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ABSTRACT

We propose an unbiased, computationally efficient estima-
tor of the scattering function that is specifically suited to
underspread WSSUS channels. The novel estimator allows
for nonideal sounding signals, fast time-variation, and on-line
operation during data transmission. Its good performance is
assessed by a bias/variance analysis and simulation results.

1 INTRODUCTION

The scattering function characterizes the second-order statis-
tics of random, linear, time-varying channels obeying the
usual WSSUS assumption [1, 2]. An estimate of the scatter-
ing function is required or helpful for (e.g.) receiver design
[2]-[4], channel estimation [5], and performance analysis [6].

We propose an unbiased and computationally efficient
scattering function estimator which, in contrast to existing
estimators (e.g. [7]-[9]), exploits the underspread property
of WSSUS mobile communications channels [2, 10]. This
allows for nonideal sounding signals, fast time-varying chan-
nels, and on-line operation during data transmission.

The paper is organized as follows. Section 2 establishes
a discrete-time framework, and Section 3 discusses an av-
eraged periodogram estimator and a related sounding tech-
nique. Section 4 presents and studies the novel scattering
function estimator and extends it to on-line operation. Sim-
ulation results are considered in Section 5.

2 DISCRETE-TIME LTV CHANNELS

Linear time-varying (LTV) channels are commonly charac-
terized by their time-varying impule response h(t, 7) (equiv-
alent baseband channels will be considered throughout). For
applicability of digital block processing algorithms such as
the FFT, we shall use a discrete-time, finite-length frame-
work that is based on the following assumptions:

1. The input signal z(t) is bandlimited (bandwidth B).

2. The impulse response h(t, 7) is bandlimited with respect
to ¢t (bandwidth Bp, i.e., maximum Doppler shift +Bp)
and with respect to 7 (bandwidth B), and effectively
delay-limited with maximum delay 7max-

3. We consider the output signal y(t) for ¢t € [0, tmax]-

We then obtain the discrete-time input-output relation [11]

= i h[n,m]z[n — m],

where yln] = y(n/f.), aln] = a(n/f.), and hfn,m] =
(1/fs)h(n/fs,m/fs) with the sampling frequency f, =

2(B + Bp); furthermore Ny, = [Tmaxfs| and N = [tmaxfs |-
In this discrete-time setting, the WSSUS property [1] reads

ne0,N—-1],
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E{S[m,1] S*[m,I']} = Clm,l] §lm —m'] 6]l = U'], (1)

Stm,1] = 35,75 hln,m]
is the (delay-Doppler) spreading function, and
C[m, 1] is the scattering function [1]. Equivalently,

E{H[n, k| H*[n',K'|} = Ru[n —n', k — k], (2)

where E denotes expectation,
e—j27rln/N

where H[n, k] = EN’"_l h[n,m]e~927F™/N s the time-
varying transfer functwno[l We note that S[m, ] <> H[n, k]
as well as C[m,l] + Ru[n, k] are related by a 2-D DFT of
length N. The relations (1) and (2) show that H[n,k] is
a stationary 2-D random process with autocorrelation func-
tion Ry [n, k] and power spectral density C[m, ] > 0. Hence,
estimation of the scattering function is a 2-D spectral estima-
tion problem. Note, however, that realizations of the process
Hin, k] (whose spectrum is to be estimated) must themselves
be estimated by means of channel sounding.

In our discrete-time setting, the underspread property [2,
10] means that the scattering function C[m,!] (and thus,
with probability one, also the spreading function S[m,!]) is
zero outside a region’ [0, N, — 1] x [0, N; — 1] with

NuNi < N. 3)

3 AVERAGED PERIODOGRAM ESTIMATOR
AND VIRTUAL KAILATH SOUNDING

In this section, we describe some techniques that are related
to the novel estimator to be proposed in Section 4.

Averaged periodogram estimator. A classical spec-
tral estimator is the averaged periodogram estimator, i.e., the
squared Fourier transform magnitude averaged over several
process realizations [12]. Since the process is H[n, k] and
its Fourier transform is S[m,!], the averaged periodogram
estimator of the scattering function can be written as

LZ|S[ml 4)

where the $;[m, 1] are estimates of S[m,[] based on L dif-
ferent channel soundings. (Repeated channel sounding is
no problem since the statistics of a WSSUS channel do not
change with time.) Next, we describe an efficient implemen-

tation of Cap[m,!] that is valid for underspread channels.
Kailath sounding. The conceptual basis of this im-
plementation is a channel sounding technique proposed by
Kailath [13] for continuous-time underspread channels and
reformulated here in our discrete-time setting. The sound-

CAp[m ]

1For convenience, we assume one-sided m and [ intervals.
Other locations of these intervals can easily be accommodated
by a simple shift.
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ing signal is an impulse train, i.e., z[n] = Kdu[n]

K EN/ o~ §[n—rM)], where the block length N is chosen an
integer multlple of the impulse spacing M. Throughout this
paper, we assume Npy < M < N/N; which presupposes the
underspread property (. 3} Includlng zero-mean, white mea-
surement noise w[n] with variance Np, the resultlng output
signal is obtained as

yln] = KN%_Ih[n,n—rM] + win]
= Kh[n,n— [%JM] + win], (5)

where the last expression holds since (due to M > Np,)
the responses to the individual impulses do not overlap.
Thus, y[n] is a noisy, undersampled version of the impulse
response. Because of the underspread property, the under-
sampling does not imply an information loss.
Implementation using the Zak transform. The dis-
crete Zak transform (with time period parameter M) [14] of
the output signal y[n] in (5) is given by [15]
N/M—1 l
Zy[m, 1] & Z y[m—f—rM]e_J%N/_M
r=0
N/M -1 ' .
K z hlm +rM,m]e >" N 4 Z,[m, ]
=0

%S[m, 1] L g Zw[m, 1]

for (m,1) e R2[0,M — 1] x [0, & — 1]. With N, < M <
N, /Nl, this region R contains the spreading function support
[0, N —1] x [0, N; —1]. Hence, Z,[m, 1] equals the spreading
functlon S[m, 1] (on its support) up to an amplitude-phase
factor and a noise term. This suggests to replace in (4)
Si[m, 1] with 2 Z,.[m, 1] e™12"'X' | where yi[n] is the output
signal obtained by the ith Kailath sounding. This yields the
following efficient implementation of Cap[m, 1]:

Car[m, 1] % (—)

with Z,,[m,l] = Ei\lgl_lyi[m +rMe

Virtual Kailath sounding. Due to its high crest fac-
tor, an impulse-train sounding signal is undesirable in prac-
tice. Instead, we can transmit a pulse-train sounding signal

z[n] = EiV:/J(\)/I_Ig[n—TM] with low crest factor and use pulse
compression by means of a receive filter f[n] [16].
Let H denote the LTV channel filter. The output of the

receive filter is
yrln] £ (y*f)n] = ((Hz)+f)[n] + wyn],

where wy[n] = (w * f)[n] is the filtered noise. As we will
show presently, if the product of maximum Doppler shift V;
and length of receive filter Ny satisfies N; Ny < N, then the
LTV channel filter H and the receive filter f approximately
commute, i.e., (Hz) xf)[n] = (H(z *f))[n] = (Hz,)[n] for
all z[n], with the virtual sounding signal z,[n] £ (z * f)[n]
(note that conceptually, we have moved the receive filter to
the transmitter side). Hence,

yeln] = (Hay)n] + wyn] 2 yon]. (7)

(m,)eR, (6)

i

—j2m N?g\/l .

The L; norm of the approximation error, |lys —y.ll, =

N=01 |yf [n] — Yo [n]|, can be shown to be bounded as
lyr — yoll, NNy
27 , 8
el ST, 17T, = 27N ®

N. 1
with [|S]l,= M 20 S SIm, 1] and || £ll,= Y0 lo ' | £n]|-
Hence, y¢[n] = yu[n] for NNy < N.

For z[n] = Y.¥/*=1g[n—rM], the virtual sounding signal

is T_O N/M-1
o[n] = Y (g f)[n—rM].

Here, g[n] and f[n] must be chosen such that (g * f)[n]
is impulse-like and hence z,[n] is approximately an im-
pulse train. In particular, this will be the case if g[n] is a
maximum-length pseudonoise sequence and f[n] = g*[—n],
so that (g * f)[n] becomes the autocorrelation of g[n].

4 THE NOVEL ESTIMATOR

Application of virtual Kailath sounding to fast time-varying
channels requires a small receive filter length Ny to keep the
“commutation error” (8) small. However, a small Ny results
in poor pulse compression and, hence, systematic sounding
errors. Even larger sounding errors may be encountered with
on-line estimation during data transmission (see further be-
low). We now propose a scattering function estimator that
compensates for non-perfect virtual sounding signals.

Motivation. Let As[m,l] £ ZnN Ols[n] s [n—m] e IR
denote the (cyclic) discrete ambiguity function of a length-
N signal s[n] and let A,[m, 1] = E{A,[m,I]}. Using y,[n] =
(Hz,)[n] + wy[n] from (7), one can show (cf. [7])

Ay, [m, 1] = Ru[m,l] Ag,[m,1] + Ay, [m,1], (9)

where Ay, [m,l] = NNors[m]6[l] with r;[m] = Yn’y’ f[n]
f*[n — m]. Assuming approximate commutation of channel
and receive filter, so that y,[n] = ys[n] according to (7),
relation (9) suggests the following estimator of Ru[n, k],

- o Ayn,k]— Au,[n, k] Ay [n, k] — NNors[n]d[k]

Ruln K] & e =

where (10)
yf[nk ZAyfl[nk

is an estimate of A, [n, k] that uses L filtered channel output
signals yy;[n] obtained by repeated virtual Kailath sounding;
furthermore, it is ?,ssumed that No is known or has been
estimated. From Rp[n, k], a scattering function estimator
can be derived by a 2-D DFT. A serious problem, however
is the impossibility of finding an z,[n] for which |Am1, [n k]f
is sufficiently bounded away from zero for all n and k.

“Subsampled” estimator. This problem can be cir-
cumvented since the channel is underspread, i.e., C[m,] = 0
outside R. This implies a bandlimited Ry[n,k] that can
be reconstructed without error from the subsampled version
Ru[rM, s2]. We are thus led to replacing (10) by

R N7 Ayf [rM, 2] — NNors[rM]é]s]
RH[rM,sM] = A ] , (11)




withr =0,1,-- -, %—1, s=0,1,---,M—1. Here, |Azu[n,k]|
need only be sufficiently bounded away from zero for n =
M and k = sZ. It can be shown that Ay, [rM,sX] =

D Ay, . [rM,s3%] can be efficiently computed as

M 1 N/M-1

A, ['rMs ] = — Z Z z[m, 1] &2 (i M) (12)
m=0

with z[m, 1] £ I ¢=1 |th.[m, l]| .
From Ry [rM, s1;] in (11), the proposed scattering func-
tion estimator is finally obtained via a 2-D DFT,

N/M—1M-1
Clm,l] =N Z ZR [TM s—] ),
(13)
If Ny < M, then r¢[rM] = Efé[r] with Ef = rf[0]. Here,
(13) becomes
N/M— .
A ’I“M L v :| —jon(-tlr_ _ms
¢ I = i (N =) _ ,
ma = 5 5 e ’
(14)
where Y= N’NoE;/E, with E,, =3 |z, [n]|* = A.,[0,0].

This estimator is computationally eﬂ“ic1ent—1ts complexity
is O(N[(L + 2) log(N/M) + 2log M]), with substantial ad-
ditional savings existing for N, N; € N (cf. Section 5).

Relation to the periodogram estimator. The ideal
virtual sounding signal z,[n] is the impulse train K [n] =
K EN/ =1 §[n — rM] since it is the only signal whose sub-
sampled ambiguity function is constant, Axs,, [TM,s2x] =
K? 7. Substituting this for A,, [rM, s1;] in (14) and omit-
ting the noise bias correction -y, we obtain with (12)

Clm,1] = e LZ|nyl[ml

This is equivalent to Cap[m,] in (6). Thus, the averaged
periodogram estimator is a special case of our proposed es-
timator using an idealized impulse train as virtual sounding
signal and no noise bias correction. In this hght the division
by Az, [rM sM] in (11) can be viewed as an “equalization”
that allows for nonideal virtual sounding signals.

for z,[n] = Kdm(n].

Bias/variance analysis. We now consider the bias and

variance of the proposed estimator C[m, 1] in (13), (11). We
assume perfect commutation of channel and receive filter, so

that ys[n] = yu[n]. With (9) and E{Ayf [m, 1]} = Ay, [m,1] =
A, [m,1], it easily follows that the estimator is unbiased, i.e.,
E{C’[m, ]} = C[m,1]. This can be attributed to the noise
bias correction and “equalization” in (11). Let us compare
this to the averaged periodogram estimator (6) using virtual
Kailath sounding and noise bias correction (cf. (14)),

1 NM
Capn[m, 1] 2 Z |Zy, Im, 1| . (15)

It can be shown that
N/M—1M-1 N]
b)

E{Capx[m, 1]} = NE Z Z Clm—rM,1— s

where C[m, ] £ an_o =_0 Clm —n,l — k] Wy, [n, k] with

nl—km

Wa,[n, k] £ + LN St Ay [m, 1] T Hence,
the averaged periodogram estimator is biased even if we in-
clude noise bias correction.

For variance calculation, we assume w[n] and h[n,m] to
be circularly symmetric complex Gaussian and all channel
soundings to be separated by at least the channel’s coherence
time [2] so that the yy,;[n] are statistically independent. The
mean variance of our estimator can then be shown to be

M—-1N/M-1

Vv & Nmzo Z var{C[m, 1]}

|Ayf [n, k
e frad, s 21

7]'27"(M N/M)

r=0 s8=0 n=0 k=0

Inserting ys[n] = yoln] = 325" hinymlavln — ] + uy
V can be expressed in terms of C[m,l], As,[n,k], and
Py, [k] = No|F[k 112 (the power spectral density of wg[n]).
For simplicity, we only present the upper bound

N/M 1M—1
—27 (16)
Y2 2 s

where
B £ E., R%[0,0] + 2NE,, Ru[0,0] [Py, [K]]

with Rg[0,0] = M- N/M 'Clm,1] (the average
path loss [2]) and ||ow||2 Ziv ' p2 ;K]
o (16), the variance may be high if |Amv rM, sM]| con-
tAains small values. For comparison, the mean variance of
Capn[m, 1] in (15) is bounded as

B N?
Varn < LE,
Since |Amv[rM,s%]|2 < EZ?_, the bound on V in (16) is
always > the bound on Vapn in (17), with equality if and
only if z,[n] = K(SM[n] (where |Aw1, [rM, s | = E,,).

In conclusion, the “equalization” causes our estimator to
be unbiased for any z,[n] but it may result in a larger vari-
ance if z,[n] # K dn[n]. However, the variance can always
be decreased by more averaging (i.e., a larger L) whereas a
nonzero bias can never be decreased (cf. Section 5).

2
+ N[Pu, |

max

According

(17)

On-line estimation. Finally, we outline an extension of
our scattering function estimator to on-line operation during
data transmission (see [17] for details). Here, the sounding
signal z[n] is a segment of the data signal which is assumed
known (since the data have been detected). In general, this
data signal will not generate an appropriate virtual sounding
signal. Therefore, we replace the receive filter f[n] by a bank
of N/M receive filters fr[n] (r = 1,---, N/M), where f,[n]
is matched to the rth length-M block of the input signal,
ie., fr[n] =2*[rM —n] for n =0,1,---, M — 1. The overall
output signal is formed as

N/M—1
yslnl £ ) weln],
r=0
where y,[n] £ y;, [n]rectar[n — rM] = (y * f»)[n] rectar[n —
rM] is the windowed output of the rth receive filter (here,
recta[n] denotes the rectangular window with support
[0, M —1]). Assuming suitable correlation properties of the
data signal z[n] (which typically hold for CDMA and OFDM
signals), it can be argued [17] that this approach approxi-
mates an impulse-train virtual sounding signal.
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Figure 1. Comparison of MSEs e¢ (solid line) and €4,

(dotted line) as a function of L for matched receive filter
(Ny = 31): (a) no noise, (b) SNR = —8dB.

5 SIMULATION RESULTS

In order to assess the performance of our estimator, we
simulated a random time-varying channel that corresponds
to a system operating at carrier frequency 1.8 GHz with
maximum Doppler shift Bp = 100Hz (corresponding to
maximum velocity 60km/h) and maximum delay spread
Tmax = 7ps. We assumed a sampling frequency of f, =
1MHz and a sounding duration of about 150 ms, resulting
in N = 149358, N,, = 7, and N; = 15. The sounding pulse
g[n] was chosen as a maximum-length pseudonoise sequence
of length M = 31, corresponding to a duration of 31us. Since
N, N; = 105 € N, we were able to implement a subsampled
version of our estimator in which the subsampled ambiguity
function (cf. Section 4) was once again subsampled.

In the following, e and g4, , - will denote the (estimated)
mean-square error (MSE) of C[m,[] and Capn[m, I], respec-
tively, summed over m and ! and normalized by ||C||>. We
note that the theoretical MSE is the sum 9f the squared
bias and the variance, and we recall that C[m,!] is unbi-
ased (hence, 4 theoretically equals the variance). Fig. 1
compares €5 and €4, , - as a function of L (the number of
soundings used to calculate the estimators), both for the case
of no noise and for an SNR £ L S"N-VE{|y;[n]|*}/(E;No)
of -8dB. The receive filter f[n] is matched to the length-31
sounding pulse g[n]. It is seen that for small values of L,
€¢ is slightly larger than 4, thus indicating that Clm, 1]
has a larger variance than Capn[m,]. However, for larger
L where the variances have already been reduced by averag-
ing, the unbiasedness of C[m, I] dominates, causing e, to be
smaller than e4, . The decay of 4 and eg, | is initially
according to 1/L. However, for larger values of L both e
and g4, level off. The main reason for this behavior (be-
sides the nonzero bias in £, ) is a noticeable commutation
error (cf. (8)) that increases the MSE of both estimators.

To reduce the commutation error, we next truncated the
receive filter such that Ny =7 = M /4. The resulting MSE
curves are shown in Fig. 2. Whereas the filter truncation de-
creases the commutation error by a factor of approximately
four according to (8), it also deteriorates the virtual sound-
ing signal ,[n]. This causes Capn[m, ] to have a large bias
and hence a large MSE which is approximately constant. In
contrast, the “equalization” inherent in C [m, ] compensates
for the nonideal sounding signal, resulting in unbiasedness
and thus a decay of e5 according to 1/L. Hence, for val-
ues of L that are not too small, such that the variance is
sufficiently decreased, ¢4 is much smaller than e, .
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(a) (b)
Figure 2. Comparison of MSEs €4 (solid line) and €4,

(dotted line) as a function of L for truncated receive filter
(Ny =7): (a) no noise, (b) SNR = —8dB.
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