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Abstract—We define two broad classes of unitary operator
families termed modulation and warping operators. Some
fundamental relations connecting these operators are shown.
Application of the characteristic function method and the co-
variance method to modulation and warping operators yields
joint (a,b), (o, B), and time-frequency signal representations
that satisfy marginal and covariance properties.

1 INTRODUCTION AND OUTLINE

The characteristic function method [1]-[4] and covariance
method [5]-[9] for constructing quadratic time-frequency
(TF) signal representations can be based on two unitary op-
erator families A, Bg, where o and 3 belong to two 1-D
locally compact abelian (LCA) groups. This paper studies
two special types of unitary operator families termed modu-
lation and warping operators. These include nearly all oper-
ators considered so far in the context of TF analysis and yet
allow a closed-form calculation of their TF geometry (i.e.,
localization and displacement function [5, 6, 8, 9, 10]).

The paper is organized as follows. Section 2 provides some
basic results on modulation and warping operators. In Sec-
tions 3 and 4, we apply the characteristic function method
and the covariance method to dual modulation and warping
operators to obtain joint (a,b), (@, 3), and TF representa-
tions. Section 5 discusses the equivalence of these represen-
tations, and Section 6 presents an example. Finally, some
extensions are pointed out in the concluding Section 7.

For the sake of simplicity, we consider only LCA groups
(G, 0) isomorphic to (IR,+) with a differentiable isomor-
phism ¢ : G — R satisfying (g1 0 g2) = ¥(g1) + ¥(g2).
The dual group [11, 3] (T, e) is also isomorphic to IR, with a
differentiable isomorphism ¢ : I' =+ IR satisfying ¢(y1 ®7y2) =
©(71) + ¢(72). We note, however, that our results can be
extended to general LCA groups (see Section 7).

2 MODULATION AND WARPING
OPERATORS

Modulation Operators. A family of linear operators
M defined on the Hilbert space L?(Q2) (2 C R) as

(Mg z)(t) = 2B g1y teQ, Be(G,o)

will be called a modulation operator (family). Here, the mod-
ulation function m(t) is assumed to be invertible with do-
main Q and range m(Q2) = I', where (T, ¢) is the group dual
to (G, o). It is easily checked that {Mpg}ge(g,0) is @ unitary
representation [12] of the LCA group (G, o). The generalized
[13] eigenfunctions and eigenvalues of Mg are given by
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c(t)d(p(m(t)) —p(a)), t€Q, ae(Te) (1)
@R B e (G0), a€(T,e).

If p(m(t)) is differentiable, the choice ¢(t) = +/|[e(m(t))]]|
guarantees that the eigenfunctions {u) ()} are complete and
orthonormal in the generalized functions sense [13].

The modulation operator Mg is unitarily equivalent [10,
14, 3] to the frequency shift operator F, defined as (F, z)(t) =
e?™ g (t) with v € R, « € L*(IR):

Mj = UFy 0 U™" with (Uz)(t) = e(t) 2 (p(m(1))). (2)

Warping Operators. A family of linear operators W,
defined on L*(©) (O C R) as’

(Waz)(t) = v/|wh (t)] 2 (wa (2)),

will be called a warping operator (family). For any fixed

a € (I',e), the warping function wq(t) is assumed to be a
differentiable and invertible function mapping © onto ©, and
to satisfy the composition property

wal(waz (t)) = Way eas (1) (3)

{Wa }ae(r,e) is a unitary representation of (I',e). Warping
operators have been previously introduced in [15].

The next theorem (proved in the Appendix) states an im-
portant relation between warping and modulation functions.
For the special case (I',e) = (IR, +), a similar result has been
proved in [16] and (using a different argument) in [15].

teB®, ae(l,e)

Theorem 1. If m(t) is a modulation function on §, i.e., it
is invertible with range m(QY) =T, then

wa (t) 2 m_l(m(t)oa_l), teQ, ae(l,e)

(where (T, ) is some LCA group and o' denotes the group
inverse of a) is a warping function on §, i.e., it is invert-
ible with range wa(Q) = Q and it satisfies the composition
property (3). If o(m(t)) is differentiable, then so is wq(t).
a Conversely, let wa(t) (€O, a€(T, o)) satisfy (3). If f(a)
= wy-1(to) (@ € I'; to € O arbitrary but fized) is invertible
with range f(I') = Q C O, then wa(t) = f(ffl(t) oofl) for
t€Q, a€ (T,e), or equivalently, setting m(t) 2 i),

LAt this point, (I',e) is any LCA group that is isomorphic to
(IR, +) with isomorphism ¢(-). The reason why we call this group
(T, e) will be clear presently.



m_l(m(t) oa_l) ,

we (t) =
Here, m(t) is wunique up to group translations, i.e.,
m;l(m1(t) ° a_l) = m;l(mg(t) . a_l) implies ma(t) =

m1(t)ey with some vy € T'. Furthermore, there is wa(Q) =

If Q C O, ie, Q # O, then O (the domain of wa(t))
can be partitioned into disjoint subintervals Q; with as-
sociated modulation functions m;(t), t € €;, such that
wa (t) = m;l(mi(t) . a_l) for t € Q;.

Using the modulation function m(t) associated to wq (t)
according to (4), we can give the following expressions for
the generalized eigenfunctions and eigenvalues of W, on :

teQ, ae(l,e). 4)

u?,N(t) = c(t) e2ﬂi¢(b)¢(m(t)), )\XV

= efzﬂiw(a)iﬁ(b), (5)

where t € , b € (G, o) (the group dual to (T',e)), a € (T, ),
and c(t) =+/|[¢(m(t))]'| as before. The eigenfunctions uy"(t)

are complete and orthonormal.

The warping operator W, is unitarily equivalent to the
time shift operator T, defined as (T,z)(t) = z(t — 7) with
TE€R, z € L*(R),ie., W, = UTS‘,(O‘)U_1 with U as in (2).

Dual Modulation and Warping Operators. The con-
cept of dual operators has been introduced in [8, 9, 6] (there
called conjugate operators) and independently in [17, 18].
The duality property has several important implications for
joint signal analysis [6, 8, 9, 17, 18, 19] (cf. Section 5). The
next theorem can be verified in a straightforward manner.
Theorem 2. The modulation operator Mg with modulation
function m(t) and the warping operator Wy, with associated

warping function we(t) = m™! (m(t) . a_l) are dual, i.e.,

MW, = 7@ W, M, 6)
and

(Mpu'(t)) = upos(t),  (Waua (t)) = tgealt).

Example 1. Consider the modulation function m(t) =t
on & = IR. Since m(Q2) = IR, we must choose (I';e) =
(R, +), whence p(a) = a. Setting (G,o) = (IR, +), whence
1(b) = b, the modulation operator is obtained as the fre-
quency shift operator, (Mgz)(t) = ™At x(t) with t € Q =
R, B8 € (G,o) = (R,+). The associated warping function
is wa(t) = mfl(m(t) ° ofl) =t—awitht e Q =
a € (T',e) = (IR, +), so that the associated warping operator
is the time shift operator, (Wy z)(t) = z(t — ).

Example 2. Next, consider m(t) =t on Q = IR*. Here,
m(Q) = R' so that we must choose (T',8) = (IRT,-), iso-
morphic to (R, +) by ¢(a) = lna. Setting (G,0) = (R, +),
whence ¥ (b) = b, the modulation operator is obtained as
(Mgz)(t) = 2Pt g(t), t € RY, 8 € (IR,+). The asso-
ciated warping function is we (t) = m™* (m(t) . a_l) =t/a
with t € RY, a € (R™,-), so that the associated warping
operator is (Wa z)(t) = 1/1/a z(t/a), t € RT, a € (RT,").

These and some more examples are listed in Table 1.

3 JOINT SIGNAL ANALYSIS USING THE
CHARACTERISTIC FUNCTION METHOD

Let W, with a € (T',e) and Mg with 8 € (G,0) (where
(', o) and (G, o) are dual groups) be warping and modulation
operators defined on L*(Q) and based on the same modula-
tion function m(t). Hence, W, and Mg are dual operators.

m(t) Qor Q; (T, ) wa (t) S}
t R (R, +) t—a R
It| R*, R~ |(RY-) t/a R

|t]" R*,R- |(RY") a~t/rt R
sgn(t)[t]*| R\{0} |(R,+)|sgn(sgn(t)|t|"—a)| R
1/k
- |sgn(®)[t|]*—a|

In t| RT, R~ |(R,+) e %t R

[Int| |(0,1),(1,00)| (RY,") /e R*
et R (RY,-) t—Ilna R

tant ((2k— 1)%, |(IR,+)| arctan(tant—a) | IR

(2k+1)%)

Table 1. Some modulation and associated warping functions.
We note that m(Q) =T, a € (I',e), K € R\{0}, and k € Z.

Joint (a,b) Distributions. Applying the characteristic
function method [1]-[4] to W, and My yields the joint (a, b)
energy distributions

Pu(a,b) = / / Sa(a, B) 2O @V BN giy(0) dp(B),
GJT

(7)

with a € (T, ¢) and b € (G, 0), where

Se(a,8) = K(a, B)(Sa s, z) = fi(a,ﬁ)/(sa,ﬁiﬂ)(t) @ (t)dt.

Here, k(a, 3) is a signal-independent kernel function satisfy-
ing k(ao,B8) = k(a,Bo) =1 and S, g is any linear operator
satisfying S, 3, = Wa and Su,,3 = Mg, where ag and fo
are the identity elements of (I',e) and (G, o), respectively.
For example, for S, 3 = MW, we obtain

Pu(a, b)_/// (wa () 2" () 5(a, B)y/Jwh (8)]

X 2m{¢(b)v(a)+ w(m(t)—p(a)]¥(B)} dt dgo(a) dw(ﬂ) (8)

W, and Mg being dual operators, it follows from (6) that
using any other ordering of W, and Mg to define S, g yields
the same class of distributions Py (a,b) [19].

Any (a,b) distribution P,(a,b) in (7) or (8) satisfies the
marginal properties [1]-[4]

/ Py (a,b) dip(b) = |Z(a)|’, / Py(a,b)dp(a) = |X(b)],
G N

where &(a) = (z,up") = z(m~'(a))/\/Im’'(m=1(a)) ¢'(a)|
and X (b) = (z,w}¥) = [, x(t) e "V OO fo(m(t))]|dt
= frzfr(a)e_z’riwb)“’(“) dy(a).

Joint TF Distributions. The joint (a,b) distributions
Py (a,b) can be converted into joint TF distributions Py (¢, f)
by a mapping (¢, f) = I(a,b). Here, the localization function
I(-,-) is obtained by solving the system of equations [10, 8]

Tat(f) = t, ¥(t) = f for t, f, where 72" (f) = m™*(a) is
the group delay of 4} (t) in (1) and vV (t) = +(b) [p(m(t))]
is the instantaneous frequency of uY'(¢) in (5). Hence, the

localization function mapping (¢, f) = l(a,b) is obtained as
f=yp®)m' (m™ (@) ¢'@, (9

and the inverse mapping (a,b) =17 (t, f) is given by

t=m""(a),



_ o f
a=m), b= (Coay) (10)

Inserting into (7) and (8) yields the class of TF distributions
P-'D(t1f) - P-'E (l b |(a b)=I1— 1(t )

:/ / Sula, B) " LT ~e OO 400 s 9)
GJT
:///}mm)xmammw%wn

M{F(mm)yﬂw(m“ - w(m(t))]w(ﬁ)}dtd o(@)dp(8). (11)

These TF distributions satisfy the marginal properties [8, 9]

P df = |%(a)|?
[ B0 1) gy = B
| Pt w0 elmo]) etme)!at = %@

4 JOINT SIGNAL ANALYSIS USING THE
COVARIANCE METHOD

As before, let W, with « € (T, e) and Mg with 8 € (G, o)
be dual warping and modulation operators defined on L?().

Covariant Joint (o, 3) Representations. With (6), the
composite operator D,,g = MW, is easily checked to sat-
isfy Doy gy Day gy = e 27V BDC@ D 0 5108, It is thus
a TF displacement operator as defined in [5, 6, 8]. Hence, the
covariance method [5]-[9] can be applied to Dy,3 = MgWa,
yielding the joint («, B) representations

Ca( = (2,DasHD_ s z) (12)
/ / (b1) & (£2) H' (wau(t1), wa(£2)) /T (61) s (£2)]
QJQ
QI CCHERICICN P (13)
with a € (T,e), 8 € (G,0). Here, H is an arbitrary linear

operator on L2(Q) and H (t1,t2) is its kernel. Any (a, 8) rep-
resentation C,(a, 8) in (13) satisfies the covariance property

Cp,, s,(a,B) =Cy(aear’,Boprh). (14)

Conversely, any quadratic (o, 8) representation that satisfies
the covariance property (14) is of the form (13) [5]-[9].
Covariant Joint TF Representations. The covariant
(a, B) representations C(a,3) can be converted into co-
variant TF representations Cy(t, f) by a mapping (t,f) =
d(a, 8). Here, the dzsplacement functwn d(-,-) is constructed
as follows [6]. Let Lo B(t) = D, p(t,t), with Dy g(t,t') the
kernel of D, g and { € Q some fixed time. Slmllarly, define
Ya,5(t) via its Fourier transform by Ya s(f) = Das(f, f),
with D, 5(f,f') the frequency-domain kernel of D, 3 and
f € R some fixed frequency With the simplifying choice
it = (ao) and f = 0, the group delay of . 5(t) is
Ta,8( f) = m~!(a) and the instantaneous frequency of . s(t)
is va,g(t) = ¥(B)[p(m(t))]. The displacement function
mapping (¢, f) = d(«, B) is then obtained by solving the sys-
tem of equations 7, 8(f) = t, vaps(t) = f for t, f, which

yields t = m™'(a), f = ¢(ﬂ)m'(m_1(a)) ¢’ (). This is
identical to the localization function mapping in (9), thus
verifying a conjecture [8, 6] about the identity of localization
and displacement function in the case of dual operators.
Inserting the inverse displacement function mapping a =

m(t), B = wil(m) (cf. (10)) into (13), we obtain the
class of TF representations

Colt ) 2 Ol gy = | [ ot

. H*(wm(t) (t1), Wn (t) (t2)) \/|w’m(t) (tl) wfm(t)(t?) |

; f
M T [W(M(h))—w(M(w))]dtldt2. (15)

These TF representations satisfy the covariance property
!
@@“mfw@wmwg_m)
way(t)

Conversely, any quadratic TF representation that satisfies
the covariance property (16) is of the form (15) [6].

éDal,ﬁlm tf) =

5 EQUIVALENCE OF THE TWO METHODS

For the case of dual operators considered here, it has been
shown in [6, 8, 9] that the class of (a, b) distributions P;(a, b)
equals the class of covariant («, 8) representations C(a, 8).
Since moreover d(-,-) = I(-, ), this equivalence holds also for
the TF representations P,(t, f) and C.(t, f).
can show the following result.

In fact, one

Theorem 3. The covariant (a, ﬁ) representation n (13)
equals the (a,b) distribution in (8), i.e., Cz (e, B) = Pr(a, B),
and the covariant TF representation m (15) equals the TF

distribution in (11), i.e., C’m(t,f) = P,(t,f), if the kernel
H(t1,t2) defining Cz (e, B) and Ca(t, f) is related to the ker-
nel k(a, B) defining Py(a,b) and P(t, f) as

“(t,t2) = /][ p(m(t2)))|
-/dmmwmwm*ﬂwhwmmwmwwy
G

Furthermore, it can be shown that the TF representations
Cu(t, f) = Pu(t, f) can be expressed as [10, 9]

m(t1

@@ﬂzﬂ@ﬁ:ﬂr%G@m»rTL_)’

p(m(t))

with the Cohen’s class TF representation [1] T,(t, f) =
J:Q Jox(t)z™ (ta) H* (b —t, ta—t) e —2’”~f(f1 t2) dt, dt,. Here,
H(t1,t2) is the kernel of the operator H = U~'HU with H
the operator underlying Cu(t, f) (cf. (12)) and U as in (2).

We note that T; (¢, f) is a special case of Cy(t, f) = Py (¢, f)
with (T, ) = (G,0) = (R, +) and W, = T, Mg = Fs.

6 EXAMPLE: THE HYPERBOLIC CLASS
We continue Example 2 from Section 2, i.e., (Mgz)(t) =

e2 Bt p(t), ¢ >0, 8 € R and (W, z)(t) = \/l/a z(t/a),
t >0, @ > 0. With (11), we obtain the TF distributions

sl B)

= [~ [ ot

62m tf 1“"‘+(1ntt’) :| dt'dadp.



With (15), we obtain the covariant TF representations

~ 1 *re * * — 274 nt—1

Cut = [ [ atene @ (B 2) e e
o Jo

These TF representations are identical, ie., Co(t, f) =
Po(t,f), if H'(t1,t2) = iz [ (32, 8) 2027 dp.
They form a time-domain version of the hyperbolic class [20].

7 CONCLUSION

We have applied the characteristic function method and
the covariance method to dual pairs of modulation and warp-
ing operators. Due to duality, the two methods are equiva-
lent; they yield identical classes of TF representations that
satisfy marginal and covariance properties.

Our results can be extended in the following directions:

e Modulation and warping operators can be defined on
LCA groups not isomorphic to (IR, +), such as the group
(Z,+) and the torus group. All results remain valid if
the exponentials e>"*#(®)¥(8) are replaced by the group
characters Ay ,g.

e A structurally analogous but nonequivalent definition
of modulation and warping operators can be given in
the frequency domain. Our theory can easily be refor-
mulated for this case, yielding different but structurally
analogous classes of TF representations (cf. the usual
definition of the hyperbolic class [20]).

e For non-dual modulation and warping operators de-
fined on the same time interval, the characteristic func-
tion method can always be applied whereas the co-
variance method can be applied only if the operator
Do ,g = MgW, is a unitary representation of the affine
group [21]. Note that in the non-dual case the two meth-
ods are no longer equivalent.

e Our results can be extended to signal spaces L?(£2, du).

Here, the definition of [p(m(t))]’, w,(t), etc. must be
adjusted and dt must be replaced with du(t).

APPENDIX: PROOF OF THEOREM 1

Since m(t) is invertible so is m ™ (a), and hence wq (t) =
m™! (m(t) . a_l) is invertible for fixed @. From m(Q) =T
and m~}(T) = Q, it follows that wa(Q) = Q. It is easily
verified that we(t) = m_l(m(t) . a_l) satisfies (3). Fi-
nally, if p(m(t)) is differentiable, we have [p(m(t))] # 0
since p(m(t)) is invertible, and thus the inverse function
m~ (¢~ (r)) is differentiable as well. Hence, wq(t) =
m_l(m(t) . a_l) = m_l[gp_l(ga(m(t)) - cp(a))] is differ-
entiable for fixed a.

Our proof of the theorem’s second part generalizes a proof

in [16]. Let f(a) = wy—1(to) with fixed to € ©. Then
wa (f(e1)) = wa (w1 (b)) = Wy0q1(to) = flar e a™).
Setting f(a1) = t, we obtain wq (t) = f(ffl(t)oofl). Since
by assumption f(a) is invertible on its range f(I') = Q2 C O,
this relation holds for all t € 2 C © and o € I'. Furthermore,

the relation implies that wq () = f(I') = Q.

To show that f(e) is unique up to group translations, as-
sume there is a function g(a) such that wq (t) = g(g_l(t) .
a_l). Then wq, (g(a2)) = g(azea;!), but at the same time,
Way (9(a2)) = f(f 1(g(az2)) @ a;'). Hence, setting a;! = a
and az = ap, we obtain g(a e ap) = F(F ' (g9(w)) ® @), i.e.,
g(a) = f(aev) with v = f~'(g(a)) € T fixed.
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