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1.4 MULTIUSER MIMO CHANNEL EQUALIZATION

Christoph F. Mecklenbriuker®, Joachim Wehinger, Thomas Zemen',
Harold Artést, and Franz Hlawatsch?

In MIMO receivers, the channel state needs to be estimated for equal-
ization, detection, and for feedback to the transmitter in case of adaptive
modulation and coding. Most current iterative [7,16,27] and non-iterative
[25] schemes in the single-user MIMO case are training-based and rely on
the transmission of pilot symbols. Alternatives to pilot-based algorithms are
semi-blind schemes which exploit e.g. the known structure of the space-time
code to allow reliable channel estimation during ongoing data transmission
[2,3,18,20]. Channel estimation and equalization for multiuser MIMO sys-
tems involve both information-theoretic [5,17] and signal processing aspects.

Early contributions to the field of MIMO communications assumed that
the receiver has perfect channel state information. Recently there has been
increased interest in the case where neither the receiver nor the transmitter
know the channel state [11-13,26]. We consider this case in Section 1.4.2.
In [2], a linear space-time modulation technique was proposed which allows
the receiver to jointly estimate the channel and demodulate the data without
prior channel knowledge at the transmitter or receiver. In Section 1.4.2, this
modulation scheme is extended to the case of multiple users.

Section 1.4.3 investigates iterative equalization, detection, and interference
cancellation for CDMA with random spreading. An iterative space-time re-
ceiver is considered for the uplink of a coded CDMA system. This type of
receiver was studied in [1,19,29] for perfect channel knowledge. The exten-
sion to multipath fading channels incorporating soft decisions for improved
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estimation was presented in [30]. We show that such multiuser MIMO com-
munication systems achieve low bit error rates at moderate complexity.
Section 1.4.4 treats equalization of time-variant MIMO multipath channels.
We propose a multiuser MIMO equalizer for OFDM using a basis expansion
[21,22] prolate spheroidal sequence
to represent the time-variant mobile radio channel. The resulting block-
wise estimator-equalizer fits well to OFDM receiver architectures [31, 34].

1.4.1 Signal and System Model

We consider the multiuser MIMO signal and system model for K simultaneous
users shown in Fig. 1.1. In this model, the nth received sample at the gth
receiver antenna element is described by

K Nt L-1

rq[n] = Z Z Z hie.p,g[n, Obg p[n — €] + vg[n] . (1.1)

k=1 p=1 (=0

The (generally time-variant) equivalent baseband MIMO channel impulse re-
sponse for the kth user is denoted by hy p4[n,¢]. Here, p = 1,..., Nt and
qg = 1,...,Ng index the transmit and receive antenna element, respectively.
The time sample is denoted by n and / is the delay index. The pth antenna
element of the kth user transmits the waveform by p[n] at sample time de-
noted by n. The circular complex zero-mean Gaussian noise with variance o2
is denoted by vg[n]. In matrix-vector notation, Eq. (1.1) is rewritten as

K L-1

rin] =Y > Hyn, by[n — (] +v[n] , (1.2)

k=1 ¢{=0

where the receive vector r[n] and noise vector v[n] have N elements each,
Hp[n, /] is the Ng x Ny MIMO channel impulse response matrix at sample
n and lag ¢, and the transmit sample vector by[n] has Nt elements.

1.4.2 Space-Time Matrix Modulation and Demodulation

A linear space-time matriz modulation technique was proposed in [2] allowing
the receiver to jointly estimate the channel and demodulate the data. Prior
channel state knowledge is neither required at the transmitter nor the receiver.
Here, we extend space-time matrix modulation to multiple users. This exten-
sion is enabled by a close analogy between the rank-deficient single-user case
and the multiuser case [3].

Review of Single-User Space-Time Matrix Modulation. First, we
briefly review space-time matrix modulation for the single-user case. The
single-user transmission system is shown in Figure 1.1(b). We consider Ny <
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Fig. 1.1 (a) Multiuser MIMO system model, (b) detail for user k.

Nt input data streams dy[n], - - -, dn, [n] with d;[n] € C (i.e., no finite-alphabet
assumption is made), where n is the symbol time index. The modulator
generates the transmit signal vectors b[n] of dimension Nt according to

Ng
bln] = > difn]myn], n=0,...,M-1, (1.3)
=1

where M is the block length and the m;[n] are fixed sequences of modulation
vectors. Equivalently, we have

Ng
B =) MD, (1.4)
=1

with the Nt x M transmit signal matrix B 2 [b[0] - - - b[M —1]], the N7 x M
modulation matrices M; = [my[0]---my[M —1]], and the diagonal M x M
data matrices D; £ diag{dl[O],...,dl[M—l]}, where [ = 1,...,Ngz. The
modulation vectors m;[n] (or modulation matrices M) determine how the
data is mapped to the Nt transmit antennas; they are known to the receiver.

For simplicity of exposition, we assume noiseless transmission (however, in
our simulation study in the current Section 1.4.2 we will use a noisy channel).
For a single-user, flat-fading, noiseless MIMO channel, (1.2) simplifies to

rin] = Hbn]. (1.5)
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Defining R £ [r[0] - - - #[M —1]] and inserting (1.4) into (1.5), we obtain

Ng
R=HB=H)» MD,. (1.6)
=1

From the received matrix R, the receiver jointly estimates the data d;[n] and
the unknown channel H.

A set of modulation matrices {M,---, M n,} will be called admissible if
the data sequences d;[n] can be uniquely reconstructed (up to a single constant
factor) from the received matrix R, without knowledge of H. In [2], we showed

that for a sufficiently large block length (typically, M > {mkjﬁ"{ﬁ-l), an

admissible set of modulation matrices exists if Ng > Nt and rank{H} =
Nrt, and we proposed an efficient iterative demodulation algorithm for that
case. Indeed, for Ny < Nt as assumed above, the structure enforced by (1.4)
corresponds to a redundancy of the transmit matrix B which constrains the
reconstructed data such that unique reconstruction is possible.

Multiuser Space-Time Matrix Modulation. We now consider the mul-
tiuser case as illustrated in Fig. 1.1. There are K users, each of them equipped
with Nt transmit antennas and transmitting simultaneously to a single re-
ceiver with Ng receive antennas. The kth user has Ny input data streams
dr,1[n] with associated M x M diagonal data matrices Dy, ; £ diag {ko[O], o,
dk,l[M—l]}. By a natural extension of our space-time matrix modulation for-
mat (1.4), we construct the transmit matrix of the kth user as

Ng
By =Y M; Dy, (1.7)
=1

with Ny modulation matrices My of size Ny x M. The input-output
relation of the multiuser channel is

K
R = ZHkBk, (1.8)
k=1

where Hj, and By, are the (unknown) Ng x Nt channel matrix and the Nt x M
transmit matrix, respectively, associated with the kth user. Inserting (1.7) in
(1.8), we obtain the overall input-output relation (which extends (1.6))

K Na .k
R=) H;Y M;,Dy,. (1.9)
k=1 =1

We now reformulate this input-output relation for showing the similarity of
the multiuser case to the rank-deficient single-user case. Let H = [H --- H]
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denote the overall channel matrix obtained by stacking the individual channel
matrices of all users. Furthermore, let My, £ [0T---0T M}, 0T - --OT]T
denote a “zero-padded” modulation matrix of size K Nt x M that is obtained
by stacking k£ — 1 zero matrices 0 of size Nt x M above M}, ; and K — k such
zero matrices below My ;. We rewrite (1.9) as

K Nax
R = HB = ’HZ Z My 1Dy, (1.10)

k=1 [=1

with B2 YK S"V4¥ A, Dy;. Comparing with (1.6), we see that the mul-
tiuser case is equivalent to the single-user case with KNt transmit antennas,
Ng receive antennas, N £ Zle Ny, data streams, a channel matrix H of
size Ng x KNt, and modulation matrices My, ; of size KNt x M that are
nonzero only in the Nt rows with indices kNt + 1,...,(k + 1) Np. Typically,
there will be Ng < KNt and thus rank{#H} < KNt (rank-deficient case).

Unique Reconstruction and Flexible User Allocation. Based on the
formulation above, we can use a theorem on identifiability or unique recon-
struction for rank-deficient channels [3] to prove the following statements.
Let Nk < rank{H} and Ny, < rank{H}}, i.e., the total number of data
streams is smaller than the rank of the composite channel and the number of
data streams transmitted by any user k is smaller than the rank of that user’s
channel. Furthermore, assume that the block length is large enough (typically,

(KN7)?’-K 1 . : .
M > k(AT | 18 sufficient but larger block lengths are advisable for

faster convergence of the iterative demodulation algorithm to be proposed
below). Then there exist sets of admissible modulation matrices M ; allowing
unique reconstruction of all data streams up to a single unknown constant
factor ¢ € C per user.

Moreover, a set of modulation matrices {My,;} with k¥ = 1,--- , K and
[ =1,---,Ngy that is admissible in the above setting is also admissible for
any single Ng x Nt matrix H (provided that rank{ H } is sufficient for the Ng
data streams), and the same is true for an arbitrary subset of {M};}. The
latter result provides the basis for a flexible multiple-access scheme. Indeed,
it means that the modulation matrices of a given admissible set {My;} can
be arbitrarily assigned to the individual users according to their respective
data-rate requirements. In the extreme case, all Nx modulation matrices
M, could be allocated to a single user.

Iterative Blind Demodulation Algorithm. Given a received matrix
R = HB and assuming admissible modulation matrices My, ;, our identi-

fiability result implies the following: If the receiver is able to find matrices H
and B that satisfy the two properties

1. HB=R
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2. B = Zle Z;\;dikMk7lbk,l with DkJ diagonal,

then the ka contain the correct data up to a single constant factor ¢ € C
per user. This motivates an iterative blind demodulation algorithm that is
primarily suited for the uplink of a multiuser wireless system because it yields
the signals of all users. The ith iteration executes the following two steps.

Step 1 aims at enforcing Property 1. That is, given Bgiil) as a result of
Step 2 of the previous iteration (see below), we wish to find #HY and Bgz)
such that ?:t(i)Bgi) best approximates R.

As a first substep, we calculate H such that H? Bgiil) best approximates
R in the least-squares (LS) sense. This gives HY = Rl%'g_l)#, where Bgi_l)#
denotes the pseudo-inverse of B;H). As a second substep, we calculate Bgi)

such that 71"')3?) best approximates R in the LS sense. This gives the final
result » - »
B = #9*R = (RB{"#)"R. (1.11)

Step 2 enforces Property 2. That is, we approximate Bgz) from Step 1
above by a matrix Bgi) with the modulation structure of Property 2, i.e.,
Bgi) = Zle Z;\i‘ll‘k MHIA)EJ)Z The diagonal matrices IA)EJ)Z are chosen such
that Bgi) best approximates f3§i) in the LS sense. It can be shown that the

nonzero (diagonal) elements of IA),(;)Z are given by

Nt k-1
S 1 5 (i i .
(Dgc,)l)n,n = N_T Z (Bg ))j,n (Cg\()k,l))j,n with )\(k, l) 2 Z Nd,n +1, (1-12)
Jj=1 =1

where the Cg\i) are matrices of size N7 x M that are constructed as follows.
Let p, l[n] with n = 0,..., M —1 denote the (n + 1)th column of My, i.e.,
My = [uk 0], z[M_l]]‘ Furthermore, for fixed n, let M[n] denote the
Nt x Ng matrix that contains the nth columns of all M, ; forl =1,..., Ny
and k=1,.... K, ie.,

(1>

Min] £ [py Inl-py 0] g 0]y 0] (1.13)

Then, the nth column of Cg‘i) is defined as the Ath row of the Nx x Nt matrix
(H*H M [n])#, where # was calculated in Step 1 above.

This algorithm yields an estimate H of the channel matrix in Step 1 and
estimates IA)EJ)Z of the data matrices in Step 2. In the noise-free case, we always
observed the algorithm to converge to the correct channel and data matrices
up to a single complex factor per user. Results in the presence of noise will

be shown next.
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Fig. 1.2 (a) Normalized MSE vs. SNR obtained with space-time matrix modulation
using the iterative demodulation algorithm. (b) corresponding BER vs. SNR. o—o:
Single-user case—two data streams assigned to a single user; o—o: multiuser case—
one data stream assigned to each of two different users.

Simulation Results and Discussion. We carried out both a single-user
experiment and a multiuser experiment, in which we transmitted i.i.d. com-
plex Gaussian signals dj;[n] € C over channels with Nt = 4 transmit anten-
nas and Vg = 4 receive antennas. The modulation matrices M, ; with block
length M = 100 were constructed by taking realizations of i.i.d. Gaussian ran-
dom variables as matrix entries and then orthonormalizing the corresponding
columns of all My, ; (in our simulations, this always resulted in admissible
modulation matrices). The channels were randomly generated for each sim-
ulation run. The channel output signals were corrupted by white Gaussian
noise.

In the single-user case, we transmitted Ny = 2 data streams. In the mul-
tiuser case, we considered K = 2 users with one data stream each (thus,
Nk = 2). Fig. 1.2a shows the total normalized mean-square error (MSE)
of the data streams reconstructed by means of our iterative blind demodu-
lation algorithm versus the signal-to-noise ratio (SNR). We see that for high
SNR, the MSE is significantly smaller when the data streams are assigned to
different users than when one user transmits all data streams.

We discuss this result in the following. In the multiuser case, there are eight
transmit antennas (four per user) against four in the single-user case. Thus,
even though the individual users do not cooperate, the multiuser channel
offers more diversity than the single-user channel. The results show that the
iterative blind demodulation algorithm exploits some of this extra diversity
in the multiuser case. Note that we have not exploited channel knowledge,
neither at the transmitter nor at the receiver. In the multiuser case, we have
to estimate twice as many unknown channel parameters as in the single-user
case.
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Finally, Fig. 1.2b shows the corresponding bit error rate (BER) versus the
SNR when a 4-QAM transmit alphabet is used instead of the Gaussian source.
The iterative demodulation algorithm is followed by a quantization to the 4-
QAM alphabet. The BERs decrease more rapidly than the corresponding
normalized MSEs.

Space-time matrix modulation allows to transmit data streams from mul-
tiple users over unknown MIMO channels. An efficient iterative receiver algo-
rithm is proposed which exploits the modulation structure to jointly estimate
data and channels for multiple users. Unique demodulation in the noise-free
case is guaranteed theoretically. Simulations demonstrate good performance
of the proposed space-time matrix modulation/demodulation in the presence
of noise.

1.4.3 Iterative Space-Time Equalization and Demodulation for

Coded CDMA

An iterative receiver with space-time processing is considered for the uplink
of a coded CDMA system. We assume that symbols are transmitted syn-
chronously and multipath propagation is modelled with a temporal granular-
ity of a chip duration. The receiver consists of a multiuser detector, a bank
of single-user decoders, and a channel estimator, see Fig. 1.3. The behavior
of iterative receivers which employ ML channel estimation was reported in
[14] for the special case of a single propagation path with constant amplitude.
The results in this section are obtained for a receiver with Ny antenna ele-
ments. We show that such multiuser MIMO communication systems achieve
low bit-error rates at moderate complexity.

Signal Model. We assume that the propagation channel has block-fading
characteristic, i.e., the channel is constant over a block of M transmit sym-
bols. Thus, hg,p.4[n, €] in the system model (1.1) does not depend on n. The
first J symbols are pilots which are used for channel identification at each re-
ceiver antenna element. The subsequent M — J symbols are QPSK symbols,
derived from an uncoded information bit stream dj[m’] which is convolu-
tionally encoded, randomly interleaved, and Gray mapped. The resulting M
QPSK symbols ai[m] of user k are spread by the sequence s; of dimension
N x 1. We reformulate (1.1) by separating the single term for £ = 0 from the
remaining terms at lags £ > 0,

K

rfnl = Y (ml0lalln/N]}seln mod N] +
k=1

L—1
S hilfla[ln/N] - 1]si[N —n mod N]) C(1.14)
(=1



MULTIUSER MIMO CHANNEL EQUALIZATION 9

r(n] Channel & I C1.apP
: T 1. :
Channel ::| Mapper nterl. | i
dx Ex APP
a) 1, EXT
h : Mapper Interl. :
1...K
& éx EXT
i—|Demapper|——| Deinterl Channel [ 4
Soft i Decoder [H—
Multiuser .
Detector i : d
i ZK K
& Combiner Demapper Deinterl. Channel
Decoder
(a)
v[n]
dr[m''] cxm'] A, codelm] ar[m]

| Data |——|Encoder|——| Interl. |——|Mapper|——| MUX }—@f -

ap pllots[m]

other users

(b

~

Fig. 1.3 (a) Iterative multiuser MIMO equalization. (b) Uplink transmitter.

The elements of the sequence s, are randomly drawn from the set {£1 +
j}/V2N such that ||s||> = 1. The uplink transmitter is shown in Fig. 1.3b.
The system model (1.1) reflects the superposition of inter-symbol interfer-
ence (ISI) and multiple-access interference (MAI) components at the chip level
n. Here, we assume that each user has a single transmit antenna, Nt = 1,
and we will thus omit the transmit antenna-element index p in the following.
Note that a transmit symbol at time m is spread to a signal of length N.
The channel is modelled on the chip level and has L taps such that the total
receive vector affected by symbol a[m] is of length N + L —1. We denote this
vector as
y,[m] 2 [rg[(m = N +1]...r,mN + I)|". (1.15)

Note that y,[m] describes a vector of temporally successive chip samples for
one receive antenna whereas r[n] in (1.1) describes a vector of chip samples
at one chip instant but for all receive antennas.

The receiver consists of three processing units exchanging information on
code symbols and channel estimates in an iterative manner. We will explain
the individual parts in the sequel.

Soft Multiuser Detection. We implement and investigate multiuser de-
tection with a parallel interference cancelling (PIC) unit and a subsequent
single-user matched filter (SUMF) or a linear minimum mean square error



10 RECEIVER

(LMMSE) filter. Parallel interference cancellation is implemented using soft
decisions aj,[m] defined in (1.29). These are obtained from the estimated ez-
trinsic probabilities (EXT) of the code symbols available at the output of the
channel decoder, see Fig. 1.3a. See the section “Decoding” on page 12 for
further details. Soft decisions require the signature sequences to be known,
their timing, and an estimate for the channel state. The interference canceller
removes MAT. ISI terms are explicitly considered in the cancellation since
they can greatly influence the receiver performance when the channel mem-
ory length L cannot be considered much smaller than N. If exact knowledge
of all interfering users’ symbols and the channel state were available, then
the MAT could be eliminated perfectly. However, due to inaccurate chan-
nel knowledge and errors in the feedback symbols this cannot be achieved.
Usually, the process of interchanging information is done iteratively several
times. The effective spreading sequence of user k at antenna element ¢ is
Skq = Sk * ﬁk,q with * denoting convolution and ﬁk,q being a channel esti-
mate. Stacking these vectors together leads to the effective spreading matrix
S, of dimension (N + L — 1) x K. The observation window covers both pre—
and postcursor ISI. The ISI length is

W=[(N+L-1)/N] . (1.16)
The parallel interference canceller (PIC) calculates

w—-1

Trglm] =y Im] + Srgapml = > Sy[wla'[m —w]. (1.17)
w=—W+1

Terms indexed by w > 0 in the sum above correspond to ISI caused by future
symbols while terms indexed by w < 0 are related to preceding symbols. The
matrices attributed to previous and future symbols are defined by

( S1,fwN +1] ... Sg4wN +1]
§1,q[wN + 2] - §K7q[wN + 2]
- for w < 0
Syw] = S14[wN+A] ... Fg WN +A] (1.18)
OwN OwN
L S, forw =0

with A = (N+L—1)— (W —1)N and correspondingly for w > 0. After MAI
removal, the signal is passed through a linear filter whose output is

2hglm] = Fig[m]Gp,g[m]- (1.19)

We focus our interest on the SUMF and LMMSE filter. The latter filter is
more involved due to the required matrix inversion. For certain system loads
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a = K/N, the SUMF achieves the same BER as the LMMSE filter, but
requires a higher number of iterations [6]. Results for both filters are shown
in Fig. 1.4 on page 15.

The single-user matched filter is

fk7q[m] = §k,q[m] , (1.20)
and the LMMSE filter is defined as

gk’q[m] = arg;ninE { |ak[m] — gH?jk,q[m]F} . (1.21)

A solution to (1.21) is found under the assumption of independent symbols
ar[m] and when known symbols ai[m] are replaced by their estimates aj,[m]
defined in (1.29). Then the filter becomes

w-1 -1
git,qlm] = 5 ,[m] <031+ B g[m]|i [m] P8y [m] + gq[W]V[m]gf[W]>
e (1.22)
with V[m] denoting the diagonal covariance matrix
vim] = £{(alm] - E{a[m]}) (alm] - E{a[m])"} . (1.23)

Now, we substitute E{a[m]} by the extrinsic probability (EXT) a'[m] de-
fined via (1.29). The resulting V[m] has diagonal elements Vj x[m] = 1 —

I[E{|Ez}f [m]|2} When Vj, ;[m] is computed for each symbol individually, the

resulting filter is termed conditional. This, however, involves a matrix inver-
sion for each symbol and every user. An alternative approach averages over
all code symbols in a single block to construct a V' = diag(Vi1,..., Vk.x)
which does not depend on the symbol index m. In this way, the filter needs
to be computed only once for every user and iteration. The resulting filter is
called unconditional [9].

We have obtained a biased filter so far. The bias is B[m] = E{zx 4[m]/ar[m]}
= gl,j’q[m]é'k,q[m]. An unbiased and unconditional modification of (1.22) is

g’;fq [m] = %g?q[m] which results in

gII::I [m]Zfl w-1 B n
4 g with Z, = Y S,[w]VS, [w]+021. (1.24)

w=—W+1

H
glk,q[m] =

8 mZ ' 81 0[]

Antenna Combining. The unbiased and unconditional LMMSE filter g, [m]
is applied to the receive vector. A soft decision is obtaineq by maximum ratio
combining (MRC) of all antennas by using the estimate hy, , for the channel
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impulse response defined in (1.31),
Ngr Nr
A~ H - A
2m] =Y gl g'hGrgml > gl - (1.25)
g=1 q=1

Decoding. The soft decision feedback supplied to the channel and the data
estimator are computed from the a posteriori probabilities (APP) and the
extrinsic probabilities (EXT). A soft input soft output decoder for the binary
convolutional code is implemented by the BCJR algorithm [4] which estimates
these quantities. The decoder input is given by the channel values xj[m/]
which are obtained from the zi[m] given in (1.25) through sequential de-
mapping to a real sequence and de-interleaving (see Fig. 1.3a). They are the
received values for the 2(M — .J) code bits ¢[m']. The conditional probability
density of the multiuser detector (MUD) output values z,[m’'] can be modelled

by a Gaussian distribution with mean £p and variance v7. The decision-

directed estimate for the mean is g = 1/(2(M — J)) Z?g/‘h‘]) |z [i]]| and for
the variance 07 = m Z?g/[_J) |71 [i]]> — fi. The APP for having the
value +1 as code bit when observing the channel value z;[m'] is given as
APPy[m'] = Pr{ck[m'] = +1 | &} where the vector x} contains all z;[m'] of
the code block. The link between the APP and the EXT is established via
the relation

APPy[m'] o EXTk[m'] p (z[m'] | ck[m'] = 1) (1.26)

where the last term denotes the channel transition function which is assumed
to be a Gaussian probability density in this section, estimated parametrically
as

p(ze[m'] | ex[m'] = 1) oc exp(—|zx[m'] — al?/07) - (1.27)

The APP values are normalized such that Pr{cg[m'] = +1|xx} + Pr{ci[m'] =
—1lz} = 1; the EXT values are normalized in the same way. After inter-
leaving, these probabilities are used to obtain an estimate of the transmitted

symbols. The QPSK mapping for the APPs and the EXTs is given by

ag[J+m] = [1—2APP.[2m] +j(1 —2APP,[2m + 1])] /V2, (1.28)
a[J+m] = [1—2EXTy[2m]+j(1 —2EXT.[2m + 1])] /V2 , (1.29)

withm € {1,..., M—J}. The symbol estimates @), [m] are used in the feedback
branch to the detector with PIC and SUMF/LMMSE filtering while the soft
decisions ag[m] are used for channel estimation as if they were additional pilot
symbols.

Channel Estimation. In a system with multiple receive antennas, all paths
to the receive antennas need to be estimated. The initial estimate is based on
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training symbols in the preamble of the block of transmit symbols. In later
iterations, the estimator is enhanced by incorporating soft decisions dag[m)]
derived from the APPs as described in (1.28).

It was shown in [8] that long spreading sequences with elements taken
from the unit circle exhibit nice cross-correlation properties. These sequences
are called Perfect Root of Unity Sequences (PRUS) and are particularly well
suited for multipath channel estimation with long delay spread. In our re-
ceiver, we choose a length of JN.

For channel estimation, we need to estimate each single propagation path
and we model the signal somewhat different from (1.1),

w
Y, = (Z DwAw> h,+v, =Uh, +v,, (1.30)

w=1

where the various quantities involved are described below. The MN x 1
vector y, contains samples at the chiprate received at antenna g. The
MN x MKL matrix D,, is block diagonal and defined as diag(D,, ... D),

M
where Dy, = [Dy,1 ... Dy k] is of dimension N x K L. The matrix D, is
derived from the W N x L matrix

Sk[l]
Sk[Q] Sk[l]
Sk[3] Sk[Q] Sk[l]
oIN] seN—1] seN—=2 ... su[l]
Sk[N] Sk[N—].] Sk[Q] Sk[].]
Cr = st[N] .. i3] si[2]

Elements which are not covered by the shifted spreading sequence are zero.
The matrix D, contains the rows from (w — 1)N + 1 to wN of C. An
exception is the construction of the first J matrices D,, for which the corre-
sponding PRUSs are taken instead of the vectors s;,. Ay, = [A[l —w]A[2 -
w]... A[M —w]]V is an MKL x KL vertically stacked matrix consisting of
the diagonal KL x KL matrices

A[m] = diag (a1[m] az[m]...ax[m]) with ag[m] = ar[m]1r, .
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h, is a KL x 1 vector obtained by vertically stacking the L x 1 chip impulse

T
responses hy, , of all users’ channels, i.e. h, = h?,q h;q cs h};’q . Finally,

v, designates an NM x 1 zero-mean complex Gaussian noise vector with
covariance matrix o2Inar. A least squares (LS) estimator of h, requires the
symbols to be known. We replace the symbols ai[m] by their soft decisions
ar[m] from (1.28). Using YU introduced in (1.30), we obtain the estimate

h, = UU) Uy, . (1.31)

Simulation Results and Discussion. For illustration of the iterative space-
time receiver concept, we use spreading factor N = 16. The encoder is a
non-systematic, non-recursive convolutional code with rate Cp = 1/2 and
generator polynomials (5,7)s. The channel estimator uses the approximated
LS approach formulated in (1.31). We assume an i.i.d. Rayleigh fading chan-
nel model with a delay spread L of 5 chips. The taps are normalized such that

E {Eff;‘l Ef;ol |hk7q[€]|2} = 1. We consider the channel impulse response to

be constant during the transmission of a code block. The block length is
M = 250 symbols out of which .J = 20 are pilots which corresponds to 8 % of
the transmitted energy. To account for the energy loss due to the pilots we
define the ratio of energy per information bit and noise power spectral density
as Ey /Ny = a?,;CRML—J

In Fig. 1.4, the BER vs. E}, /Ny is shown for the PIC detectors with the
SUMF and the LMMSE filter. The plot compares the difference in BER of
the two detectors as well as the impact of using soft decisions to support the
channel estimator. For the moment, we consider single-antenna reception in
an overloaded system with load o = K/N = 1.5. We illustrate the BER after
the first, third, and sixth iterations together with single-user-bound (SUB)
which is defined as the BER in case of a single user in the system having
perfect channel state information. We notice that using feedback symbols in
the multiuser detector and the channel estimator allows BER’s of 10~ after 6
iterations at an Ej /Ny of 8.6 dB using a LMMSE filter and at 12.7 dB in case
of the SUMF. The gap in Ej /N, between the two detectors at a BER of 102
is 4.1dB. The LMMSE-based receiver is able to approach the SUB as close as
0.4dB at an Ey /Ny of 8dB after 6 iterations. Furthermore, the results reveal
that soft decision feedback for channel estimation improves the receiver per-
formance considerably. When comparing the LMMSE receiver with a channel
estimator using soft decision feedback with a receiver which uses pilots only
for channel estimation, we observe an improvement of more than 2 dB. This
improvement becomes even more pronounced in the SUMF-based receiver
where a reasonable BER can not be obtained with just 6 iterations.

Finally, Fig. 1.5 shows the BER versus the number of users K in the one—
and two antenna cases. These results were obtained from simulations at an
E, /Ny of 8dB. For a single antenna and 10 iterations, the system serves up
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to 30 users while operating close to a BER of 1072. The plot shows that the
number of supported users is drastically increased if two receive antennas are
used. More users can be accomodated at the cost of an increased number
of iterations. With two receive antennas, more than 50 users can be served
in simultaneous links with a BER lower than 10™2 after 10 iterations. This
is enabled by the reduced variability of the receiver-side signal power when
employing multiple receive antennas.

SUMF - iter 1
=0~ SUMF - iter 3, no FB
=0+ SUMF - iter 6, no FB
=0~ SUMF - iter 3
10 °H = = SUMF - iter 6

4 LMMSE - iter 1
¢+ LMMSE - iter 3, no FB
~@ LMMSE - iter 6, no FB
@' LMMSE - iter 3
“““ LMMSE - iter 6
-— SUB
10 T T L

0 2 4 6 8
E,/N, [dB]

Fig. 1.4 BER vs. E}/Np for the PIC-SUMF and PIC-LMMSE detectors with and
without the use of soft decisions for channel estimation. The parameters are K = 24,

N =16,L =5, M = 250, and .J = 20.

We have demonstrated that an iterative receiver impressively increases the
number of supported users when employing antenna diversity at the base-
station receiver. These performance gains are achieved in a multipath envi-
ronments when soft decision feedback is used for both channel estimation and
interference cancellation.

1.4.4 Basis Expansion for Time-Variant Channel Equalization

This section deals with the equalization of time-variant channels by extend-
ing the iterative receiver concept developed in Section 1.4.3 for block-fading
channels. The variation of a wireless channel over the duration of a data block
is caused by user mobility and multipath propagation. The Doppler shifts on
the individual paths depend on the user’s velocity v, the carrier frequency
fo, and the scattering environment. The maximum variation in time of the
wireless channel is upper bounded by the maximum (one sided) normalized
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Fig. 1.5 Achievable BER vs. the number of users K for the PIC-LMMSE detector
with one and two receive antennas. The parameters are N = 16, L = 5, M = 250,

J =20, and E,/Ny = 8 dB.

Doppler bandwidth
VDmax — BDTS ) (132)

where Bp = U'“;—"fc is the maximum Doppler bandwidth, vyax is the maxi-
mum velocity, Ty is the symbol duration, and ¢y denotes the speed of light.

We apply orthogonal frequency division multiplexing (OFDM) in order to
transform the time-variant frequency-selective channel into a set of parallel
time-variant frequency-flat channels, the so-called subcarriers. We consider
time-variant channels which may vary significantly over the duration of a long
block of OFDM symbols. However, for the duration of each single OFDM
symbol, the channel variation is assumed small enough to be neglected. This
implies a very small inter-carrier interference (ICI). Each OFDM symbol is
preceded by a cyclic prefix to avoid inter-symbol interference (ISI).

The discrete-time sequence of channel coefficients for each frequency-flat
subcarrier is bandlimited by vpmax. It was shown by Slepian [24] that time-
limited parts of bandlimited sequences span a low-dimensional subspace. A
natural set of basis functions for this subspace is given by the so-called discrete
prolate spheroidal sequences. A Slepian basis expansion using this subspace
representation was proposed in [31] for time-variant channel equalization. It
was shown in [34] that the channel estimation bias obtained with the Slepian
basis expansion is more than a magnitude smaller compared to the Fourier
basis expansion (i.e. a truncated discrete Fourier transform) [22].



MULTIUSER MIMO CHANNEL EQUALIZATION 17

An iterative time-variant channel estimation scheme is developed by com-
bining pilot symbols with soft decisions for estimating the coefficients of the
Slepian basis expansion.

MIMO-OFDM Multiuser Signal Model for Doubly Selective Chan-
nels. Every user has a single Nt = 1 transmit antenna, the base station
has Ny receive antennas. There are K users. We consider the equalization
and detection problem for such a K x Ng multiuser MIMO communications
system. Each user’s data symbols are spread over N subcarriers by means
of a user-specific spreading code. The transmission is block-oriented; a data
block consists of M — J OFDM data symbols and J OFDM pilot symbols.

The data symbols are chosen from a QPSK symbol constellation. The
data symbols are given by ax[m] € {£1+j}/v/2 for m ¢ P and ax[m] = 0 for
m € P, where the pilot placement is defined by the index set

P={|M/JGi+1/2)] | i=0,...,J—1} (1.33)

and discrete time at rate 1/Ts = 1/(PTc) is denoted by m. After the spread-
ing operation, pilot symbols p,[m] € CN with elements py[m, €] are added,
giving the N x 1 vectors

dk[m] = skak[m] +pk[m] . (1.34)

The elements of the pilot symbols py[m, €] for m € P and e € {0,...,N — 1}
are randomly chosen from the QPSK symbol set {+1 + j}/v2N. For m ¢ P
we define p,[m] = On. Subsequently, an N-point inverse discrete Fourier
transform (DFT) is carried-out and a cyclic prefix of length G is inserted. An
OFDM symbol including the cyclic prefix has length P = N + G chips.

The temporal channel variation for the duration of each single OFDM
symbol is small which translates to small ICI [15]. For neglecting the temporal
channel variation within a single OFDM symbol, vpmax is assumed to be much
smaller than the normalized subcarrier bandwidth P/N, e.g. vpmaxN/P <
0.01. Under this assumption, we represent the time-variant MIMO channel
by the N x 1 vector gy, ,[m] = F [hy1,i[mP,0],..., kg1 [mP,L—1]]". The

—j2xil

truncated DFT matrix F € CV*" has elements [Fl;, = e for i €
{0,...,N—1} and £ € {0,...,L — 1}. The received signal at the gth antenna

element after cyclic prefix removal and DFT is

K
y,[m] = diag(gy ,[m])di[m] + v,[m)] (1.35)
k=1

where complex additive white Gaussian noise with zero mean and covariance
021y is denoted by v,[m] € CY with elements v,[m,e]. We define the time-
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variant effective spreading sequences
S1.q[m] = diag (gy. 4[m]) si., (1.36)

and the time-variant effective spreading matrix S,[m] = [51 4[m], ..., 5k 4[m]] €
CN*K | Using these definitions, we write the signal model for data detection
as

y,lm] = S,[mla[m] + v [m] for m¢P (1.37)

where am] = [a1[m],...,ax[m]]" € CX contains the stacked data symbols
for K users. Equation (1.37) is identical to the signal model for CDMA in
a frequency-flat fading environment. Thus, we apply the PIC and MMSE
multiuser detection algorithms defined in Sect. 1.4.3 with IST length W =1
(cf. (1.16)). However, the effective spreading sequence (1.36) is time-variant
and (1.24) must be calculated for every symbol, now.

The performance of the iterative receiver crucially depends on the accuracy
with which the time-variant frequency response g, ,[m] is estimated, since
the effective spreading sequence (1.36) directly depends on the actual channel
realizations. The MIMO-OFDM signal model (1.35) describes a transmission
over N x Np parallel frequency-flat channels. Therefore, we rewrite (1.35) as

a set of equations for every subcarrier e € {0, ..., N — 1} and receive antenna
q e {].,...,NR},
K
Yqlm,e] = ng,q[m,e]dk,q[m, e] + vy[m, €], (1.38)
k=1

where di[m, e] = si.[e]ar[m]+pr[m, e]. The temporal variation of each subcar-
rier coefficient g, 4[m, €] is bandlimited by the normalized maximum Doppler
bandwidth vpmax. We estimate gy 4[m,e] for an interval with length M
using the received sequence y,[m,e]. Slepian [24] analyzed discrete prolate
spheroidal (DPS) sequences that are maximally concentrated in a given time
interval and to a given bandwidth. Thus, the properties of these DPS se-
quences are directly relevant to the channel estimation problem. The DPS
sequences are doubly orthogonal over the intervals [—oo, oo] and [0, M —1]. We
use the DPS sequences on the index set {0, ..., M —1} to define an orthogonal
basis. The index-limited DPS sequences will be termed Slepian sequences.

Slepian Basis Expansion. The Slepian basis expansion approximates the
sequence g 4[m, €] by a linear combination of Slepian sequences w;[m]

D—1
Gk.q[m, €] = Gr,q[m, €] Z ui[mlg.qlis €], (1.39)
i=0

where m € {0,...,M — 1} and e € {0,...,N — 1}. The Slepian sequences
u; € RM with elements u;[m] are defined as the eigenvectors of the matrix
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C € RM*M defined as [C)iy = % where i,/ = 0,1,...,M —
1, i.e. Cu; = Aju;. The approximate dimension of the time-concentrated
and bandlimited signal space is D = [2upmaxM ] + 1 [24, Sec. 3.3], which
means that the eigenvalues A; rapidly decay to zero for ¢ > D. In effect,
(1.39) is a reduced-rank representation for time-limited parts (or snapshots)
of bandlimited sequences. The mean squared error for one subcarrier is defined

as (where we omit £, ¢ and e)

MSEy = - mZ:E {lgtm) - glm]P"} (1.40)

The mean squared error of the Slepian basis expansion is given by the sum
of two terms MSE,; = biasps + varys. The autocorrelation of the subcarrier
determines biasys and this term decreases with growing dimension D of the

basis expansion. On the other hand, var,; is proportional to D and the noise
2

variance o; [23]. An analytic expression for biasy; can be found in [21, 34]
M—1 /2
. 1
biasy = i Z / E(m,v)Sy4(v)dv (1.41)
m=0_1/3

where Sg4(v) is the power spectral density of the subcarrier and
M—1 ' )
E(m,v) = ‘1 — fTmle Y e im0 (1.42)
£=0

with G = M0 fim) f¥[m] and fim] = [ug[ml],...,up_1[m]]T € CP. The
variance is independent of the selected basis, varys &~ o2D/M. The use of
the Slepian basis offers a significantly smaller bias compared to the Fourier
basis (i.e. the truncated discrete Fourier transform). This was demonstrated
numerically and analytically in [31,34].

We emphasize that the selection of a suitable Slepian basis, parameterized
by M and vpmax, e€xploits the band-limitation of the Doppler spectrum to
UDmax Only. The details of the Doppler spectrum for |v| < Vpmax are irrele-
vant. Our approach therefore differs from a Karhunen-Loeve transform which
requires complete knowledge of the second-order statistics of the fading pro-
cess. This approach was chosen since MIMO channel sounder measurements
have shown that wireless fading channels show stationary behavior for less
than 70 wavelengths in a pedestrian typical urban environment [28]. We fear
that meaningful short-term fading characteristics (second-order statistics, to
begin with) can hardly be acquired in a multiuser MIMO system when users
move at vehicular speeds.

For the purposes of performance analysis for a nominal ensemble of channel
realizations, we evaluate (1.41) for a nominal Doppler spectrum Sy, (v).
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Signal Model for Time-Variant Channel Estimation. We insert the
basis expansion (1.39) for the coefficients gy, 4[m, €] in (1.38),

K
yQ[mae] = Z

D—
k=1 ¢=0

wi[m) 4, e]ldg[m, e] + vy[m, €] . (1.43)

Thus, an estimate of the subcarrier coefficients 9 4[i, €] can be obtained
jointly for all K users but individually for every subcarrier e and receive an-

T
tenna q. We define the stacked vector ¢, , = 'dyeT,q,O, e ,1/:2(17[,71 € CKD
containing the basis expansion coefficients of all K users for subcarrier e where
Yo qi = W1 4lise],. .. ,¢K7q[i,e]]T € CK. Furthermore we introduce the nota-
tion y, , = [y4[0,€],...,y,[M — 1, e]]T € CM for the received chip sequence
for a single data block on subcarrier e. Using these definitions, we write
Yeqg = De g +Vey, (1.44)
where
D, = |[diag(uo)D.,...,diag(up 1) D.] € CM*ED (1.45)
[0, €] dk|0, €]
D, = : : e CM*K [ (1.46)
di[M —1,e] ... dg[M —1,¢]

contains the transmitted symbols for all K users on subcarrier e. For channel
estimation, the .J pilot symbols in (1.34) are used. The remaining M — .J
symbols are not known; we replace them by soft decisions that are calculated
from the APP obtained in the previous iteration. This enables a refinement
of the channel estimates when the soft decisions gain reliability from these
iterations. For the first iteration, the soft decisions aj,[m] are set to zero. We
define the soft decision matrix D, € CM*X according to (1.46) by replacing
di[m, ] with di[m, e] = si[e]ax[m]+pi[m, €]. Finally we define D, € CM*KD
according to (1.45) by replacing D, with D.. Thus, D. contains a priori
known pilot symbols and soft decisions for the unknown data symbols.

LMMSE Channel Estimation. We use the minimum mean square error

(MMSE) criterion for estimating the basis expansion coefficients 4, , (see [32]
for the block fading single input single output case):

- ~“H . 4= -1\ _
., = (D.A7'D.+Ix) D ATy, (1.47)
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where A = A + 021 ). The elements of the diagonal matrix A are defined as

D—-1

[A] —ii | var{ay[m]}, (1.48)
mm—NkZIlZOU V akm .

and the symbol variance is var{a;[m]} = 1 — @}[m]. The rows of D, are
scaled by the elements of the diagonal matrix A, taking into account the
variances of the noise and of the soft decisions. After "/337(1 is evaluated for
alle € {0,...,N —1} and ¢ € {1,..., Ng}, an estimate for the time-variant
frequency response is given by gi 4[m, €] = Z?:f)l wi[m]r q[i,€]. Additional
noise suppression is obtained if we exploit the correlation between the sub-
carriers gy  [m] = FFHQ,M[m]. Finally, the data is detected by inserting the
channel estimates g, ,[m] into (1.36).

Simulation Results and Discussion. Realizations of the time-variant
frequency-selective MIMO channel hy, 1 4[n,¢] are generated using an expo-
nentially decaying power-delay profile (PDP) n?[(] = 6_6/4/ ZZL,;E e_él/4,
¢ =0,...,L — 1, [10] with essential support of L = 15. The time in-
dices n and ¢ correspond to sampling at rate 1/T¢. The PDP corresponds
to a root mean square delay spread Tp = 47¢ = 1lus for a chip rate of
1/Tc = 3.84-10%1/s. The autocorrelation for every channel tap is given by
Rprw [0, ) = n?[€]Jo(2mvp Pn) which results in the classical Jakes’ spectrum.
We simulate the time-variant channel using the model in [35] corrected for
low velocities in [33].

The system operates at carrier frequency fc = 2GHz and the K = 64
users move with velocity v € {0,100} km/h. This gives a Doppler bandwidth
of Bp = 190 Hz corresponding to vp = 0.0039. The number of subcarriers
is N = 64 and the length of the OFDM symbol with cyclic prefix is P =
G + N = 79. The data block consists of M = 256 OFDM symbols with
J = 60 OFDM pilot symbols. The system is designed for a maximum velocity
Umax = 100 km /h which results in D = 3 for the Slepian basis expansion. The
base station uses Ny € {1,2,4} receive antennas. All simulation results are
averaged over 100 independently generated data blocks.

In Fig. 1.6, we illustrate the multiuser MIMO-OFDM uplink performance
with iterative time-variant channel estimation based on the Slepian basis ex-
pansion in terms of bit error rate (BER) versus Ej, /Ny after 4 iterations. We
also display the single-user bound (SUB) which is defined as the BER for one
user and perfect channel knowledge at the receiver, as well as the “basis ex-
pansion SUB” which is the achievable BER with a channel estimation scheme
based on the Slepian basis expansion. With increasing number of coherently
combined receive antennas, the channel estimation variance described by var,
becomes the limiting factor for the receiver performance.

Simulation results show that an iterative receiver using the Slepian basis
expansion for channel equalization handles a wide range of user velocities
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Fig. 1.6 BER versus SNR on the uplink for multiuser MIMO-OFDM after 4 itera-
tions and Slepian basis expansion for D = 3, K = 64 users are static (v = Okm/h)
or moving at v = 100 km /h, receiver employs Ng = 1, 2, or 4 antennas.

under full load. Accurate channel estimates obtained with the Slepian basis
expansion with soft decisions allow to exploit the Doppler diversity. This
leads to decreased BER at higher velocities.
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a posteriori probability, 12, 20
APP, see a posteriori probability

basis expansion, 2, 18-22
BCJR algorithm, 12
BER, see bit error ratio
bit error ratio, 11, 21, 22

CDMA, see code division multiple-
access

code division multiple-access, 1, 8

convolutional code, 8

DFT, see discrete Fourier transform
discrete Fourier transform, 17
Doppler
bandwidth, 16, 18, 21
diversity, 22
shift, 15
spectrum, 19
DPS sequences, 18

equalization
for time-variant channels, 15—
22
multiuser MIMO, see multiple
input multiple output, mul-
tiuser equalization
EXT, see extrinsic probability
extrinsic probability, 11, 12

ICI, see inter-carrier interference
inter-carrier interference, 16, 17
inter-symbol interference, 9, 10, 16
ISI, see inter-symbol interference

linear minimum mean squared er-
ror, 10-12

26

LMMSE, see linear minimum mean
squared error

MALI, see multiple-access interfer-
ence
MAP, see maximum a posteriori
probability
maximum ratio combining, 11
mean squared error, 7
MIMO, see multiple input multiple
output
minimum mean squared error, 18
MRC, see maximum ratio combin-
ing
MSE, see mean squared error
MUD, see multiuser, detector
multiple input multiple output
multiuser equalization, 1-22
OFDM, 18, 21, 22
multiple-access interference, 9, 10
multiuser
detector, 12
MIMO, see multiple input mul-
tiple output, multiuser equal-
ization

OFDM, see orthogonal frequency
division multiplexing

OFDMA, see orthogonal frequency
division multiple-access

orthogonal frequency division mul-
tiplexing, 17, 21

parallel interference cancellation, 9,
10, 12, 14-16, 18
PDP, see power delay profile



perfect root of unity sequence, 13
PIC, see parallel interference can-
cellation
posterior probability, see a poste-
riori probability
power delay profile, 21
probability
a posteriori, see a posteriori
probability
extrinsic, see extrinsic proba-
bility
prolate spheroidal wave function, 2
PRUS, see perfect root of unity se-
quence

QPSK, see quaternary phase shift
keying, 12

quaternary phase shift keying, 8,
17

signal to noise ratio, 7, 22

single input single output, 20

single user matched filter, 9-12

SINR, see signal to interference and
noise ratio

Slepian, 16, 18, 21

SNR, see signal to noise ratio

soft input soft output, 12

SUB, see single user bound

SUMF, see single user matched fil-
ter

time-variant, 2, 21
TU, see channel model, typical ur-
ban
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