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Noise Reduction in Oversampled Filter Banks Using
Predictive Quantization
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Abstract—We introduce two methods for quantization noise the popular sigma—delta techniques [11]-[13]. Using low-res-
reduction in oversampled filter banks. These methods are based on olution quantizers increases circuit speed and reduces circuit
e e v o s o e rsdte COMIPEA. Lbi codeworcs, or exampl, lminate he need
subband coders are well sSited for subbapndgcoding ap%lications for W°r9' framing [14]. We, furth.er_more, study rate-dlstortlon. .
where, for technological or other reasons, low-resolution quan- Properties of oversampled predictive subband coders. Specifi-
tizers have to be used. In this case, oversampling combined with cally, we demonstrate by means of simulation results that over-
noise shaping or linear prediction improves the effective resolution sampled predictive subband coders are inferior to critically sam-
e e o aeeead e sene avanzaton noeapled SuBbaNd Coders fom a pure rate-dstorton poit of view,
reduction aﬁd resolution enhancement, and tg investigate the (An information—thgoretic treatment of the rate-distqrtion prop-
rate-distortion properties of the proposed methods. erties of one specific class of redundant representations, namely,

Index Terms—Filter banks, frame theory, linear prediction, fram.es of sincfunction.s or equivalently oversampled A/D con-
noise reduction, noise shaping, oversampling, quantization, rate- Version, can be found in [17] and [18].)
distortion theory, sigma—delta converter, subband coding. As a basis for our development of predictive quantization in
oversampled FBs, we provide a subspace-based noise analysis
of oversampled FBs. In particular, it is proven that the perfect
reconstruction (PR) synthesis FB corresponding to the para-

ECENTLY, oversampled filter banks (FBs) have receivepseudo-inverse of the analysis polyphase matrix minimizes the

increased attention [1]-[10], which is mainly due to theireconstruction error variance resulting from uncorrelated white
noise reducing propertieandincreased design freedo(ne., noise in the subbands. This result is then generalized to include
nonuniqueness of the perfect reconstruction synthesis FB fatarelated and/or colored subband noise signals. The fact that
given analysis FB). In this paper, we introduce two techniquesher PR synthesis FBs lead to an additional reconstruction error
for quantization noise reduction in oversampled FBs. Theserresponds to a fundamental tradeoff between noise reduction
techniques are based on predictive quantization, specificabyd design freedom.
on noise prediction (noise shapinghdsignal prediction The The paper is organized as follows. In Section II, we develop
corresponding oversampled subband coders can be viewed 8sbspace-based stochastic noise analysis of oversampled FBs
extensions of oversampled predictive A/D converters [11]-[13hd we calculate the PR synthesis FB minimizing the recon-
and of critically sampled predictive subband coders [14]-[16Ftruction error due to noise. Section Il introduces oversampled

We show that predictive quantization in oversampled FBwmise shaping (noise predictive) subband coders. We calculate
yields significant noise reduction at the cost of increased hfte optimum noise shaping system and provide simulation re-
rate. Hence, oversampled predictive subband coders allowstdts demonstrating the achievable noise reduction. Oversam-
trade bit rate for quantizer accuracy. They are, therefore, wpled signal predictive subband coders are introduced in Section
suited for subband coding applications where, for technologid® The optimum multichannel prediction system is calculated
or other reasons, quantizers with low accuracy (even single-kit)d the achievable resolution enhancement is demonstrated by
have to be used. The practical advantages of using low-resitmulation results. Finally, Section V concludes our presenta-
lution quantizers at the cost of increased rate are indicated tiyn.
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error variance due to noise and describe a tradeoff between nc power spectral density of noise

reduction and design freedom in oversampled FBs.
A. Brief Review of Frame Theory /
The theory of frames [19]—-[21] is a powerful tool for the study
of redundant (overcomplete) signal expansions. A function s f
. . . /R ) E_B
{gr(t)} with & € Z is called aframefor L?(R) ift 3 =5 z — D0

(a)

2 < ) 2 < 2 2
All=l” = Z [z, gi)I” < Bllzll” ¥ 2(t) € L(R) (1) power spectral density of noise

k=—o0

3
I

with the frame boundsd > 0 andB < oc. If {gx(t)} is a
frame for L?(R), any signak(t) € L?*(R) can be decomposed /\
as [19]-[21] / \

AV NI
I': ‘l| / \ f

2(t)= D {x do®) = D (@, g)du(t). ‘ ? ?
k=—o00 k=—o0 (b)
Here,gr(t) = (S~ g )(t) whereS™" is the inverse of thlame
operatorS that is defined as Fig. 1. Reconstruction of analog signal by low-pass filtering. (a) Critical case.
(b) Oversampled case.
(8z)(t) = kz {, g1} or(1)- which shows that A/D conversion can be interpreted as an ex-
L=—00

pansion ofz(¢) into the function se{g(t)}.

The function sef{ g (#)} is again a frame (the “dual” frame), The frequency-domain expression of the frame opegiiof
with frame boundsA = 1/B and B = 1/A. The frame {g1(t)} is given by

bounds determine important numerical properties of the frame oo

[19]-[21]. A frame is calledsnugif B/A =~ 1 andtight if SX _ X, G1)Gr(f) = F, rect X

B/A = 1. For a tight frame we havd = AI (wherel is (80 Z X GG 2 (1) X

k=—oc0
the identity operator onL?(R)), and hence there is simply
. T where
9x(t) = 5 gr (D). o
_ _ —j2% ft
B. Noise Analysis and Design Freedom in Oversampled A/D Gi(f) = (Fgi)(t) = /_Oo ge(B)e™ " dt
Conversion . _ N .
As a motivation of our noise analysis of oversampled FBs ({% the Fourier transform gj(¢) andS = FSF". Since
be presented in Section II-C), this subsection provides a frame- (§X)(f) =F.X(f)
theoretic, subspace-based interpretation of noise reduction in o )
oversampled A/D conversion. for x(t) Bo-band-limited, we can conclude thég.(t)} is a

We shall first interpret A/D conversion as a frame expansidight frame for the space aB,-band-limited functions, with
[19]-[21]. From the sampling theorem [22], [23], we know thalfame bounds;ﬁl = B = F,. Hence, the dual frame is given
a band-limited continuous-time signa(t) with bandwidthB, Y 9x(t) = 7 gx(). This shows that the interpolation for-

can be perfectly recovered from its sampl¢&7"), whereT = mula (2) or (3) corresponds to a reconstruction using the dual
L with F, > 2By, i.e. frame. Moreover, it is easily checked that for critical sampling

(K=1lorT = ﬁ) the g, (¢) are orthogonal to each other,
i.e., {gx, 1) = 2Bod[k — I]. In the oversampled case, the set
{gx(t)} is redundant.
The reconstruction of (¢) from its samples:(k7T) can alter-
Here sinc («) = % andiK = 2%0 is the oversampling factor. natively be interpreted as the application of a low-pass filter to
The samples: (k1) can be written as(k1) = (x, gx), where thesignal ;> x(kT)é(t—kT). In the case of critical sam-
gx(t) = 2By sinc [27 Bo(t — kT')]. Thus, (2) can be rewritten aspling (i.e., F, = 2B), the ideal low-pass filter of bandwidth
00 B, is the only filter that provides PR af(¢) [see Fig. 1(a)]. In
z(t) = — (z, gr)gn(t) (38) theoversampled case (i.&}, > 2By), an infinite number of re-
e —oo construction low-pass filters will provide PR [see Fig. 1(b)]; the
) . resulting design freedom [12] can be exploited for designing re-
m;'::reLz(R) denotes the space of square-integrable functigns Further construction filters with desirable filter characteristics like, e.g.,
rolloff.
(z,y) = / x(t)y"(t) dt Assuming quantization errors modeled as additive white

o noise, with the quantization error variance per sample held
(where the superscript stands for complex conjugation) denotes the inner
product of the functions(¢) andy(¢), and||z||? = (=, ). 2Hererect g, (f) = 1 for|f| < By andrect g, (f) = 0 else.

x(t) = — Z (kT )sinc [2m Bo(t — kT)). @)

k=—oc
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z[n] o Ho(z) > lM o > TM o Fo(z) |
0
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T_> Hy_4(2) > lM UN_I[m]> TM > Fn_1(2) —j——» E[n]
Analysis filter bank Synthesis filter bank

Fig. 2. N-channel uniform filter bank.

constant, and employing an ideal low-pass reconstruction filterl) Oversampled FBsWe consider anV-channel FB (see

with bandwidthBj, it follows from Fig. 1 that the reconstruc- Fig. 2) with subsampling by the integer factdd in each

tion error variance? in the oversampled case is given by [12]channel. The transfer functions of the analysis and synthesis
filters are Hy(z) and Fy(z) (k = 0,1, ..., N — 1), with

0’_3 _ 1 corresponding impulse responseég[n] and fi[n], respec-

2 K tively.3 In a critically sampled (or maximally decimated

) _ ) ) ~ FB we haveN = M and thus the subband signalg[m]
whereo? is the reconstruction error variance in the critically; — 0,1,..., N — 1) contain exactly as many samples

sampled case anl’ = 5 is the oversampling factor. Any per unit of time as the input signain]. In the oversampled
other reconstruction filter providing PR must pass some of thgsey ~ A/, the subband signals are redundant in that they
noise outside the signal band [see Fig. 1(b)] and will thus le@@ntain more samples per unit of time than the input signal. (In
to a larger reconstruction error variance. In this sense, there gxfinite-dimensional setting, oversampling would correspond
ists a tradeoff between noise reduction and design freedomdnyepresenting ad/ x 1 vector usingV > M expansion
oversampled A/D conversion. Practically desirable (or realigpefficients.)

able) reconstruction filters (i.e., filters with rolloff) lead to an The & x A7 analysis polyphase matrik(z) is defined as

additional reconstruction error. [E(2)]r.n = Ex n(z), where [24], [25]
We shall finally provide a frame-theoretic, subspace-based " ’

interpretation of these well-known facts. For oversamplin% = .

factor K, the range spac® of the analysis (sampling) operator k()= D2 hfmM —nl™",

T:x(t) — x(kT) is the space of discrete-time functions band- mz__c’oo . N1

limited to the intervab € [ 5=, 5=]. Reconstruction ok (%) IR

using the ideal low-pass filter of bandwidii, (or, equiva- gimjlarly, the M x N synthesis polyphase matrR(z) is de-

lently, in the dlscrete—t!me_domam, bandwdﬁg) corresponds fined as[R(2)]n. 1 = Ri.n(2), where

to an orthogonal projection ont®; on the other hand, we ' '

recall that it also corresponds to a reconstruction using the dual i o

frame gx(t) = # gx(t). Hence, it follows that reconstruction B, n(2) = Z FelmM +nl2™™,

using the dual frame involves an orthogonal projection onto meTee

R. This projection suppresses the noise component lying in

the orthogonal complemer®+ of the range spac® (cor-

responding to the out-of-band regigh- < |6] < 1). This . .

intuitively explains why reconstruction using the dual frame . —m . —m

leads to minimum reconstruction error. E(z) = Z Enmz R(z) = Z Rz “)
In Section 1I-C, we shall see that a similar tradeoff between

noise reduction and design freedom arises in oversampled FBgh

The analysis is less intuitive there, however, since the signal

spacesk andR ' do not correspond to simple frequency bands.

and

C. Noise Analysis and Design Freedom in Oversampled FBs Rinln, & = fulmM +n].

., n=0,1,...,M—1.

k=01,...,N—1, n=0,1,...,M—1.

We have

m=—0o< m=—0o<

[Em]k,n = hk[mM — 7‘L]

After this discussion of oversampled A/D conversion, we now

turn to oversampled FBs. In this subsection, we will provide . ; X
i . : - Wherez[n] andi[n] denote the input and reconstructed signal,

a stochastic noise analysis of oversampled FBs and descrlbr%Sa ectively. FB analysis and synthesis can here be interpreted

tradeoff between noise reduction and design freedom. We begmp Y- y y P

with a brief review of oversampled FBs. 3HereH(z) = 3.°° ___ hi[n]z—" denotes the-transform offu [1].

For an FB with PR and zero delay, we hatf] = z[n]
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N

as a signal expansion [24]-[26]. The subband sigagla] can according tdR(~) = R(») corresponds to reconstruction using
be written as the inner products the dual frame [2], [1], [9].

This nonuniqueness of the PR synthesis FB corresponds to
an increased design freedom (as compared to critically sampled
FBs) [1], [9] that is a major advantage of oversampled FBs. Cer-
tain PR synthesis FBs have desirable properties (such as good
frequency selectivity, linear phase, etc.) that may not be shared
by the PR synthesis FB corresponding to the para-pseudo-in-
versef{(z). Such properties are especially important in coding
applications where the synthesis filters determine the perceptual

Nl > impact of quantization errors. In the oversampled case, there-
= Z Z (%, he, m) fie, m[n], fore, we can impose additional properties (besides PR) on the

k=0 m==co synthesis filters and perform an optimization over all PR syn-

with  fi, m[n] = fuln —mM]. thesis FBs. Using the parameterization (7) or related ones [10],
This shows that the FB corresponds to an expansion lgf: [9], this canbe done by means of an unconstrained optimiza-
the input signalz[n] into the function set{f; .[n]} with tion procedure since PR need not be incorporated via a side con-
k= 0,1,...,N —1and—oc < m < oc. Critically straint. We note that this increased design freedom in oversam-

sampled FBs correspond to orthogonal or biorthogonal sigri$d FBS is similar to that in oversampled A/D conversion (see
expansions [27], [25], whereas oversampled FBs correspo%%?t'on [I-B). In Section II—C_4, we shalll show that.agam there
to redundant (overcomplete) expansions [25], [2], [1], [7FX|stsa'Fradeoff be_tvyeen noise reduction and de_slgn freedom.
[28]. If {hy. m[n]} is a frame for2(Z), we say that the FB 3) No!s.e.AnaIysus in Oversampled FBWe'negtlnves'tlgate
provides a frame expansion. The frame bourdand B or, the sensitivity of oversampled FBs to (quantization) nqige:|
equivalently, A = 1/B andB = 1/A determine important adQed to the subband signalgm]. The N-dimensional vector
numerical properties of the FB [21], [1]. The subband signaf¥!S€ Process

ulm] = (z, he,n) Of an FB providing a frame expansion
satisfy [cf. (1)]

Uk[m] = <377 hk,m>7
with hy p[n] = hpmM —n], k=0,1,..., N —1.

Furthermore, with the PR property, we have

N—1 oo
sl =2l = > > wmlfi,mll

k=0 m=—o0

a[m] £ [go[m] ai[m] - an_[m]]”

is assumed wide-sense stationary and zero-meanNTheN
power spectral matrix ofi[m] is

S,()= Y ¢l

l=—c0

N-1 =9}
Al < > > lealm]l® < Blle|?
k=0 m=—oc
with0 < A < B < oo. Itis shown in [1] and [9] that
the (tightest possible) frame boundsand B of an FB pro- . . y
viding a frame expansion are given by the essential infimum akh the autocorrelation matri, [I] = £{q[m]q” [m — ]},

supremum, respectively, of the eigenvaligéd) of thes x i Where& denotes the expectation operator. _
matrixt S(ei2?) = BH (/270 E(e/27?) Itis convenient to redraw the FB in the polyphase domain as

shown in Fig. 3 [24]. Here

Y z[n] € I*(2)

A= essinf An(6)
6C[0,1),n=0,1, ..., M—1 x(z) = [Xo(2) X1(2) -+ Xp_1(2)]"
B = esssup An(8). 5 .
6¢[0,1),n=0, 1, ..., M—1 (6) ®) with
2) Design Freedom in Oversampled FBAn oversampled Xo(2) = i Z[mM +n)e™
FB satisfies the PR conditiat{n] = z[r] if and only if [1], [2] =
R(Z)E(Z) = I]w (6) -
wherel y; is theM x M identity matrix. For analysis polyphase q(z) = Z q[m]z™"
matrix E(z) given, the PR synthesis polyphase maRikz) is m=—co

not uniquely determined: any solution of (6) can be written ag, 4
[1], [9] (assuming rankE(z)} = M a.e.)

R(z) = R(2) + U(z)[Iy — E(2)R(2)]. @)
Here,R(z) is the para-pseudo-inverse Bfz), which is a par- with
ticular solution of (6) defined as

R(z) = [E(2)E(z)] " E(2) @)

Xn(z) = Z Z[mM + n]z7™.

o

andU(z) is anM x N matrix with arbitrary elementdJ(z)] ; (Note thaig(z) is just a notational aid since;,"_ _ q[m]z~"

satisfying|[U(e?2™)]1..1| < oo. Choosing the PR synthesis FBmay not converge.) Assuming an arbitrary PR synthesis FB
R(z), we have [see Fig. 3 and (6)]

%(2) = R(=)[E(2)x(2) + a(2)] = (=) + R()a(2).

4The superscripH denotes conjugate transposition.
SHere,E(z) = EH(1/2*) is the para-conjugate @& ().
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a(z) FB (corresponding to a tight frame expansmn [2], [1], [9]) with
normalized analysis filters, we have = B = [1] [9] and
(10) yields
x(2) ﬁ E() R(z) > 2() o2 1 "
o2 K (11)

Fig. 3. Adding noise to the subband signals (polyphase-domafimilarly, for an FB corresponding to a snug frame,~ B
representation). and thusj—g ~ +. Hence, paraunitary FBs or FBs providing
snug frame expansions are desirable since it is guaranteed that
small errors in the subband signals will result in small recon-
e(2) A %(2) — x(z) = R(2)q(2). _structl_on errors. ThIS is important in s_lgnal coding a_\ppllcan(_)ns
involving quantization errors and in signal processing applica-
In the time domain, the reconstruction eregn] is wide-sense tions involving intentional modifications of the subband signals.
stationary and zero-mean, wifii x M power spectral matrix Since in the critically sampled caséé 02| g=1 = 03, (11) can

Hence, the reconstruction error vector is given by

[24] be rewritten as
Se(2) = R(2)S4(»)R(2) o _ 1
o2 K’
and variance _ . _
12 .Th'us, for a paraun!tary FB, the reconstrqchon error variance
/ Te{R( 612770)8 (2 RH (£3270)) g is inversely proportional to the oversampling factér = %
T M 1/2 which means that more oversampling entails better noise re-

duction. Such a I/K behavior” has been observed in Sec-
p ) tion 1I-B for oversampled A/D conversion, which was shown
q’“,[m] a ankf [”? Jare gncorre;ated for # k ";‘”d.a'so forn # to correspond to a tight frame expansion. Since also a parau-
m) with identical variances, = &{|gx[m| .}’ e, Gyl .~ nitary FB corresponds to a tight frame expansion] t& be-
oZIn6[l] andS,(#) = o1y, the reconstruction error variance, . .- 4oes not come as a surorisel AKX behavior has fur-
simplifies to irp P oenavior has Tur
thermore been observed for tight frames in finite-dimensional
172 2O H /26 spaces [21], [29] and for reconstruction from a finite set of
% =M / Tr{R(’")R" (/™) } df. ©) Weyl-Heisenberg (Gabor) or wavelet coefficients [21], [30].
Under additional conditions, 5 K behavior has been demon-
This result permits an interesting frame-theoretic interpretrated for Weyl-Heisenberg frames in [30]. In [5], [31]-[34],
tation. Assuming reconstruction using the dual frame, i.&yased on a deterministic quantization noise model, a nonlinear

In particular, for uncorrelated white noise signajgm] (i.e.,

1/2

R(z) = R(z) [see (8)], and using set-theoretic estimation method is used to achievg/? be-
M—1 havior for frames of sinc functions (A/D conversion) and for
Te{R(/>*) R (¢/27)) = Z An(6) Weyl-Heisenberg frames. In Sections Il and IV, we shall pro-
o pose oversampled predictive subband coders that are based on a
L ) ) ) stochastic quantization noise model. These subband coders also
with X,,(#) denoting the eigenvalues of the matrix achieve al/K? performance and in some cases can do even
—1/ jon8\ _ Tas . j2n0\Ta H/ _jom6 better.
ST = R{TTHRT(E) Unfortunately, the assumption of uncorrelated white noise
it follows from is not justified forK > 1. For arbitrary (possibly correlated
. ] - and/or nonwhite) noise with power spectral matfiy(z), a
A= 6c[0,1) eS:SOH}fW M1 Aa(8) noise whitening approach can be employed. Using the factoriza-
- o o ~ tionS,(z) = Sl/Q(z)Sl/Q( ) (which is guaranteed to exist [35],
B= €ss sup An(6)

[36]), itis easily seen that the system depicted in Fig. 3 is equiv-
alent to a system with noise power spectral mafijz) = Iy

[cf. (5)] that (corresponding to uncorrelated white noise with equal variances
o2 = 1lin all channels) ifE(>) andR(z) are replaced by

6c[0,1),n=0,1, ..., M—1

i<’ < B )
B E®(z) = S (2)E(2)
i.e., the reconstruction error varianeg is bounded in terms and
of the frame boundsd, B, and the subband noise vari- R@(z) = R(2)SY?(2)
anceo. For normalized analysis filters, i.g|f|| = 1 for

respectively. The double inequality (10) continues to hold if the
frame bounds in (10) are replaced by the frame bounds of the
¥B R (). Similarly, (11) continues to hold IR{?)(z) is pa-
SHere, Tr{-} denotes the trace of a matrix. raunitary.

k=0,1,..., N—1,itcanbe shown [1], [9] that < + <
where K = % is the oversampling factor. For a paraunitar
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e, [n] are uncorrelated [37]. Hence, their variances, denoted, re-

R - spectivelys% ando?, can simply be added to yield the overall
(*(Z)] reconstruction error variance
03 = rf% + O’i. (14)
R.L

This relation leads to the following result.

Proposition 1: For an oversampled PR FB with uncorrelated
and white subband noise signals with equal variafgcm all
channels, the synthesis FR(z) minimizing the reconstruc-
tio%'w error variance among all PR synthesis FBs (i.e., among all

Fig. 4. Range space of analysis FB and its orthogonal complement.

4) Noise Reduction Versus Design Freedom in Oversamp satisfvinaR.(z — I.) is the para-pseudo-inverse
FBs: We shall now establish a subspace-based interpretati 7; _ []g( )g (()]) 1(]32 ) Ong(7) anc?the F:esulting min-

of noise reduction in oversampled FBs that is analogous to H’}lﬁu
interpretation given for oversampled A/D conversion in Sec-

m reconstruction error variance is

tion II—B.'Let us _define the FB analysis operafblrthat assigns A /1/2 Tr {R GJQWG)RH(GJ%TG)} de.

to each input signak[n] the subband vector signalm] = ’ M 1/2

[vo[m] vi[m] --- vn_1[m]]T. The orthogonal projection op- _ _ (15)
erator on the range spa@&C [I2(Z)]" of T'is given byPx = Proof: According to (13), the variance componer

TS~'T* [21]. Since the analysis operatft, its adjointZ*, does notdepend on the. parameter makfix), and thus it does
and the frame operatd are represented by the matridgg:), hot depend on the particul&(z) chosen. On the other hand,
E(z), andE(z)E(z), respectively [1], [9], the matrix represen-the “orthogonal” variance componeat in (13) and (14) is

tation of P is an additional variance that is zero for aj(~) if and only if
~ ~ . Uz )PL(z) = 0, which yieldsR(z) = R(z). The expression
Pr(?) = E(2)[E(»)E(2)] 'E(2) = E()R(2). for 62 i, in (15) is obtained from (9). O
Similarly, Hence, usingf{(z) will suppress all noise components or-
. thogonal to the range spa#& whereas any other PR synthesis
P (z) =Iy — Pr(z) = Iy — E(z)R(z) FB (possibly with desirable properties such as improved fre-

uency selectivity, etc.) will lead to an additional error variance

o1 since also noise components orthogonaRtare passed to

the FB output. Thus, similar to oversampled A/D conversion

(see Section 1I-B), there exists a tradeoff between noise reduc-

7) tion and design freedom. Even though in the FB case the spaces
R andR* no longer correspond to frequency bands, the same

R(z) = R(2)+ U(»)[Iy - E(x)R(2)] = R(2)+ U(2)P,(») Interpretations and conclusions as in oversampled A/D conver-

(12) Ssion apply.
so that PR is satisfied. With (12), the reconstruction error can ben the case of correlated and/or colored noise signals, the

is the matrix representation of the orthogonal projection opeqr
atorPy. = I — Px on the orthogonal complemeRt- of R
(see Fig. 4).

Let us consider an oversampled FB wR{z) chosen as in

decomposed as above results continue to hold if the matridgéz) andR(z)
X are replaced by
e(z) = ( )CI(7) [R(Z) + U(Z)PL(Z)]C[(Z) E(q)( ) S 1/2( )E(Z)
—en(2) +eu(2) o
where R (2) = R(2)S}/*(z)

er(z) = R(2)q(z) and e, (z)=U(2)PL(2)q(z). (13) respectively (cf. Section II-C3). In particular, for a given anal-
) . R _ . ysis FB with polyphase matrik(z) and for a given noise power
SinceR(z)Pr(z) = R(z), we can equivalently write spectral matrixS,(z), the synthesis FB minimizing the recon-
- struction error variance is defined by [cf. (8
er(z) = R(2)Pr(2)q(z) y [cf. (8)]

_ _ _ R (2) = [EQ()EY (2)] LE@(2)
which shows thagr (=) is reconstructed from the subband noise _
componeniPx (z)q(z) that lies inR. Similarly, which yields

e.(2) = U(Z)PL(2)q(2) R(z) =RW(2)S,V/*(2)

n —1 —1g —1
is reconstructed from the subband noise compoRert:)q(z) = [B()S, ()E@)]E)S, ().
that lies inR L. We finally note that the tradeoff between noise reduction and
For subband noise signadg[m] that are uncorrelated anddesign freedom discussed above is not restricted to redundant
white (i.e.,S,(z) = o.1y), it follows from the orthogonality shift-invariant signal expansions (such as oversampled A/D
of the space®R andR' that the error componentsz[»] and conversion and oversampled FBs) but is inherent in general
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+ the quantization step size and thereby reduce the overall con-
X(z) /—P Q Xq(2) verter complexity. From Fig. 5, it follows that the coder output
. - signal is given by, [n] = z[n] + g[n] — ¢[n] or, equivalently,
Q) AL X,(z) = X(2) + G(2)Q(z). Note thatz[n] is not affected by
+ the noise-shaping system, wheregs is passed througfi(z).
- G(2) Q@) Hence, the reconstruction error is

Fig. 5. Noise-shaping A/D converter. The quantizer (box lab&)dadds We now provide a frame-theoretic, subspace-based interpre-
quantization noisg[n] <~ Q(z). tation of noise shaping which will motivate our results in Section
[1I-B. In a noise-shaping coder, the quantization noise is effec-
redundant representations. In general, more oversampling tefiggly moved to a high-frequency band which is then attenuated
to result in better noise reduction since the range sfiaeand by the low-pass reconstruction filter (see Fig. 6). Equivalently
thus also the fixed noise componert—becomes “smaller.”  (recall from Section II-B that the signal bares}: < 6 < 55
corresponds to the range sp&ef the analysis/sampling op-
I1l. OVERSAMPLED NOISE-SHAPING (NOISE PREDICTIVE) eratorT’), the quantization noise is moved to the orthogonal
SUBBAND CODERS complementR+ of R. Reconstruction using the dual frame,

i.e., ideal low-pass filtering with minimum bandwidth, then per-

This section mtrolduces a methoq for noise _reductlon inoveE s an orthogonal projection onfdthat suppresses all noise
sampled FBs that is based on noise prediction. The resultl&gh_lponents ih RL
e

noise-shaping (noise-predictive) subband coders can be view
as extensions of oversampled noise-shaping A/D convertess,

which will be reviewed first. Noise Shaping in Oversampled FBs

We recall from Section II-C that the subband signalsn| in
A. Oversampled Noise-Shaping A/D Converters an oversampled PR FB constitute a redundant representation of

Noise feedback coding has found widespread use in A/D cotrqf.e FB input signak(n], with the range spacg of the FB anal-

: N
version [11]-[14]. A noise-shaping coder, modeled as an e¥_|s_|s operatoff’ being a subspace @F(Z)]". This analogy to

. . s : P oversampled A/D converters again suggests the application of
tirely discrete-time system [L1], is shown in Fig. 5. Heke) noise shaping. The goal is to exploit the redundancy of the sub-

See:s?(t)iso;htﬁ:;ann;?m;i or:atl? S)'Zggt signal (the oversample%and signal samples in order to push the quantization noise to
99 the orthogonal complement spaBe-. The noise-shaping sub-

L band coders introduced here combine the advantages of subband
Gz)=1- Zg[l]z_l coding with those of noise or error feedback coding.
=1 1) The Noise-Shaping Subband Codé&ke propose a multi-

input multi-output (MIMO) noise-shaping system, represented
by an N x N transfer matrixG(z), that is cradled between
. the analysis FBE(z) and the synthesis FBR(z) as depicted
) A in Fig. 7. The quantization noisg z) is fed back through the
q[n] = Z glllaln =11 Q(z) = [1 - G(z)]Q(2) noise-shaping systefia, — G(z) ?f(yi)eld the quantization noise
=1 estimateq(z) = [In — G(2)]q(z), which is then subtracted
where Q(z) is the z-transform of the quantization noise sefrom the subband signal vecterz) = E(z)x(z). Assuming
quenceg[n]. The noise-shaping system is designed such tren FB with PR (i.e.R(z)E(z) = I,s), the reconstructed signal
4[n] optimally estimates or predicts tiie-bandcomponent of is obtained as
the current quantization noise samp|e] based on the padt
noise sampleg[n — 1], g[n — 2], ..., gln — L] [11]. In this  X4(2) = R(2)[E(2)x(2)+G(2)q(2)] = x(zHR(2)G(2)q()-
sense, noise-shaping coders can be interpreted as noise-predic- . i
tive coders. Equivalently, the goal is to minimize the in-banfi follows that the reconstruction error equajéz) filtered by
component of[n] — [n], i.e., the component lying ik, the G(#) and then by the synthesis Fi(z)
range space of the analysis/sampling oper#tdrom Section
II-B. The out-of-band component (lying iR+) is subsequently e(2)
attenuated by the reconstruction low-pass filter in the deco
(not shown in Fig. 5).
The signal presented to the quantizet|is] — ¢[n], which re- . 5N
sults in an effective noise reduction whiIEa ]Ieav[in]g the A/D con- Se(2) = R(2)G(2)8, () G(:)R(2)
verter's dynamic range unchanged (this is fundamentally dif-?From this interpretation, it appears that the optimal noise-shapingdiltej
ferentfrom a signal predictive coder discussed in Section IV-A}?(F’“'d be the ideal high-pass fiter with passbapid < |6] < 1/2, since this
. . . . . ter projects the noise ont® - and after reconstruction no noise would be
Since the in-band noise power is reduced relative to the quatll; However, this filter is not realizable and would lead to a noncausal system
zation noise power of the A/D converter, itis possible to increase- G(») that cannot operate in a feedback loop.

is the noise-shaping filter of orddr. The quantization noise
estimate is obtained as

1173

x,(2) — x(2) = R(=)G(2)q(2).  (16)

der
ﬁence, theMl x M power spectral density matrix efz) is [24]
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G(ejzére)
power spectral density of noise
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Fig. 6. Typical noise-shaping filter.

v(z)
_|._

x(z) =/ E(2)

:> x4(2)

Fig. 7. Oversampled noise-shaping subband coder (polyphase-domain representation).

and the reconstruction error variance is HereL denotes the order of the noise-shaping system. The quan-
1/2 tization noise estimat§[n] now becomes
2 1 j276 j27w6 j276
7= [ BREE(S, ()
M _1/2

L
G (I RY (7)) dh.  (17) a[n] = ; Gqfn — 1.

f T:e optimum noiseh—shap_ing systlzmbminimiz?s V|Vithout Tge purpose of the noise-shaping systBm— G(z) is to es-
urther constraints, the noise cou e completely remov . o S ” .
(02 = 0) uSingG(z) = Ty — E(z)R(2). Indeed, inserting this fimate or predict the quantization noise component that will be

into (16), it follows with R (2)E(z) = I thate(z) = 0. In the passed by the synthesis BB =), based on the past noise sam-

: y - plesq[n — 1], q[n — 2], ..., q[n — L]. In the case of recon-
case of reconstruction using the dual frame, B{z) = R(z), ¢~ o using the dual frame, i.R(z) = R(), the syn-
this ideal noise shaper is

X thesis FB passes everything in the range sgack this case,
G(z)=Ixy —E()R(2) =P,(2) the noise-shaping system has to predicithengecomponent
of q[n], i.e., the quantization noise componentfin Equiva-

the orthogonal projection operator on the orthogonal compll%-ntly the optimum noise-shaping system pushes the quantiza-

1 : , .
ment R of the _analy5|§ FB's range _:spadé (see_ Section tion noise to the orthogonal complement sp&:e that is sub-
[1-C4). Thus, the ideal noise shaper projects the noise Britp o

Sg uently suppressed B =).

and the projected noise is then suppressed by the synthesis Calculation of the Optimum Noise-Shaping Systaie

R(z) that involves an orthogonal projection orifo. This is . : . ) . .
N . ; ow derive the optimal noise-shaping system, i.e., the matrices
similar to oversampled A/D conversion where the theoretical L : . :
4 minimizing the reconstruction error varianggin (17). We

|dea_l n(_)lse-s_haplng filter was seen to be an ideal hlgh-pasﬁ1aII frst aseume uncorrelated white quantization noise with
(projection) filter.

equal noise variance in all channels, i€,[/] = o Ix6[(] and

Unfortunately, this ideal noise shaper is inadmissible sin s . ) .
it is not causal and therefore cannot operate in a feedback Io%j&(z) = o, Ly Inserting (18) and (4) into (17), itfollows after

Hence, we hereafter constrai(z) to be a causal finite-impulse figthy but straightforward manipulations that

response (FIR) MIMO system of the form o2 L L L
. ngﬁq Tr{To—> [OGI4I{ G+ > GLY T, Gy
G(z)=Iy - ) Gz (18) =t m= =
(2) 12:) (19)
resulting in a strictly causal feedback loop system with the N x N matrices

L 00
In — G(2) = Z Gz~ I, = Z R Rt
=1

m=—0ocG



BOLCSKEI AND HLAWATSCH: NOISE REDUCTION IN OVERSAMPLED FILTER BANKS 163

that satisfyI'”, = TI. Here, the FB has been assumed For a paraunitary FB with normalized analysis filters

real-valued and we recall th&,, was defined in (4). Setting (||« = 1), we havelr {I'o} = 4. Hence, (22) becomes
do?

o = O0fori =1,2, ..., L and using the matrix derivative 2 [ I
A (23
rules (see [38, Sec. 5.3]), 02 in = Mq [E —TIr {Z I{ G, optH
7] 0 =1
Tr{AG]} = — Tr{ATG;} = A 9 I
oG oG 2 g\ {ZI‘TG } (24)
=0 |L=0 — 7, 1ir 1 {,opt
and M =1
2
0 Tr{GTAG;} = ATG, + AG; whereo?|;—o = ‘;—f is the reconstruction error variance ob-
G tained without noise shaping [see (11)].
iel We finally extend our results to the general case of corre-
yields A ) . )
lated and/or colored quantization noise. Inserting the factoriza-
L tion S,(z) = S&/?(2)8%/?(2) (cf. Section 1-C3) into (17), we
Y IiG=T;, for i=1,2...,L (20) obtain
= 2 1 12 j276 j276
; ol =— Tre R(?“™) G/ (/*7%)
or, equivalently, M/_1/2 {
Iy Ty ... T ]G I, G’H(eﬂﬂf’)RH(em*’)} do
I‘l I‘o e I‘_(L_Q) GQ FQ .
: : : . =1 .| @) with  G/(2) = G(2)S./*(2). (25)
L, Ty ... Ty Gy T, Comparing (25) with (17), we see that is minimized ifG/(z)

o _ ) is the optimum noise-shaping system 8y(z) = I, i.e., for
This linear system of equations has block Toeplitz form and cgfcorrelated white noise with equal varianegs = 1 in all
be solved efficiently using the multichannel Levinson recursiqéhannels. This system, denot€d, (=), can be calculated as
[39]. The maximum possible system ordeis determined by explained above. The optimum noise-shaping system for corre-

the rank of the block matrix in (21), which, in turn, dependgyted and/or colored quantization noise is then obtained as
on the synthesis filters. Inserting (20) into (19), the minimum

reconstruction error variance is obtained as Gopi(2) = G/opt(z)sq_l/2(z)'
o2 L 3) Constrained Optimum Noise Shapinghe compu-
O'f,min = MqTr I'o —ZI‘ITGz,opt (22) tational complexity of oversampled noise-shaping subband
=1 coders can be reduced by restrictifgz) to exploit only

whereG, .. denotes the solution of (20) or (21). intrachannel dependencies or to exploit interchannel dependen-

The paraunitary case merits special attention. For a parau‘f‘iﬁs only between neighboring channels. Especially the latter

tary FB with normalized, real-valued analysis filters, we havetategy can be expected to perform well if the analysis filters
R(z) = + E(7) and thus’R — 1LET WithE defi’ned in are well localized in frequency so that only the transfer func-
9 —_— IS’ ~ m IS’ m

—m

(4). This implies tions of neighboring channels are overlapping significantly. In
' the following, we restrict ourselves to uncorrelated and white

[ - noise for simplicity.
I = K2 Z EnErn - (23) We shall first calculate the optimum intrachannel
m=Tee noise-shaping system (i.e., there aeparatenoise-shaping

If the analysis filtersh, [n] are furthermore causal and of finiteSYSteMs in the individual subchannels). He&k¢z) and the
length L, = JM (with someJ € N), we haveE,, = 0 for matricesG; are diagonal. Specializing (19) to diagoka{, we

m < 0 andm > J and hence obtain
; TEN [0 X 0,0, N~ ) N (mD) ()
1 T ol=-4 Z Vit _22 vle i+ Z 9 Z’Vinilil ")
I = K2 Z EnE, M i=0 =1 m=1 =1
m=0 (26)
which impliesT'; = 0 for |{| > .J. (In the nondecimated case A ® A

whereggf)j = [Gili,; and ;7 = [I'4]; ;. Setting the deriva-

tives of o2 with respect to‘qfl)Z ¢=01..N-1,1] =
1 = - 1,2, ..., L) equal to zero, we obtain the followiny L x L

I = K2 Z EmEn_; Toeplitz systems of equations:

m=0

M =1,we haveE,, = 0 form < 0andm > J— 1 and hence

L
which impliesI’; = 0 for|l| > .J—1.) Hence, the block Toeplitz Z A=m) gm) — (O
matrix in (21) will become increasingly banded for small analr=1 ’ ’
ysis filter length. l=1,2,...,L, :=0,1,...,N—1 (27)
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or, briefly, A;g; = «, for L = 0,1, N — 1, where The minimum reconstruction error variance is obtained as
- l

Al =2, Tl = o0 andly ) = (Y. inserting (27 o2 21 L

into (26) and usmgy(m D — (l ™) we obtain the minimum rff min = T/ Z {%(02 Z [’yfl)z 191(1)1 1 Opt—i—’yfl)zgfl)z opt

reconstruction error varlance as i=0 =1

02 = CINO)
¢, min = M Z [ (0) Z’Vfl)zgz(l)z opt] (28) +’yl H—ng +H; ol)t:| } .

4) An Example: As a simple example, we consider a parau-
Wheregz ) ope denotes the solution of (27). nitary two-channel FB (i.eN = 2) with A/ = 1 and, hence,

We next consider the noise-shaping system that exploits oflyersampling facto = 2. The analysis filters are the Haar
neighboring channel dependencies. Here, only the main, fifiers

upper, and first lower diagonals 6; may be nonzero. Hence, Ho(z) = i(l 27
setting the derivatives of? with respect tOgZ(l)Z 11 gfl)z, and V2
g:"'_, equal to zero, we obtain the system of equations and )

H(z) = Z5(1=27

L
’Yfﬁ i = Z [’Vfilnzlgfff)z+’Vf_lln?gfnf)—i—’Vfiln;)Hgi:f)J and the synthesis filters (correspondind®¢z) = f{(z)) are

m=1 1 -
Fo(z) = 5 Ho(2)

L
W= [%(Ti’f) g ("’)Jr’v(l_m)g(m)} and ,
"”r=1 Fi(z) =3 Hi(2).
l - —m m —m m —m m i i i i i
’Y;)l = Z [’Yiu 11191(_1)#’7;1 Z)gz( z)+r72(-|—1,z‘-)|—lgi(+l,)i:| We assume uncorrelated and white quantization noise, i.e.,

S,I(Z) = 0212.
Without noise shaping, the reconstruction error variante
fors = 0, 1, caey N-1,1= 1, 2, caey L (here, the')/,s and is obtained from (9) as
g's with indexes—1 or N are considered to be zero). This can 1/2 o2
be rewritten as the block Toeplitz system of equations O—g = 0—2/ [| Fo ((3127’9)|2 +|Fy ((3127’9)| 1d6 = % (29)
_1/

m=1

4 2

_ _ where we used(2)Fo(z) + Fi(z)Fy(z) = L. This is consis-
z_:l AlmmBm =, (=12, L tent with ourl/K result in (11). :
" We next calculate the optimum first-order (i.6.= 1) noise-
with the (3N — 2)-dimensional vectorg; and+, shown at the shaping system. The analysis polyphase coefficient matrices are
bottom of the page and t{8.V —2) x (3N —2) block diagonal given byEq = —5[11]" andE; = J5[1 —1]%. With (23),

matricesA; = diag{A""} X1 where we obtain
1 1
W @ 0 Ly = Z[EOEg +EE{]= 1
W ’yz—l,z—l Vi 1,4 Yi— 1,¢+1 1
A= %“3 1 %“3 ’Yz(l)i+1 ’ I = 4 B Ej
0) 0) @ T
ryz-f—l 1—1 ryz-f—l 7 ryz-f—l 7+1 F_l = Fl
i=1,2,...,N-2 and
and /=0
0 %(Jl)O ’Y((Jl)l for |I| > 1. Inserting this into (21), it follows that the optimal
Ap 15) 15) noise-shaping system of order= 1is G(z) = L—G1 opt2~*
71,0 M1 with

! !
AO 'VJ(\’) 2, N—2 ’VJ(V) 2, N—1
N-1 T 0 U '

_ 1 1
Gy opt =T =4Iy = 3 [ } .
YN-1,N—-2 7TN-1,N-1 -

@0 (ORNC) (OO (1)‘

T
( l { l l l l
g [90 091)0‘90 191 195)1‘91 2 9229 ¥ W W W W }

‘QN 3, N—29N—2 N—29N—-1, N— ‘gl\’ 2, N—19N—-1, N1

T
n o RO n o l l
Y= [’V((J )O’YJE )0 "Y(S )1’715 )175 )1‘7:5 )275 )2 ’Y?(, )2 "YJ(V) 3, N— 271(v) 2, N— 27](\)_1 N_ "71\ 2, N_lfyj(\)_l 1\—1}
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Fig. 8. Noise-shaping filters and synthesis filters in an oversampld@4) for the reconstruction error variancé} min fOr three pa-
two-channel FB. (@) |Go.owpe(«*™)|. (0) [G11iope(¢™*™*)l. (©)  raunitary, odd-stacked, cosine-modulated FBs [3], [8], [9] with
[Ea (e )] () [Fa(er79)] N = 16 channels, normalized analysis filters of lendth =
81, and oversampling facto#s = 2, 4, and&. The quantization
The corresponding (minimum) reconstruction error variance igise was assumed uncorrelated and white with varia@de
obtained from (24) as each channel. Fig. 9 shows the normalized reconstruction error
variancel0 log(a? ,;,/07) as a function of the noise-shaping
system’s orderL. For increasingL, the reconstruction error
variance decreases up to a certain point, after which it remains
Tonstant. The maximum system order (i.e., the order after which
Y reconstruction error variance does not decrease any more)
r'Qjepends on the rank of the block Toeplitz matrix in (21), which
is determined by the oversampling factor and the analysis filters.
The results in Fig. 9 show that for large valued.gthe recon-

2 2|1 T o3
Ue,min = O'q 5 — Tr{I‘l G1701)t} = Z (30)
Comparing (30) with (29), we see that the first-order nois
shaping system achieves an error variance reduction by a fa
of 2. It is instructive to compare this result with the optimu
intrachannelnoise-shaping syste@(z) of orderL = 1 (see
Section 11I-B3). Here, it follows from (27) that

W fyé% ! d o0 _ 7%1)1 1 struction error variance of the proposed noise-shaping subband
90,0 = —7(0) =5 and g5 = MO 5 coders follows al/K? behavior. However, for small, an in-
0,0 1,1

crease ofK is observed to produce a stronger reduction of the
reconstruction error variance, i.e., the reconstruction error vari-

G 1|1 0 ance can drop faster than accordingld(2. Specifically, for

lLopt — 3 . . . . ’
0 -1 noise-shaping system ordér= 4, we can see from Fig. 9 that
The corresponding reconstruction error variance is obtain@@ubling the oversampling factor results in a reduction of the re-
from (28) aso? ;, = 202 Thus, as expected, failing to construction error variance by about 9 dB, and for system order
€, min ’ ’ . .

exploit the interchannel redundancy leads to a larger errbr= 6, we even get about 12-dB error-variance reduction.
variance, which, however, is still smaller than the error varianceNext, we investigate the quantization error—redundancy
o2 — %q obtained without noise shaping. behavior in an implemented noise-shaping subband coder.

€

'Fig. 8 shows the transfer functions of the noise—shapitYé’e coded an a‘%dio signal using a parauqitary, 64-channel,
filters in the diagonal ofG(z) (note that these are identicaIOdd_'StaCked’ cosme-modulateq FB and a noise-shaping system
for the general and the intrachannel noise-shaping systerfi€figned under the assumption of uncorrelated and white
and the transfer functions of the synthesis filters. We see tiffantization noisé.Uniform quantizers with equal stepsizes in
the noise-shaping system operating in the low-pass chanﬂ”—:ls_UbbandS were erlrlgl)llzoyed. Fig. 10 (_jeplcts the resu!tlng SNR
Go, 0;0pt (2) = 1— 1 271 attenuates the noise at low frequencieglefined as SNR= = = 2) as a function of the quantization
(note that subsequently(z) attenuates high frequencies)Step size for different oversampling factdss For eachi’, we
whereas the noise-shaping system operating in the high-pe§§d the maximum possible noise-shaping system orde& For
channelGy 1.ope(2) = 1+ %Zfl attenuates the noise at highbetween4 and 32, we observe a 6-dB SNR increase for each

frequencies (subsequently; () attenuates low frequencies). ,_. . .

. . . . Similar to oversampled A/D conversion [12], the assumption of uncorre-
Thus, the_ n0|se-shaplng system shifts part of the noise to th%@d white noise is not justified in the oversampled case, which causes the
frequencies that are subsequently attenuated by the synthgsi®rmance of implemented coders to be poorer than the theoretical perfor-
filters. mance observed further above. Nonetheless, we are forced to use this assump-

. . . . . tion because estimating the actual quantization noise statistics and designing the
5) Simulation Study 1:Further insight into the performance,ise_shaping system accordingly is not possible since the quantizer is placed

of noise-shaping subband coders was obtained by evaluativigin a feedback loop [14].

and hence we obtain
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% 0 20 a0 4 50 60
Quantization stepsize Fig. 11. Distortion-rate characteristic of oversampled noise-shaping subband
coders with and without noise shaping.

Fig. 10. SNR improvement as a function of the gquantization stepsize for

various oversampling factors. . . .
Ping this resolution enhancement comes at the cost of increased
sample rate. It is therefore natural to ask how oversampled

IMPROVING THEEFFECTIVERESO{ﬁ?IIBE OIF ASUBBAND CODER BY MEANS OF no!se-shaplng _SUbband coders perform from a rat,e_dIStortlon
OVERSAMPLING AND NOISE SHAPING (N DENOTES THENUMBER point of view, i.e., how the coding rate behaves in relation
OF QUANTIZATION INTERVALS REQUIRED) to the resolution enhancement. The following simulation
K| L]SNR/dB [ Ng results pertain to this problem. This is investigated by the
1[0 23.80 | 63 following simulation study. We coded an audio signal, using a
% % ggzg ség paraunitary, odd-stacked, cosine-modulated FB \Nth= 64
61| 2 3949 | 15 channels, filter lengthl,;, = 256, and oversampling factors

K = 1,2, 4,8, 16, 32, 64. Uniform quantizers with equal
step sizes in all subbands were employed. The quantizer
The SNR increase in going frofd = 32 to K = 64 is about 9 _ogtputs were entropy-coded using a Huffman coder W.h'Ch
9 jointly operates on all channel outputs, i.e., all subband signal

dB, and thus stronger thaii-.

; . . samplesuv[m] (for & = 1,2, ..., N and for the total range

6) Simulation Study 2:0ur next experiment demonstrates .
S of m values) were collected and jointly Huffman coded.

. . . i . e optimum noise-shaping system was calculated under the
tically improving the effective resolution of the resulting . ’ o . .
assumption of uncorrelated white quantization noise with equal

subband coder. We coded an audio signal using a paraunitaQ/. .
vdfiance in all channels.

64-channel, critically sampled, odd-stacked, cosine-modulate ig. 11 shows the measured distortion-rate performance, i.e.,

FB using uniform quantizers with 63 quantization interval . !
(6-bit quantizers) in each subband. The resulting SNR W§1$e SNR as a function of the number of bits per sample (bps)

. ) .. réquired to encode the input signal. The distortion-rate perfor-
23.80 dB. Then, we coded the same signal using a paraunlt%%nce obtained witlk = 8 and noise-shaping system order

64-channel, odd-stacked, cosine-modulated FB with OVEf-_ ) ic seen to be better than that obtained with= 8 and

sampling fac_torK 8, & noise shapl_ng system with ordern noise shaping but poorer than that obtained \Aitk- 4 and
L = 2 (designed under the assumption of uncorrelated an : . . .

. 2 . : . .__.Nno noise shaping. We furthermore observed that the distortion
white quantization noise), and quantizers with 15 quantization

intervals (4-bit quantizers). The resulting SNR was 23.76 d .te performance of oversampled noise-shaping coders is poorer

Thus, in the oversampled case, the same SNR was achienap that of critically sampled coders without noise shaping.

using a quantization with far lower resolution (correspondin
to a?ed:lction of 2 bits in each of the 64 chanrgels) thgn in thgelv' OVERSAMPLED SIGNAL-PREDICTIVE SUBBAND CODERS
critical case. For oversampling factor 64, quantizers with 15 This section introduces an alternative method for noise reduc-
intervals (4-bit quantizers), and noise-shaping system ordian in oversampled FBs. This method is based on linear pre-
2, we obtained an SNR of 39.49 dB. In order to achieve dliction of the FB’s subband signals. The resulting oversampled
SNR of 39.47 dB in the critically sampled case, we had to uségnal predictive subband coders can be motivated by oversam-
quantizers with 593 intervals (10-bit quantizers). Thus, here Wwéed signal-predictive A/D converters [11], which will be briefly
were able to save 578 quantization intervals (or, equivalentlyf@viewed first.
bits of quantizer resolution) in each of the 64 channels. Table | ] o
summarizes these results. A. Oversampled Signal-Predictive A/D Converters

7) Simulation Study 3:iIn the previous simulation study, Incontrastto noise-shaping A/D converters which predict the
we observed that oversampling and noise shaping drasticafipand quantization noise (see Section IlI-A), signal-predictive
improve the effective resolution of a subband coder. Howevéy/D converters predict the current sample of the signal to be

doubling of K, corresponding to & 2-dependence of the SNR.
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X(2)-X(2)+Q(2) 4,

+
X@) —P—— @ —a—- — Xo(&)

X(2)
+ 1-G(2)
1-G() (—(P)
+
Encoder Decoder

Fig. 12. Signal-predictive A/D converter.

quantized. The signal-predictive coder (again modeled as an €he prediction error system is @& x N MIMO system given
tirely discrete-time system) is depicted in Fig. 12. Here by

L

L
Glz)=1- > glll=™ G(z) =Iy - > Gz (31)
=1

=1

is the prediction error filter of ordeE. The predictor uses the which results in a strictly causal feedback loop (prediction)
pastL noisy signal samples to estimate the current signal sampgkstem

L L
] = glll(zln — 1]+ qln — 1) In - G(z)=> Gz
=1 =1
The prediction error[n] — 2[n], which forms the input to the The predictor uses the pastnoisy subband signal vectors to
quantizer, is given by estimate the current subband signal vector
~ L
X(2) ~ X(2) = G(2)X(2) — [1 - G(2)]Q(2). “fml = 3 Gu(vlm — 1] + qlm — 1]).
=1

Choosing the filteiG(z) such that the prediction error is mini-
mized leads to a reduced dynamic range over which the qug,lpjs is a “noisy” vector prediction problem. For subband coding
tizer must operate. This allows to improve the effective quaHSing high-resolution quantizers, the effect of quantization noise
tizer resolution for a fixed number of quantization intervals. Thgan be neglected and hence
decoder output is given i, (z) = X (z) + Q(z), so that the L
overall reconstruction error is equal to the quantization error V[m] = Z Gvim —1].
E(z) = Xy(2) — X(2) = Q(2). =1

An oversampled signal-predictive coder exploits two typg§owever, here we are primarily interested in low-resolution
of redundancies: the “natural” redundancy which is inherent Hhantization.

the input .signal Whe”e,}’er i h"’?s,,a nonflat power _spegtrgl den'The prediction errog[m] £ v[m] — ¥[m] forms the input to

sity function, and theT synthetic redL!ndangy which is mtrqfhe quantizer. It can be shown that

duced by oversampling the analog signal, i.e., by expanding

the input signal into a redundant signal set (time-shifted sine(z) = v(z) — v(z) = G(2)v(z) — [In — G(2)]q(z). (32)

functions, see Section II-B). Increasing the oversampling factgr . . .

yields more synthetic redundancy and hence better predictﬁ%}ﬁ choosingG(z) such that tAhe dynamlc range c.)f the qgantlzer

accuracy,. input vectore[m] = v[m] —_v[m] is red_uced, itis possible to

improve the effective quantizer resolution for a fixed number of
. o quantization intervals.

B. Signal Prediction in Oversampled FBs With (32), it follows that the quantizer output is(z) =
Signal-predictive oversampled A/D converters exploit the r&x(2)[v(z)+q(z)], which, in turn, implies (assuming existence

dundancy inherent in the signal samples to estimate the currehthe inverse ofG(z)) that the decoder output is,(z) =

sample to be quantized. This principle will now be extenddd(2)[v(z) + q(z)]. Using a PR FB (i.e. R(2)E(z) = Iy),

to oversampled PR FBs whose subband signals are a redyfi-haveR(z)v(z) = R(z)E(z)x(z) = x(z) so that

dant representation of the input signal. The resulting oversam- o

pled signal-predictive subband coders extend critically sampled Xq(2) = x(2) + R(z)q(2).

signal-predictive subband coders [14], [16], [15], [25]. This yields the following result that can be interpreted as an
1) The Signal-Predictive Subband Codédfig. 13 shows the extension of the fundamental theorem of predictive quantization

structure of the oversampled signal-predictive subband coddo].
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a(z
v(z) _e(2) v(z)-¥(z)+a(2)

-+ R(z) = x4(2)

In-G(2) J

Encoder Decoder

x(z) —E(2)

Fig. 13. Oversampled signal-predictive subband coder (polyphase-domain representation).

Proposition 2: For an oversampled signal-predictiveization noise procesgm]. For simplicity, the analysis and syn-
subband coder using a PR FB, the reconstruction eritbesis filters are assumed real-valued as well. It will be conve-
e(z) = x,(z) — x(z) is given by nient to introduce the “FB input vector”

e(z) = R(2)q(2). x[m] = [g[mM]z[mM +1] ... z[mM + M —1]]¥
with M x M correlation matrices

Thus, the reconstruction error is the quantization noise fil- C.[l] = E{x[m]xt[m - 1]}

tered by the synthesis FB(z). With our results from Sec- 5. power spectral matrix
tion 11-C.4, this leads to the important conclusion that the para-

o>
pseudo-invers&®(z) minimizes the reconstruction error vari- S.(2) = Z Cm[z]z—l_
ance in the case of uncorrelated and white quantization noise = oo
since it suppresses the component6f) that lies inR+. Usingv(z) = E(z)x(z), the power spectral matrix offm] is

Just like an oversampled signal-predictive A/D converter, gjiven by
oversampled signal-predictive subband coder exploits two types 00 }
of redundancies: the natural redundancy that is inherent in the S.(z) = Z C.[l]z7" = E(2)S.(2)E(»)
input signal and the synthetic redundancy that is introduced by I=—o00
the oversampled analysis FB, i.e., by expanding the input signdiere
into a redundant set of functions (see Section 1I-C). An increase, i i .
of the oversampling factor yields more synthetic redundancy ilq:"’[l] = E{v[m]vim — 1]} = Z Ei Z Cw[J]EiTH—l

1=—00 j=—00

the subband signals and hence better prediction accuracy. (33)

Since, in general, the matric€s;, are not diagonal, we are with CT[—1] = C,[I]. With (32) and using the fact tha{n]

performing interchannel (cross-channel) prediction in additictgnd hence alse[m]) is uncorrelated witle[r], it follows that
to intrachannel prediction. Exploiting interchannel correlatio e power spectral matrix of the prediction erepr] = v[m] —
(which are due to the overlap of the channel filters’ transf%r[m] is given by

functions) may yield an important performance gain. In fact - .

it has previously been demonstrated [15] for a two—channe:ﬁf(z) =G(2)S,(2)G(2) + [Iy — G(2)IS4(=)[Iv — G(2)].
critically sampled Haar FB that using information from théience, the prediction error variance is obtained as
high-frequency band for prediction in the low-frequency band,

1 1z j2m j2m Hy/ j2m6
yields rate-distortion optimality. Critically sampled subbanflc = N/ Tr{G(GJ )8, (e?7T)GT ()

coders employing interchannel prediction have also been -z 2t P o i
considered in [16]. +HIy = G(e7)[S (") [Ty = G (7 )]} do. (34)
The MIMO systenfG(z) is said to beninimum phaser min- Inserting (31) into (34) and usin€Z[~l] = C,[]] and

imum delayif all the roots ofdet G(z) = 0 lie inside the unit CT[-1] = C,[I], we obtain further

circle in thez-plane. This condition ensures that the inverse filter * ! I

G~1(z), and hence the feedback loop, will be stable [40]. Inthez _ 1 Trd o] — TG + C.MGT
noiseless casgy(z) = 0), itis shown in [40] thatG(z) ismin- N v G0 Z( oG+ GG

. . . . . =1
imum phase if the procesgm] is stationary and nondetermin-

L L
istic. Although we do not have a proof of the minimum phase G ol Cll ar
property ofG(z) in the noisy case, we always observed stability + r; m ;< o[l =m] + Coll —m])Gy .
of G~1(z) in our simulation examples. (35)

2) Calculation of the Optimum Prediction Systei/e now In order to calculate the matrice®, minimizing 0. we
derive the optimum prediction system. In contrast to the case - ] L 90
of noise-shaping subband coders, the input sighdlwill here €8 5g; = 0 and use the matrix derivative rules from Sec-
t_’e modeled as arandom process thatis assumed W.'de'sense S’tﬁTe optimum prediction system can equivalently be derived using the or-
tionary, zero-mean, real-valued, and uncorrelated with the quatvgonality principle.
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tion 111-B2. This yields the following block Toeplitz system ofand usmgy(m D~ (l ™) we obtain the minimum prediction

linear equations: error variance as
L N-1
C,[l — i+ C,[l —i))GF = CT]i], — (0) (UMO) 42
lz:;( [ [’] (1[ L]) [L] e min N Z [ Z z zgz i;0pt ( )
fori=1,2,..., L (36
_ =12 L (39 Whereg(l)Z .opt, denotes the solution of (41).
or, equivalently, . We next calculate the optimum prediction system that ex-
Lo I I i A1 GlT CuT[ ] ploits only neighboring channel dependencies. Proceeding sim-
I Lo o Lp Gz _ C. [2] ilarly to the case of noise shaping, we obtain the block Toeplitz
: : : : ol : ’ system of equations
F—(L—l) I‘_(L_Q) e Fo GE C?[L]
with T; = C,[I] + C,[]. (37) Z Alpgm=c, 1=12..1L
Using (36) in (35), the minimum prediction error variance is m=1
obtained as with the (3/V — 2)-dimensional vectorg; andc; shown at the
bottom of this page and tH8N —2) x (3N — 2) block diagonal
07 in = N Tr { Z C.[IG] Opt} (38) matricesA; = diag{ A}V ! where
0 ) )
whereGy, .,; denotes the solutlon of (36) or (37). o Vi— Li-1 v, il 'Vz+ll i-1
In the noiseless case, (36) reduces to A= ’YZ( )1 i ’YZ()Z %(le i o

l l l
'Vz( )1 i+l 'Vz( )z—l—l %(421 i+1

L
Y Cll-iG =Cl], fori=1,2...,L (39)
Pt i=1,2,...,N=2
which can be solved efficiently using the multichannel Levinsog,4
recursion [39]. Another important special case where this is pos- 0 W
sible is the noisy case with white (but possibly correlated) quan- A _ | Y,0 71,0
tization noise, i.e.C,[I] = C,[0]6[(]. Here, (36) reduces to (39) 0 l él)l ryl“)l]
with C,,[0] replaced byC,[0] + C,[0]. ® ®

We finally note that the above derivation can be extended to AD | IN=2,N—2 TN-1,N-2
incorporate correlations betweefn] andq[m]. N-1 [,y](\l) 2 N1 ,y](\{) v 1] ’

3) Constrained Optimum PredictionReducing the compu- The minimum prediction error variance is here obtained as
tational complexity of predictive subband coding is often im p
portant, especially for adaptive prediction. Hence, in analogyt B (0) © o @ O
noise shaping (see Section 111-B3), we shall consider the caséf@fmm - N Z Z [ Ci21,i9i=1,i0pt T 0,390, is0pt
no interchannel prediction (“intrachannel prediction”) or inter- =1
channel prediction between neighboring channels only. OO

We shalll first calculate the optimum intrachannel prediction ¢ 11, i9i41, 4 opt:|

system. Specializing (35) to diagor@ll we obtain ) )
4) An Example:Let us reconsider the two-channel FB with

N-1 L
1 . . . . .
o2= Z 0503—22 El)zgz(l)ﬁz g(m) Z'V(m ) Z(l)Z oversampling factodl = 2 previously considered in Section
N ’ l1I-B4. The input process is an AR-1 process defined:py] =

m=1

z (40)  ax[n — 1] 4+ u[n] with correlation coefficient = 0.5 and white
whereg() = [Gili, 5, ;7 = [Cull]];, J,and’y() [I];, ; with  driving noiseu[n] with variancel. The autocorrelation function
I = [l] +C,[l]. Proceedlng as in Section I1I- B3, we obtairof z[n] is C,[I] = £(5)I [37]. InsertingEy = \}5[1 117 and
the following N L x L Toeplitz systems of equations: E, = f[1 — 1]% into (33), we obtain

2 1
(l m) (rn) (l) 2 0 3/2 1/2
’7 gl [ Z 27 —_ J—

g_: C.01= {o 2/3} Colil= [—1/2 —1/6}'

l=12,...,Li=01 .., N-1 (41) The quantization noise is assumed uncorrelated white with vari-

or, briefly, A;g; =c; fori=0,1,...,N—1, where[A;];,» = ances? = 1in each channel, i.eC,[l] = I;4[l]. Without pre-

’Yf,l;m)' [gile = gf 2 and[c;]; = () . Inserting (41) into (40) diction (i.e.,L = 0 or ¢[m] = v[m]), the variance at the input

[(l) @ |0 @ D @ @ 1) O

) 0 0 0 T
8! = |90,090,1|91,091,191,2|92/192,2 92,3| - - - |IN—2, N—39IN—2, N—29N -2 N—1| IN-1, N—29N—1, N1

[(1) O] ‘ (OINO) (l)‘ o @ @ RO @ @ @ O] }T

0%,1 |€1,0%1,1 C21C2 2 Ca3 CN—2, N—3CN—2 N—2CN—2 N—1|CN—1, N—2CN—1, N—1
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of the quantizer is obtained a§ = 4/3 ~ 1.33. Next, we use
a first-order prediction systel@(z) = I, — Gz~ 1. From (37)

-1/6 —1/10
The resulting (minimum) prediction error variance is obtained
from (38) as

G1,opt = C,[1][C,[0] + To] T = [ 1/2 3/10} '

€, min

1
02 min = 5 TH{Cu[0] = Cu[1]GT i} = 5/6 = 0.83.

Let us compare this result with the optimum first-ordetra-
channelprediction system (see Section IV-B3). From (41) it fol-
lows that

(L) (L

@ _ %0 _ w_ %1 1
9%,0= o =5 and g1 =G =15
2 MO

and hence

o

C[1/2 0
Gl,opt — |: 0 _1/10:| .

The corresponding prediction error variance is obtained fron
(42) aso? ;, = 0.95. Itis larger than the error variance ob-
tained with interchannel prediction but still smaller than that ob-
tained without prediction.

5) Simulation Study 4The next simulation example
demonstrates that linear prediction is able to exploit the
synthetic redundancy introduced by the oversampled analys
FB for improving prediction accuracy and hence enhancing -15p
resolution. The coder uses a paraunitary, odd-stacked, ci
sine-modulated FB [3], [8], [9] withV = 16 channels,
normalized analysis filters of length;, = 64, and various
oversampling factord. We evaluated the expression (38) for
the prediction error variance? for a zero-mean white

€, min

t
L]
T

[}
-
o

T

Prediction error variance / d8

input process:[n] (i.e., C.[l] = I6[!]) and in the absence of o , o _
.14. Prediction error variand® log o2 _ . for a white input signal and

quant_lzatlon (n0|seless predlctlon). Since the Input IS_ W_hlte’ If quantization noise as a function of the predictor orHe(a) Computed
contains no natural redundancy and hence all the prediction gadBording to (38). (b) Measured.

is due to synthetic redundancy. Fig. 14(a) sha@sog o? ;,
as a function of the predictor orddr for different values of

K. Forincreasing., o2 _, is seen to decrease up to a certaiffeN9tn 1(_)24) with correlatlon_poeﬁ|0|errt = 0.5 using
; & paraunitary, 16-channel, critically sampled, odd-stacked,

point, after which it remains constant. There is no predicti . ) . N
gain for K = 1 since the function set corresponding to the Fgosme-modulated FB and quantizers with 152 quantization
8-bit quantizers) in each channel. The resulting

is orthogonal. Note that there is a one-to-one correspondeH?:tI?rV"’lIS ( e
between the prediction error variance and the overall predictioNR = [z, -z Was 32.49 dB. Next, we coded the same
gain. signal using an FB with oversampling factéf = 4 and a

Fig. 14(b) shows the correspondimgasuregrediction error Predictor with ordet = 10 (designed under the assumption of
variancel0 log o2 _; obtained for animplemented coder. Thidincorrelated and white quantization netgeHere, quantizers
result was obtained by averaging over five realizations (of lengith only 15 quantization intervals (4-bit quantizers) achieved
1024) of the white input process. For prediction system ord@f SNR of 32.51 dB. Hence, oversampling and prediction
L > 3 (not shown), the performance of the implemented codalowed us to save 4 bits of quantizer re_solutlon in each of the
deteriorated significantly. This is probably due to the near-sif6 channels, of course at the cost of increased sample rate.
gularity of the block matrix in (37) fof. > 3, which introduces FOr oversampling factos, quantizers with 15 quantization
numerical errors in the computation of the prediction systeffitérvals (4-bit quantizers), and a predictor with ordes 15,
coefficient matrices. These numerical problems also explain t§ obtained an SNR of 50.48 dB. In order to achieve an SNR
deviation between the computed and measured performanceXopr0-43 dB with a critically sampled subband coder without
L = 3. prediction, we had to use 1219 quantization intervals (11-bit

6) Simulation Study 5:Our next simulation example de-duantizers). Hence, oversampling and prediction here saved 7
monstrates that oversampling combined with linear predicti®¥s of quantizer resolution. Table Il summarizes these resullts.
is a powerful means to improve the effective resolution of 1y recall, however, that especially in the oversampled case the assumption
a subband coder. We coded realizations of an AR-1 processncorrelated and white quantization noise is not realistic.
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Fig. 15. Signal-predictive subband coder with 255 quantization intervals and various oversampling factors; simulation results for an ARa) SiyRahs
a function of the prediction system ord&r (b) SNR differences with respect f§ = 1. (c) bps as a function of the prediction system orfiefior different
oversampling factor&’. (d) Distortion-rate characteristic in comparison to alternative subband coders with various oversampling factors and predictor orders.

TABLE I predictor ordetL for various oversampling factots. The FB
IMPROVING THE EFFECTIVE RESOLUTION OFvASUBBAND CODER BY is as in Simulation StUdy 4. The predictor was desianed for
MEANS OF OVERSAMPLING AND PREDICTION (J\’Q DENOTES THENUMBER j . . . . iy B
OF QUANTIZATION INTERVALS REQUIRED) uncorrelated and white quantization noise with vana@gen
each channel, wherA denotes the quantization stepsize used.
K| L[SNR/dB| Ng

In Fig. 15(b), the differences of the curves in Fig. 15(a) with

‘11 13 §§§‘1’ 1?% respect to thd{ = 1 curve are depicted. One can observe that
é lg ggig 12%2 a predictive subband coder of order= 5 and oversampling

factor K = 16 leads to SNR improvements of more than 55 dB
as compared to the critical case.

7) Simulation Study 6We finally investigate the rate dis- Fig. 15(c) shows the number of bps required by the predictive
tortion and related properties of an implemented oversampl@éoband coder (with subsequent Huffman coding as in Section
signal-predictive subband coder. As we observed in SectiBhB7) as a function of the predictor orddr for various over-
IV-B5, the variance of the quantizer input decreases for isampling factorsk’. We see that the number of bps increases
creasing oversampling factdf and for increasing prediction slightly with L, which is due to the fact that prediction whitens
system ordet.. Therefore, for a fixed number of quantizatiorthe signal. Throughout this experiment, the number of quanti-
intervals (which in this case was 255), we can reduce tkation intervals was fixed to 255.
quantization step size, thereby reducing the quantization erroFinally, Fig. 15(d) shows the distortion-rate characteristic
and, in turn, the overall reconstruction errog[n] — x[n] (SNR versus bps) of the signal-predictive subband coder, again
(see Proposition 2). Fig. 15(a) shows the SNR, averaged owth Huffman coding, for various oversampling factdksand
five realizations (of length 1024) of an AR-1 input signapredictor ordersL. The distortion rate performance obtained
with correlation coefficienta = 0.5, as a function of the with K = 2 and L = 8 (which in this case is the maximum
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possible predictor order) is seen to be poorer than that of go] H.Bélcskeiand F. Hlawatsch, “Oversampled filter banks: Optimal noise
critically sampled subband coder without prediction. Hence,
whereas the proposed oversampled signal-predictive subbaﬁq]
coders yield substantial noise reduction and allow the use of

low-resolution quantizers, they cannot compete with critically

sampled subband coders from a rate distortion point of view.

V. CONCLUSION

12]
[13]

(14]

We have introduced two methods for noise reduction insg
oversampled filter banks. These methods are based on pre-
dictive quantization; they can be viewed as extensions o

oversampled predictive A/D converters. We demonstrated that

16]

predictive quantization in oversampled FBs yields considerable
guantization noise reduction at the cost of increased rate. T
combination of oversampled filter banks with noise shaping o
linear prediction improves the effective resolution of subband
coders and is thus well suited for applications where—fort18!
technological or other reasons—quantizers with low resolupig)
tion (even single bit) have to be used. Using low-resolution
guantizers increases circuit speed and allows for lower circuft®
complexity.
Our simulation results furthermore suggested that, from
a rate-distortion point of view, oversampled subband coder&?]
are inferior to critically sampled subband coders. However, it
should be noted that from a perceptual point of view, oversami23]
pled subband coders have potential advantages over critical
sampled coders. Finally, it is worthwhile to point out that the
proposed methods are not limited to oversampled FBs but cd@s]
be generalized to arbitrary frame expansions.
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