] is
spanned by the P orthonormal local cosine basis (LCB) functions

[5] u [n] \/>COS (ﬂ%(n* ))w[nka} with p €
{0, 1, --,P—1}. Here, w[n] is a suitably chosen window with effec-
tive time duration N [5], and p is an “intra-band” frequency index

(within the /th frequency band). Thus!,

(p
X ln Zaklukl

Efficient discrete cosine transform (DCT) algorithms for LCB anal-
ysis and synthesis are available [5, 6].

€ 2, with Oc]E"? = (x,ulP)y.

Pkl

Robuston filters. Robuston signal processing is performed by ro-
buston filters (RFs) [1]. An RF H is a linear, time-varying system
such that each robuston y, ,[n] of the filter output y[n] = (Hx)[n]
is a weighted sum of (temporally adjacent) robustons X [n] of the
filter input x[n] in the same (/th) frequency band:

kM,

Z hk Kl 1 Xy n

with the vectors hk,l = [hk,k—Ml;l -~~;zk’k+M2;[]T
[xk7M17l[n—M1N] ---karM?’I[n-i-MzNH of length M =M, + M, +
1. Note that there is no filtering across frequency bands. M | and

M, are the anticausal and causal filter lengths, respectively.
It can be shown that an RF can be written as

Yealnl = — (k=K )N] = hi %, [n], (D)

and x;[n] =

o kM,
H= ) Zsz with H = ) Meoa Prpegs (2
iy K=k-M,

with the “shift-projector” P, ., = Sy_wPr ;=P Sy [11. Here,
PP ; is the orthogonal projector on 2} ; (i.e., x; ,[n] = (IP’kylx) [n])

2 Y . xlnly ).

I'The signal inner product is defined as (x,y)



and S, is the block time shift operator (i.e., (Skx) [n] = [n kN]).

yulh) [n]ul?)* ']

The kernel of P, ., is given by p; ;.. glnn]= yr- i

p=0
Robuston correlations. We next consider a zero-mean nonsta-
tionary random process x[n] with correlation operator R (the lin-
ear operator whose kernel is R[n,n’] = E{x[n]x*[#']}). A complete
description of the second-order statistics of x[n] would generally
involve all LCB coefficient correlations E{a o OC ; } In con-
trast, the robuston desciption of x[n] corresponds to a reduced detail
model that uses only the robuston correlations (RCs) [1]
1Al 1
T iy 25 Z E{ =P E{<xk,l7 Skfk’xk’,l>}' 3

These (mathematically equivalent) expressions show that the RC
Ty 18 (D) the average of E{a(” a(”)*} over all intra-band fre-
quencies p =0,---,P—1, and (11) an mtegral measure of the corre-
lation of the two robustons x; ,[n] and x,, ,[n] located in the kth and
k'th time blocks and the Ith frequency band (thus, no correlations
across frequency bands are taken into account).

An unbiased estimator of r; ;,, using a single realization of x[n]
is given by (cf. (3))
b IS g Z L g _1 4
Tkt = p Zoak,l ) 13<xk,lv Kk Xk) = P< i %) (4)

p=

Note the averaging over all intra-band frequencies p = 0,---,P—
1 corresponding to P orthogonal LCB components. This intra-
subspace averaging results in enhanced statistical stability of 7, ,.,.

For later use, we introduce the robuston correlation operator
RREYE ¥ Zk+M Tk Py w4+ A process x[n] will be
called a robuston process (RP) if R = RR. Thus, for an RP, the
RCs r; 1., provide a complete second-order description.

3. ROBUSTON DETECTORS

‘We now consider the application of robuston signal modeling/pro-
cessing to the problem of detecting a nonstationary, zero-mean ran-
dom signal s[n] in white Gaussian noise z[n] that is statistically in-
dependent of s[n]. We assume that the noise variance GZZ is known.
Our goal is to discriminate between the hypotheses .74: x[n] = z[n]
and J2: x[n] = s[n] +z[n], where x[n] is the observed signal [7]. Ini-
tially, we assume that the RCs of s[n] are known. Later (in Section
4), these RCs will be replaced by estimates.

3.1. The Robuston Likelihood-Ratio Detector

We first assume that the signal process s[n] is Gaussian. The clas-

sical likelihood-ratio test statistic (which is optimal both in the

Neyman-Pearson sense and in the Bayesian sense) is given by [7]
T (x) =

1
with Hy = —R (Ry+02D)7Y (5)

Z

(H x,x)

where R; is the correlation operator of s[n] and I is the identity op-
erator. The likelihood-ratio detector is closely related to the Wiener
filter Hy, = Ry(Ry + 621)~! because H; = sz The Wiener
filter is the linear time-varying (LTV) filter that estimates s[n] from
x[n] = s[n] + z[n] with minimum mean-square error (MSE) [7].
Building on this “estimation connection,” we can develop a ro-
buston variant of the likelihood-ratio detector as follows. In [1],
the robuston Wiener filter HW was introduced as the RF signal es-
timator with minimum MSE. For given filter lengths M|, M,, the

coefficient vectors (cf. (1)) of the RF HW are given by [1]

hY) = R/rl) = (RY +021) el 6)

with the RC matrices [Rk',] .

RO =)

it KoM, — LM, 1] and the signal RC vector
r(A = [ ) 1T (here, m,m’ € {1,...

kk M Ty »M} with the

overall filter length M=M,+M,+1, and ekl and r]E ]1,

the RCs of x[n] and s[n], respectlvely) We now introduce the robus-
ton likelihood-ratio detector (RLD) by replacing in the likelihood
ratio test statistic (5) the Wiener filter Hy, with the robuston Wiener
filter Hy, (with given parameters N, P, M, and Mz)- This yields
the RLD test statistic as

Tk M, +m—1k—M, +m—1; 20d

denote

T, (x) & (H x,x)  with H; = %HW. 7
The RLD can be formulated and implemented as follows. Ac-
cording to (2), ]HIL = Zk:wZ Zk+M fl};k,;l Pk.k’;l' Inserting
this into (7) and using (4), we obtaln M '
o L—1 k+M,
L) =) ) Z hk vt (Pp g %,%)
k=—co =0 k'=
o L—1 ki+M, oo
= sz IZW Z hkk' Fewa = PkZ lzrk/hk/ ®)

Here, £ ) = 7 4 a0
hkk +MZ;I]T is given by (cf. (6))

?k,k+M2;[] with 7 ., defined in (4), and
L _jpL
hy, = [hk,k—M];z

1 1 1
L \ 2
hiy = by = E(RE;—O—O‘Z D ). ©)
z z

It is important to note that the RLD only presupposes knowl-
edge of the RCs of s[n|; knowledge of the complete second-order
statistics (correlation operator Ry) is not required. Furthermore,
the operator multiplication and inversion required for computing
H;, = —_R (R +621) ! (note that these operators correspond to

matrices whose size equals the total signal length) is replaced by
matrix inversions and matrix-vector multiplications of size M x M,
which is typically small. If s[n] is an RP, the classical likelihood-
ratio detector in (5) reduces to the RLD (with M, M, generally
infinite however), i.e., H; =, and T (x) = 7; (x). Hence, the
robuston structure of s[n] enforces a robuston structure on H .

3.2. The Robuston Deflection-Optimal Detector

If the signal process s[n] is not Gaussian, the likelihood-ratio detec-
tor often is hard or impossible to calculate. A practical alternative is
provided by the deflection-optimal detector that maximizes a con-
trast criterion known as deflection and defined as [7, 8]

(E{T(x)|4} —E{T(x)|4})°

e
var{T (x)|.7
The (quadratic) deflection-optimal detector is obtained as [8]
1
Tp(x) = (Hpx,x) with Hpy = QRS' (10)

z
We now define the robuston deflection-optimal detector (RDD)

as the quadratic test statistic induced by the RF HD (with given
parameters N, P, M;, M,) that maximizes the deflection:
with H, 2 argmax d? an

TD (x) - Hez

where Z denotes the set of all RFs (2) with fixed N, P, M 1»and M,.

The RDD can be derived by using the Hilbert space structure of
RFs. Indeed, it can be shown that for M, M, finite, X is a linear
subspace of the Hilbert space . of all LTV systems (linear oper-

<IF]IDx,x>



ators) H with finite Hilbert-Schmidt norm?. The normalized shift-
projectors P, ., £ #]P’k 1~ form an orthonormal basis for . Any

H € .Z allows the onhogonal decomposition H = HR +H*, where
the RF HR = X7 Y ye™ AR P with coefficients
h,lzk,;l = %’<H7Pk,k’;l>HS is the orthogonal projection of H onto %
and H' belongs to the orthogonal complement space %

It is easily shown [8] that the deflection for any (Hermitian) op-
erator T can be written as

5 1 (R

of |Hl}
In our case, I € % by assumption and thus (I, R;);;q = (H,RR +
Ri)ys = (H,RR), ¢ because Ry is orthogonal to H. We now
use the Schwarz inequality [9]: (F, RR)Z¢ < ||H||%s||RR| 2, with
equality if and only if I = ¢cRR with arbitrary real ¢ # 0. There-

fore, this choice of I/l maximizes d2. Setting ¢ = 1/ GZ4 , the RDD
test statistic (11) is thus obtained as
TD(X) =

3 . 1
(Hpx,x) with Hp= G—RR. (12)

4 s
z

The RDD allows a formulation and implementation similar to
(®). Inserting Hy, = Y X~ LA™ w1, R P into (12)

and using (4), we obtain

o L—1 k+M, o0
To(x)=P Z Z hkk, Fiwg =P Z Zrk,hk,, (13)
k=—o00 =0 k'=k— fk=—o0 [=

where £, ; is as in (8) and the RF coefficient vector is given by

: ). (14)

Note that in contrast to the RLD (cf. (9)), no matrix inversions are
needed for the design of the RDD.

Comparing (12) with (10), we see that HD is simply the orthog-
onal projection of Hi, onto %, i.e., ]ﬁID = H%. If s[n] is an RP with
robuston parameters N, P, M, M,, the classical deflection-optimal
detector in (10) is equal to the RDD with the same parameters, i.e.,
Hp, = Hp, and T;, (x) = T (x). Hence, the robuston structure of s[n]
enforces a robuston structure on H,. It is important to note that the
RDD only presupposes knowledge of the RCs of s[n].

The deflection achieved with the RDD is obtained as || RY |3 /o2
whereas the deflection achieved with the classical deflection-optimal
detector (10) is ||Ry|[35/07. Thus, the loss in deflection result-
ing from using the RDD is given by (||R;||%s — [[RR[|%s) /0 =
|R;-[|Ag/02. Because RY is the robuston correlation operator clos-
est to Ry, ||R;||% is a measure of how far s[n] is from being an RP.

We finally note that the robust detectors presented in [2] are spe-
cial cases of the RLD and RDD for M = 1.

4. SIGNAL-ADAPTIVE ROBUSTON DETECTORS

In the previous section, we developed detectors of the likelihood-
ratio and deflection-optimal types that involve RFs and RCs. Ac-
cording to (9) and (14), the design of the RLD and RDD requires
knowledge of the signal RCs r’((*"]z,_ " For practical operation, we now

propose signal-adaptive versions of the RLD and RDD that incor-
porate online RC estimation from a single realization of x[n]. The
only prior knowledge required is the noise variance 612, which in
many cases can be reliably estimated during “noise-only” periods.

2The inner product of two operators H,,H, € .Z with kernels H, [, ']
and Hy[n,n'] is defined as (H,,H,) s = X Yoo H, [n,n'|Hs [n,1].
The Hilbert-Schmidt norm is given by ||H||;;g = +/(H, H) [9].

4.1. Estimation of Robuston Correlations

Let us first assume that 7] is in force. Here, R;, = R( >+ 021 and
thus the matrix Rkl given by R, o = M4 71,{ M, m— 10
with 7 K computed from x[n] accordmg to (4), is an unbiased esti-
mate of R( ) + 0'21 This suggests to use Rk 170 ’] as an unbiased

estimate of R( $). However, since R< ) is always positive definite or
semi-definite, a refined estimate is b

R/(:l) = [Rk,1*631]+

where [-], denotes the positive (semi-)definite part of a matrix (this
can be calculated e.g. by means of an eigendecomposition). By
noting that r](:l) = RI(::])u with the length-M unit vector u given by
[u];, = 8[m—1—M,], an estimate of rliS; is obtained as f'](:l) = f{](csl) u.

Because of the intra-subspace averaging involved in the compu-
tation of the rk yor the reliability of the estimates ﬁkl and R( )
(under ¢]) grows with increasing robuston subspace dlmensmn
P. However, if 77 is in force, R(’) is strongly biased. Fortunately,
this bias tends to decrease the resultlng adaptive test statistics under
A, which typically does not impair the performance in the sense
of causing additional false alarms.

4.2. Signal-Adaptive Online Implementation

Replacing all RC matrices and vectors in (9) and (14) by their esti-
mates, we obtain estimated RF coefficient vectors of the RLD and
RDD as |
AL TN (s
by, = R /T £, (15)
z
Insertion in (8) and (13) yields the following signal-adaptive ver-
sions of the RLD and RDD:

=P), Zrklhklv T (x)

k=—oco |=

=rY Z rk‘,,ﬁk?,. (16)

k=—oc0 [=
The (k,/)th component of these test statistics can thus be obtained
by computing:

1. the LCB coefficients (x(l) (x u<p)> p=0,....,P—1by

"k

means of an efficient DCT algorithm [5, 6];
o P) g (P)* i

p— 0 kl Ock and, in turn,

£65) — RG) -
o; I]+, and rk,l *Rk,l u;

2. the RC estimates 7 ., = PZ
Rk,l’ L= Rk,lu’ R;il) = [Rk‘l

3. the RF coefficient vector flk ;or ﬁ? ; according to (15);
~H {L ~H (D
4. and the vector dot product B by or B th.

In fact, steps 3 and 4 can be combined and simplified. For the RLD,

N PO | 1
N L H A
by, = u R, g’/(f/)c;w

Z
which is simply an estimate of the energy of the (k,/)th robuston
s, ;[n] up to a factor. For the RDD,

i.e., steps 3 and 4 merely amount to a length-M dot product. Care-
ful analysis of the computations actually necessary (avoiding re-
peated calculation of the same RCs 7 ., in the computation of

different R ;) shows that the overall computational complexity for
both detectors is O(logN + M?/P) per signal sample (note that M
is typically small). The entire calculation of the test statistic TL( X)
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Figure 2: Power curves at Pz, = 0.01 of the RLD and RDD (for
N =64, P=8, M, =M, = 2) and of the energy detector for (a) the
Gaussian process and (b) the Laplacian process.
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Figure 3: ROCs at SNR = —8dB of the RLD and RDD (for N = 64,
P =8, M;=M, =2)and of the energy detector for (a) the Gaussian
process and (b) the Laplacian process.

or 7:11) (x) is online because computation of the (k,/)th component
f‘kH ! ﬁk , or f‘ﬁ / ﬁle involves x[n] only within a local time interval
(essentially the kth robuston interval [kN, (k+ 1)N], cf. Fig. 1), and
the summation over k in (16) can be performed recursively.

We finally note that the signal-adaptive detectors presented in [2]
are special cases of the signal-adaptive RLD and RDD for M = 1.

5. SIMULATION RESULTS

We applied the signal-adaptive RLD and RDD to a nonstationary
Gaussian signal process and a nonstationary Laplace-distributed
signal process in stationary white Gaussian noise. The signal length
was 256 samples. Both signal processes consisted of six time-
frequency localized, pairwise mutually correlated random compo-
nents that were located in the same frequency band and spaced 64
signal samples apart. Monte-Carlo simulations using 5000 realiza-
tions were performed to assess the performance of our detectors.

The Laplace-distributed process was constructed as a spherically
invariant random process (SIRP) [10]. SIRPs are nonergodic pro-
cesses that are generated by multiplying a Gaussian process (we
used our Gaussian signal process) by an appropriately distributed
random amplitude. This results in a Laplacian distribution of each
signal sample and a joint second-order distribution (correlation op-
erator) that is equal to that of our Gaussian signal process.

Fig. 2 shows the power curves (i.e., estimated detection proba-
bility Py vs. SNR) of the adaptive RLD and RDD for block length
N = 64, subspace dimension P = 8, and one-sided filter lengths
M, =M, =2 at a false alarm probability of P, = 0.01. The power
curve of the energy detector [7] is also shown as a performance ref-
erence. The SNR was varied by adjusting the noise variance. It
is seen that for both types of processes, our detectors perform sig-
nificantly better than the energy detector, and the RDD performs
better than the RLD. The same conclusions can be drawn from the
estimated receiver operating characteristics (ROCs)—i.e., Py vs.
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Figure 4: Detection probability (at P, = 0.01) of the RDD with
N = 64 and P = 32 vs. total filter length M for (a) the Gaussian
process and (b) the Laplacian process.

Py —shown in Fig. 3 for the same robuston parameters (N = 64,
P=8,M; =M, =2)and an SNR of —8dB.

Finally, Fig. 4 shows the dependence of Py, (at P, = 0.01 and
various SNRs) of the RDD with N = 64 and P = 32 vs. the total
filter length M (still for M; = M,). It is seen that a larger filter
length is advantageous up to a certain point (this allows to take ad-
vantage of the temporal correlations of the signal). Thus, in this
case, the robuston detectors improve on the robust detectors of [2]
that are obtained as special cases for M = 1. However, our exper-
iments showed that this behavior is quite sensitive to the robuston
parameters N, P and the properties of the signal.

6. CONCLUSION

We presented two robuston methods for signal-adaptive detection
of a nonstationary random signal in white Gaussian noise. These
detectors use a reduced-detail description of the signal’s second-
order statistics that allows the relevant statistics (robuston correla-
tions) to be estimated with enhanced statistical stability. All signal
processing is online and based on efficient local cosine basis trans-
formations. Simulation results demonstrated the good performance
of our detectors for processes with strong temporal correlations and
for an appropriate choice of certain design parameters.
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