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Abstract—This paper presents a time—frequency framework no longer valid. We may ask whether a similarly simple formu-
for optimal linear filters (signal estimators) in nonstationary |ation can be obtained by introducing an explicit time depen-

environments. We developtime-frequency formulationsfor the  jence j.e., whether in a joint time-frequency (TF) domain the
optimal linear filter (time-varying Wiener filter) and the optimal ti o Wi filt be f lated
linear time-varying filter under a projection side constraint. These ime=varying wiener niier can be iormtuiated as

time—frequency formulations extend the simple and intuitive S,(t. f)
spectral representations that are valid in the stationary case to H(t, f)= AN
Ss(t, f) + 5n(t, f)

the practically important case of underspread nonstationary pro-

cesses. Furthermore, we propose an approximatime—frequency . )

designof both optimal filters, and we present bounds that show WhereH (¢, f) andSs(t, f), S..(t, f) are suitably defined. Such
that for underspread processes, the time-frequency designed a TF formulation would greatly facilitate the interpretation,
filters are nearly optimal. We also introduce extended filter design - gnalysis, design, and implementation of time-varying Wiener
schemes using a weighted error criterion, and we discuss an filters.

efficient time—frequency implementatiorof optimal filters using In thi id to thi d l oth
multiwindow short-time Fourier transforms. Our theoretical n this paper, we provide an answer to this and several other

results are illustrated by numerical simulations. questions of theoretical and practical importance.

Index Terms—Nonstationary random processes, optimal filters, * We show that founderspr_eacﬂ_S]—[lZ_] nonstaﬂ_onary pro- )
signal enhancement, signal estimation, time-frequency analysis, cesses, the TF formulation in (2) is approximately valid
time-varying systems, Wiener filters. if H(t, f) andS;(t, f), S.(t, f) are chosen as the Weyl
symbol [13]-[16] and the Wigner-Ville spectrum (WVS)
[12], [17]-[19], respectively. We present upper bounds on
the associated approximation errors.

HE enhancement or estimation of signals corrupted « We propose an efficient, intuitive, and nearly optimal TF
by noise or interference is important in many signal  design of signal estimators that is easily adapted to modi-
processing applications. For stationary random processes, the fied (weighted) error criteria.

mean-square error optimal linear estimator is the (time-in- « We discuss an efficient TF implementation of optimal fil-

)

. INTRODUCTION

variant) Wiener filter[1]-{7], whose transfer function is given ters using the multiwindow short-time Fourier transform
by (STFT) [8], [20].
¢ We also consider the TF formulation, approximate TF
H(f) = Ss(f) 1) Qesign, and TF implementation of an optimal projection
Ss(f) +5a(f) filter.

.. Previous work on the TF formulation of time-varying Wiener
where 5,(f) and S,(f) denote the power spectral densitie§jjieg [21]-[24] has mostly used Zadeh's time-varying transfer
of the signal and noise processes, respectively. The extensigf-ion [25], [26] for H(¢, f) and the evolutionary spectrum
of the Wiener filter to nonstationary processes yields a |ine¢’{1j’_,2] [27]-[29] for S,(t, f) and S,(t, f). A Wiener filtering
time-varying filter (*time-varying Wiener filter") [2], [41-[7] procedure using a time-varying spectrum based on subband
for which the simple frequency-domain formulation in (1) iINr models has been proposed in [30]. A somewhat different

approach is the TF implementation of signal enhancement
by means of a TF weighting applied to a linear TF signal
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The TF formulations proposed in this paper differ from theignal process is contaminated by additive zero-mean, nonsta-
above-mentioned work on several points: tionary, circular complex or real random noisg) with known
« While, usually, Zadeh's time-varying transfer functiogorrelation operatdR,,. Signals(t) and noisex(t) are assumed
and the evolutionary spectrum or physical spectrum ai@ be uncorrelated, i.e.,{E(t) n*(¢')} = 0. We form an esti-
chosen forH(t, f) and S,(t, f), Sn(t, f), respectively, mates(t) of the signals(t) from the noisy observation(t) =
our development is based on the Weyl symbol and tiét) +n(¢) using a linear, generally time-varying system (linear
WVS. This has important advantages, especially reperator [43])H with impulse response (kernélj¢,¢'),2
garding TF resolution. Specifically, the Weyl symbol and .
the WVS are much better suited to systems and processes sty = (Hr)(t) = / h(t, ¥ )r(t) dt'.
with chirp-like characteristics. Furthermore, contrary to v
the evolutionary spectrum and physical spectrum, tt@ur performance index will be the mean-square error (MSE),
WVS is in one-to-one correspondence with the correlatidre., the expected enerdy. = E{||e||*} = E{ [, [e(t)|? dt} =
function. tr{R.} of the estimation erro#(t) = s(¢) — 5(t), which can be
» Our TF formulations are not merely heuristic but arghown to be given by
shown to yield approximations to the optimal filters B B B
featuring nearly optimal performance in the case of E.=FE, +E,,
jointly underspread signal and noise processes. We =tr{HR, H"} +tr{I-H)R,I-H)*}. (3)
present bounds on the associated approximation errors,
and we discuss explicit conditions for the validity of ouHere, t{-} denotes the trace of an operafiirt denotes the ad-
TF formulations. In particular, we show that the usugbint of H [43], and£,,, andE,, are the expected energies of
quasi-stationarity assumption is neither a sufficient northe residual noise,.(t) = (Hn)(t) and the signal distortion
necessary condition. sq4(t) = (T — H)s)(¢), respectively. The linear system mini-
Contrary to the conventional heuristic STFT enhancénizing the MSEE. can be shown [2], [4]-[7] to satisfy
ment schemes, the multiwindow STFT implementation
discussed here is based on a theoretical analysis that H(R; +R;) = R.. (4)
shows how to choose the STFT window functions a

rl‘jhe solution of (4) with minimal rarik is the “time-varying

how well the multiwindow STFT filter approximates theW. o
. ' iener filter
optimal filter.
The paper is organized as follows. Section Il reviews the H,=R.(R,+R,)™" (5)

time-varying Wiener filter and the optimal time-varying pro-

jection filter. Section IIl reviews some TF representations anvdhere (R, + R,,)~! denotes the (pseudo-)inverse Bf. =

the concept of underspread systems and processes. In Sedlent R, on its rangeS, = range{R,.}. The minimum MSE
IV, a TF formulation of optimal filters is developed. Based o@chieved by the Wiener filter is given by

this TF formulation, Section V introduces simple and intuitive _ .

TF design methods for optimal filters. In Section VI, a multi- Ee, =t{R;(Rs + R)" R}

window STFT implementation of optimal filters is discussed. =tr{H,R,} =tr{(I- H,)R,}. (6)

Finally, Section VII presents numerical simulations that com-

pare the performance of the various filters and verify the theo-In order to interpret the time-varying Wiener filtél,, let
retical results. us define thesignal spaceS; = ranggR.} and thenoise

spaceS, = rangdR,}. Sincer(t) = s(t) + n(t), the ob-
servation spaces given byS, = S, + §,,. We note that
s(t) € S5, n(t) € S, andr(t) € S,. It can now be shown that
This section reviews the theory of the time-varying Wienehe optimal signal estimate is an element of the signal sgace
filter [2], [4]-[7] and a recently proposed “projection-conse., 3,(¢) € S,. Sinces(t) € S, ands,(t) € S., we also have
strained” optimal filter [42]. For stationary processes,therg, (t) € S,. Since it can also be shown that(t) € S,,, we get
exist simple frequency-domain formulations of both optimal, (+) € S, N S,,. These results are intuitive since any contribu-
filters. These will be generalized to the nonstationary casetign to 5,(¢) from outsideS, would unnecessarily increase the

Il. OPTIMAL FILTERS

Section IV. resulting error. Furthermore, if signal spageand noise space
S,, are disjoint S, N S,, = {0}, then the Wiener filter performs
A. Time-Varying Wiener Filter an oblique projection [44] onté; and obtains perfect recon-

Let s(¢) be a zero-mean, nonstationary, circular complex §fruction of the signa(t), i.e., ¢,(t) = 0.
real random process with known correlation functioft, ') = 2Integrals are from-co to co unless stated otherwise.

E{s(t) s*(t')} or, equivalently, correlation operatoR. This 3The general solution of (4) H, + XP:-, whereH,, denotes the minimal
rank solution in (5)X is an arbitrary operator, arll+ is the orthogonal pro-
jection operator o -, the orthogonal complement spaceSef= rangg R..-}
The correlation operatdR.. of a random process(t) is the self-adjoint With R = R, + R.,.. (ForS.. = L2(IR) [whereL.(IR) denotes the space of
and positive (semi-)definite linear operator [43] whose kernel is the correlati§fuare-integrable functionsif., becomes the unique solution of (4).
functionr, (t,t’) = E{x(t) 2*(¢’)}. In a discrete-time settind}.. would be 4Since the signals(t) etc. are random, relations likét) € S, are to be
a matrix. understood to hold with probability 1.
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In some applications, e.qg., if signal distortions are less accepetween expected signal energy and expected noise energy in
able than residual noise, we might consider replacing the MSBarq{ v (¢)} is

in (3) by a “weighted MSE”
E{(s, o) |*} — E{l{n, v)[*} = (Rovn, vn) — (R, )
Ega) 2 aEnT +(1- a)ESd = (D, Ug) = -
= atr{HR,H"} Thus, if (and only i) > 0, then in spafur(t)}, the ex-
+(1-a)tr{I-H)R,(I-H)"} (7)  pected signal energy is larger than the expected noise energy.
_ _ _ It is then easily shown that {s,2)|*} > E{|(n,v)*}
with 0 < « < 1. This amounts to replacinB., by aR. and g4 any signaly(t) € S,, ie., in S, the expected signal
R, by (1 — )R, so that the resulting modified Wiener filter isgngrqy is larger than the expected noise energy. Equivalently,
N B E{|P,s||*} > E!{||P.»|]*}, which shows that the optimal
H = (1 - )R,[(1 - )R, + aRy] 7. p;{(yjecti(')'n}ﬁlterPo{H: PJ|r| r];rojects onto the spacg, where,
on average, there is more signal energy than noise energy. This
is intuitively reasonable.
_ R _ _ . If we use the “weighted MSE” (7) instead of the MSE (3), the
We next consider the estimation &) using a linear, time- gy ting optimal projection filteP$™ is constructed as before
varying filter P that is anorthogonal projection operatoni.e., \ith D — R, — R,, replaced byD(® = (1- )R, — aR,.
it is idempotentP? = P, and self-adjointP+ = P [43].
Although the projection constraint generally results in a largey. Stationary Processes
MSE, it leads to an estimator that is robust in a specific sense;

: . . -The special cases of stationary processes and nonstationary
[SAfEl]).SI;létritgr?rvagvantages regarding a TF design are d|scusse\clivhr|1te processes allow particularly simple frequency-domain

. .__and time-domain formulations, respectively, of both optimal
Let u and v (¢) denote the eigenvalues and normalize . . :
. . . ilters. These formulations will motivate the development of TF
eigenfunctions, respectively, of the operaidor= R, — R,

) . ) ' formulations of optimal filters in Section IV.
L€ (Dug)(t) = pucvi(t). Itis ?hOW” in [42] th.at. th.e. min- -~y s(t) andn(t) are wide-sense stationary processes, the cor-
imum-rank orthogonal projection operator minimizing the

. o responding correlation operatd®s, andR,,, are time-invariant,
MSE in (3) is given by i.e., of convolution type, and the optimal system becomes time-
P — Z P invariant as well. The MSE in (3) does not exist and must be re-
° vk placed by the “instantaneous MSEY [£(t)|*}. For any linear,
time-invariant systenH with transfer functiondu (f), the in-

where P, denotes the rank-one orthogonal projectioftantaneous MSE can be shown to be

B. Optimal Time-Varying Projection Filter

kel

operator defined by(P, z)(t) = {(z,v)vi(t) with

(@,m) = [ a(twi(t)dt, andly = {k : pu, > O} is E{le®)’} = / |Hua (1) (f) df

the index set corresponding to positive eigenvalues. Thus, the !

optimal projection filterP, performs a projection onto the +/ 11— Hu(H)?S.(f) df 9)
spaceS, spanned by all eigenfunctions & = R, — R, Y

corr_esp_onding to positive eigenvalues. The MSE obtained Wiifheres, ( £) ands,, (f) are the power spectral densities (PSD's)

P, is given by of s(t) andn(t), respectively. The optimal system minimizing
_ _ (9) satisfiesHu ()[Ss(f) + Sa()] = Ss(f) [2]-[7]. A “min-
E., =tr{P,R,} +t{P;R,} = E, — Z - (8)  imal” solution of this equation is

kel
For an interpretation of this result, let us partition the obser- Hu, (f) =3 S.(F) + Sn(f)’ fekl (10)
vation spaces,. into three orthogonal subspaces corresponding ‘ 07' ’ f¢F.
to positive, zero, and negative eigenvalue®of
whereF,. = {f : Ss(f) + S.(f) > 0} denotes the set of

Sy = spadvg(t): px > 0} frequencies where the PSD of the observati¢t), S.(f) =

S_ = spafui(t) € Sp: i = 0} Ss(f) + S,.(f), is positive. The minimum instantaneous MSE

S_ = spar{vi(t): . < 0} 's given by

S5(f) Snl(f)

sothatS, +S_ +S_ = S, andP; + P_ + P_ = P, where E{le.(1)*} = / S +5.00 df . (11)
P, P_,P_,andP, are the orthogonal projection operators on s "
the spacess,,S_,S_, andS,, respectively. Note thdP, = The frequency-domain formulations (10) and (11) allow

P,. We now consider the expected energies of the signal aad intuitively appealing interpretation of the time-invariant
noise processes in the spage. The expected energy of anyWiener filter (see Fig. 1). Let, = {f : S.(f) > 0} and

processz(t) in the one-dimensional (1-D) space spap(t)} F, = {f : Sn(f) > 0} denote the sets of frequencies where
is given by B |(z,v)|?} = (R.ux,vx). Hence, the difference S,(f) and S,.(f), respectively, are positive. Then, (10) shows
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I1l. TIME-FREQUENCY REPRESENTATIONS ANDUNDERSPREAD

PROCESSES
Ss Sh . . . .
! o In this section, we review some fundamentals of TF analysis
that will be used in Sections IV and V for the TF formulation
and TF design of optimal filters.
1 |
F\Fn ENE, Fo\F, A. Time—Frequency Representations
Hu,(f) =1 0< Hp,(f) <1 Hu,(f)=0

We first review four TF representations on which our TF for-

Fig. 1. Frequency-domain interpretation of the time-invariant Wiener filtermulations will be based.
» The Weyl symbol(WS) [13]-[16] of a linear operator
(linear, time-varying systemH with kernel (impulse

that H; =1 for FA\F,, i.e., the Wiener filter passes ) ;
i, (/) f € B\ P responsef(t,t’') is defined as

all observation components in the frequency bands where
only signal energy is present, which is intuitively reasonable. A - - '
Furthermore Hy (f) = 0 for f ¢ F,, i.e., outsideF}, the Lu(t, f) = /h (t + gt - 5) eI dr (15)
observation is suppressed, which is again reasonable since T
outsidel’, there is only noise energy. In the frequency ranges  wheret andf denote time and frequency, respectively. For
F; n F,, where both signal and noise are present, there is underspread systems (see Section III-B), the WS can be
0 < Hy,(f) < 1 with the values offy, ( f) depending on the considered to be a “time-varying transfer function” [8],
relative values of5;( f) andS,,( f) at the respective frequency. [11], [46], [47].

The MSE in (9) can again be replaced by a weighted MSE. « TheWigner—Ville SpectrurVVS) [17]-[19] of a nonsta-
Here, the weights can even be frequency dependent, which re- tionary random process(t) is defined as the WS of the

sults in the weighted MSE correlation operatoR.,
Je it 8. Walt.£)2 L, (60) = [ 7o (64 Gt = 5 ) ar
+L—a(DIL— Hu(HP SN (12) (16)

with 0 < «f) < 1. The optimal filter minimizing this For Und_erSPread processes (see S_eCtion l1I-B), the WVS
weighted MSE is then simply given by (10) with,,(f) re- can be mter_pre_ted_as a “time-varying PSD” or expected
placed bya(f)S,.(f) andS,(f) replaced by1 — a(f)] S,(f). TF energy distribution ok(#) [8], [9], [12].

We next consider the optimal projection filt#,. For sta- * The spreading functior{8], [13], [16], [26], [46], [48],
tionary processes, it can be shown tRatis time-invariant with [49] of a linear operatoH is defined as

the zero-one valued transfer function

S (T,l/)é h t+Z7t_I e —i2mvt gy
Hp,(f)=1Ir.(f) (13) " /t ( 2 2)

wherelr, (f) is the indicator function o, = {f : S.(f) >
Sn(f)}, which is the set of frequencies where the signal PSD
is larger than the noise PSD. Thi, is an idealized bandpass
filter with one or several pass bands. Note tHat_(f) can be
obtained fromHzy, (/) by a rounding operation, i.edp_(f) =

wherer andy denote time lag and frequency lag, respec-
tively. The spreading function is the 2-D Fourier trans-
form of the WS. Any linear operatdd admits the fol-
lowing expansion into TF shift operatoss. , defined as
(Sr2)(t) = a(t — 7)e/>™ e~ [8], [13], [16], [49)]:

round{ Hy, (f)}. The instantaneous MSE obtained with can
be shown 10 be given by Ho)(t) = [ [ Sulrn)Sa@drdn
E{lep(t)]?} = / Sn(f)df + / S.(Hdf  (14) Hence, the spreading function describes the TF shifts in-
Fy F_UF_ troduced byH (see Section 1lI-B).

» The expected ambiguity functiof8]-[12] of a nonsta-
whereF = {f : S,(f) < Su(f)yandF= = {f € F : tionary proces:(t) is defined as the spreading function
Ss(f) = Su(f)}- of the correlation operatdR..

If the weighted instantaneous MSE (12) is used, then the op-
timal projection filter is the idealized bandpass filter with pass- - A i T T\ _j2mut
band($F™) = {1 : [1 - a(NIS:(f) > a(f) Sa()}. Aetr) B s )= [ (14 o0 ) e an

The case of nonstationary white process@s andn(t) is (18)
dual to the stationary case discussed above. Here, the time-
varying Wiener filter and projection filter are “frequency-in- The expected ambiguity function is the 2-D Fourier trans-

variant,” i.e., simple time-domain multiplications. All results form of the WVS. It can be interpreted as a TF correlation
and interpretations are dual to the stationary case. function in the sense that it describes the correlation of
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process components whose TF locations are separatedhat similar simplifications can be developed farderspread
7 in time and by in frequency [8]-[12]. nonstationary processes [50].

B. Underspread Systems and Processes A. Time—Frequency Formulation of the Time-Varying Wiener

Since our TF formulation of optimal filters will be valid for Filter
the class ofinderspreachonstationary processes, we will now We assume tha¢(¢) andn(¢) are jointly underspread pro-
review the definition of underspread systems and processesses; specifically, their expected ambiguity functions are as-
[8]-[12], [46], [47]. sumed to be exactly zero outside a rectargleentered about
According to the expansion (17), the effective support of thbe origin of the(r, ») plane) of arear, ,, < 1. The Wiener
spreading functiorSy (7, ) describes the TF shifts caused byfilter can then be splitup &, = HY + HY, where theunder-
a linear time-varying syste. A global description of the TF spread partH¢ is defined by
shift behavior ofH is given by the “displacement spreasl;
[8], [11], [46], which is defined as the area of the smallest rec- _
tangle [centered about the origin of the ») plane and possibly Sps(T,v) = Su, (1,v)Ig(7,v) 19
with oblique orientation] that contains the effective support of
Su(r,v). A systemH is calledunderspread8], [11], [46] if wherelg(7, ) is the indicator function of;, and theoverspread
om < 1, which means thaSg(r, ) is highly concentrated part H is defined bySys (7, v) = Ig(7,v)Su, (7,v) = [1 -
about the origin of thér, /) plane and, hence, th# causes Ig(7,1)]Sm, (7,v). That is, Syg (7, ») and Sye (7, ) lie in-
only small TF shifts. Since&g (7, ») is the 2-D Fourier trans- side and outsid¢, respectively. Since the spreading function
form of Ly (¢, f), this implies thatLy; (¢, f) is a smooth func- is the 2-D Fourier transform of the Weyl symbol, (19) implies
tion. Two systemd; andH, are calledjointly underspread Ly (t, f) = Lu, (¢, f)**(t, f); herexx denotes 2-D convo-
if their spreading functions are effectively supported within thigition andq (¢, f) is the 2-D Fourier transform df; (7, ») and,
samesmall rectangle of areayr, 11, < 1. hence, a 2-D lowpass function. This means thgt (¢, f) is a
Let us next consider a nonstationary, zero-mean rand@moothed version afg, (%, f).
process. The expected ambiguity functigi.(r,2) in (18) We now recall that the Wiener filtdd,, is characterized by the
describes the correlation of process components whose TF logdation (4), i.e.H,(R, + R,) = R,. Afirst step toward a TF
tions are separated byin time and byv in frequency [8]-[12]. formulation ofH, is to notice that removing the overspread part
Since the expected ambiguity function is the spreading functid® from H, does not greatly affect the validity of this relation,
of the correlation operatoR., i.e., A,(1,v) = Sr, (7,v), i€,
it is natural to define theorrelation spreads, of a process
z(t) as the displacement spread of its correlation operator, H,(R, +R,) =R, = HYR, +R,) ~R,.

i.e., o, 2 or, - A nonstationary random proces$t) is then
calledunderspreadf o, <« 1 [8]-[11]. Since in this case the
expected ambiguity function is highly concentrated about tﬂ
origin of the(, /) plane, process components at different (i.er.1,
not too close) TF locations will be effectively uncorrelated®
This also implies that the WVS af(¢) is a smooth, effectively
non-negative function [8], [12]. Two processe§&) andy(t) |H (R, +R,,) — R,
are calledjointly underspreadif their expected ambiguity < ZHHQ
functions are effectively supported within th&eame small = °
rectangle of area, , < 1.

Two special cases of underspread processes are “quasigtit, furthermore, that the “excess MSE” resulting from using
tionary” processes with limited temporal correlation width anmg instead ofH,, is bounded as
“nearly white” processes with limited time variation of their sta-
tistics. We emphasize that quasistationarity alone is neither nec- - G a
essary nor sufficient for the underspread property. 0SB — B, =2 HHo HHS HHO

I&deed, itis shown in Appendix A that the Hilbert-Schmidt (HS)
orm [43] of the erro¢ (R, + R,,) — R, incurred by this
pproximation is upper bounded as

HS
HS ||Rs +RN||HSVO—S,n (20)

HS IRs + Rl ysv/Ts,n-
(21)
IV. TIME—FREQUENCY FORMULATION OF OPTIMAL FILTERS

In Section II, we saw that the time-varying Wiener filteHere,E¢ denotes the MSE obtained with¢ . Hence, ifos IS
and projection filter are described by equations involvingmall, i.e., ifs(¢) andn(t) are jointly underspreadl¥(R., +
linear operators and signal spaces. This description is ratley) ~ R, andEY =~ E._. This shows thathe underspread
abstract and leads to computationally intensive design proget HY is nearly optimal
dures and implementations. However, for stationary or white This being the case, it suffices to develop a TF formulation
processes, there exist simple frequency-domain or time-doméin HY. Intuitively, we could conjecture that a natural TF
formulations that involve functions instead of operators arfdrmulation of the operator relatiofl¢ (R, + R,.) ~ R,
intervals instead of signal spaces and thus allow a substantialguld beLy;s (2, DIWs(t, )+ W (t, £)] = W(t, f). Indeed,

simplified design and implementation. We will now showit is shown in Appendix B that the.; norm of the error
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Lys (2, DIV, f) + Wa(t, f)] — W.(t, f) incurred by this  4f R, 4oLyt~
apprOX|mat|on is upper bounded as
HLH§ [WS + Wn] - WS (\
G G
IR, + Rl [7 B[ /o2, + 2 |BE | vae]
< [HlluslRe + Rullys [7(/o%, +2v70n| . @2)
Rn

LHog & fl~o0

An upper bound involvings, , can furthermore be formu-
lated for the error magnitudeL{, norm) as well. Hence,
Hg(t DIV, F) + Wa(t, ] = W(t, f) if o, is small,

, if s(¢) andn(t) are Jomtly underspread. Defining the TF
region whereW,.(t, f) = W (t ) + Wu(t, f) is effectively
positive byR,. = {(¢t, f) : W,.(¢, f) > €} (with somé small
¢ > 0), we finally obtain the following TF formulation foH :

Wy
Wi(t, f)
0,

(t. f)
+ Wa(t, f)’

Lyg(t, /) = (23)

The minimum MSE in (6) is given by, = tr{H, R, } =
(Ly,, W, ) which, forn(t) underspread, can be shown to equal
(LHg,W,,). Inserting (23), we obtain the approximate TF for-

mulation
o[ wh

The relations (23) and (24) constitute a TF formulation of the
time-varying Wiener filter that extends the frequency-domain
formulation (10), (11) that is valid for stationary processes
and the analogous time-domain formulation that is valid for
nonstationary white processes to the much broader class of
underspread nonstationary processes. This TF formulation
of the time-varying Wiener filter allows a simple and intu-
itively appealing interpretation. Let us define the TF support
regions where the WVS ok(t) and n(¢) are effectively

Wt
+ W,

dt df. (24)

f)
(. f)

>t

Fig. 2. TF interpretation of the time-varying Wiener filter.

* In the “no signal” TF region, where no signal energy is

present, i.e., foft, f) ¢ R, it follows from (23) that the
WS of the Wiener filter is approximately zero:

Lyg(t, f)=0, (t,f)¢R

This “stop region” of the Wiener filter consists of two
parts: i) the “noise only” TF regiofR,\R s, where only
noise energy is present and ii) the outside (complement)
of the observation TF regiofR,., i.e., the TF region
where neither signal nor noise energy is present; here,
Lys (t, f) =~ 0 since (23) corresponds to thminimal
Wiener filter.

In the “signal plus noise” TF regioR; NR,,, where both
signal energy and noise energy are present, the WS of
the Wiener filter assumes values approximately between
Oand 1

0~ Ly (. f) 21, (L f)ERsNR,.

Here, HY performs a TF weighting that depends on the
relative signal and noise energy at the respective TF point.

Indeed, it follows from (23) that the ratio s (¢, f) and
1— Lyo(t, f) is given by the “local signal-to-noise ratio”

SNR(t, f) £ Wa(t, £)/Walt, f):

positive by R, = {(t,f) : W.(t,f) > ||Asll;0.»} and -
Ra = {(tf) © Walt.f) > | Aull,0..0}. The TF regions Lug®- ) Walt.) _ gnmer )
R., R, and R, correspond to the signal spac8s, S,, and 1— Ly (t, f) WLt f) e

S, underlying the respective processes [42], [51]. With these
definitions at hand, the Wiener filter can be interpreted in the
TF domain as follows (see Fig. 2).

* In the “signal only” TF regiorR ;\R,,, i.e., in the TF re-

In particular, for equal signal and noise energy, i.e.,
SNR(t, f) = 1, there isLy (2, f) ~ 1/2.

This TF interpretation of the time-varying Wiener filter ex-

gion where only signal energy is present, it follows fromengs the frequency-domain interpretation valid in the stationary
(23) that the WS of the Wiener filter is approximately onegase (see Fig. 1) to the broader class of underspread processes.

B. Time—Frequency Formulation of the Time-Varying

t,f) € Rs\Rn. i
&) \ Projection Filter

LHg (tv f) ~ 17

We recall from Section 1I-B that the optimal projection filter
performs a projection onto the spaSg = spardv(t) :

ux > 0} spanned by all eigenfunctions of the operdibr=

5An analysis of the WS of positive operators ([8] and [47]) suggests that v@ —R,, associated with positive eigenvalues. In order to obtain
usee = ||A, ||, 0r = | A ]|, 00m- a TF formulation of this result, we consider the following three

Thus,HY passes all “noise-free” observation componeni._s,
without attenuation or distortion.
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TF regions on which the signal energy is, respectively, largerlt can finally be shown that the MSE obtained wifh, [cf.
than, equal to, or smaller than the noise energy: (8)] is approximately given by

Re=1{t[f) € R : W,(t, ) > W,(t, )}
Re={(t, f) € R : W,(t, f) = W,(t, )}

Ro={(t.f) € Rr: W,(t, ) < Wa(t, )}

E., z/ - W, (¢, f) dtdf+//R_UR W, (t, f) dt df

which extends the relation (14) to general underspread pro-
With Lp(t,f) = Lr,(t.f) — Lr,(t,f) = Wit f) — cesses.
W,.(¢, ), these TF regions can alternatively be written as
V. APPROXIMATE TIME—FREQUENCY DESIGN OFOPTIMAL

Ry ={t[f)eR,: Lp(, f) >0} FILTERS
R ={(t,f) €R,: Lp(t,f) =0} In the previous section, we have shown that the time-varying
R_={(t,f)€R,: Lp(t, f) <0} Wiener and projection filters can be reformulated in the TF do-
' ' main if the nonstationary random processé&s andn(t) are
Note thatR, UR_UR_ = R,.. jointly underspread. We will now show that this TF formulation

There exists a correspondence between the “pass sp‘,;&feoptimal fiIterg leads tq simpldesign procegiurethat operate
S, = sparfui(t) : ux > 0} of P, and the TF region N the TF domain and yield nearly optimal filters.
Ry ={ f) € R.: Lp(t, f) > 0}. Indeed, ifs(¢) andn(t) _ )
are jointly underspread, thdd = R, — R,, is an underspread A- Time—Frequency Pseudo-Wiener Filter
system. Itis here known [8], [11], [47] that TF shifted versions We recall that for jointly underspread processes, an approxi-
gv p(t) = g(t — t')e?> 1" of a well-TF localized function mate expression for the Wiener filter's WS is given by (23). Let
g(t) are approximate eigenfunctions B, and the WS values us now define another linear, time-varying fil8i, by setting
Lp(t, f) are the corresponding approximate eigenvalues, i.eits WS equal to the right-hand side of (23) [50]:

(Dgvr,p)(t) = Lo (¥, [)gw,(1)- W(t, f)
L, () & { Wy TDER (g6

0, t, f) &€ R,.

Hence, the optimal pass spaSg (spanned by all eigenfunc-
tions vy (¢) with 1, > 0) corresponds to the TF regidR; =

t,f) € R, : Lp(t, f) > 0} (comprising the TF locations . . .
&{t(’ }Ii)) of all gy ](Dt() sﬁzzh tha];L( (# pf/) >go) The action of We refer toH; as theTF pseudo-Wiener filtefFor jointly under-
’ ot DA® . spread processe§), n(t), where (23) is a good approximation,

P ,—passing signals i and suppressing signals.ﬂi—can Lo y _
therefore be reformulated in the TF plane as passing signaIsZirﬁ;)mggﬁuof géza)e?qr;(i (t2h3e) ¥Elg§;aété®ign£:{f?lt(;f |)s
the TF regionR, and suppressing signals outsig . Thus, L~ o ' } -1

we conclude thaP, passes signal components in the TF r(1a._ close approximation to the underspread fHftof the Wiener

gion where the local TF SNR is larger than one and suppres ' 3 ' Hot atnd, thﬂe{rgfore, g’ n?'arlyl\c/)p'smal; {yrthermcI)Ire, thlftTF
signal components in the complementary TF region, which fgerpretation ots, (see Section IV-A) applies equally well to

intuitively reasonable. : 1 Tdhe_de\ggtlor;;ron; optimality is c?harflcterlzetd_by :cdhe ercrjor
The optimal projection filtel®, performs a projection onto ounds in (20)-(22). For processes that are not jointly under-

the spacé, ; for jointly underspread signal and noise, this spacS rfla_lld’ howevzle]cﬁlljm_u?t be extpectgd to pe”oé'f“ p?orl)2/.6Nottr(]a
is a “simple” space as defined in [42]. The WS of the projectio a le'S ase I—a Jlo'nd operator since according to (26), the
operator on a simple space essentially assumes the values 1 of bl IS real-vajued.

e T passregion inour cae) and O onihe T sopregion) % O1Y ST undersh cad processes, e wnerspread
42]. H , the WS oP,, b imated & . i )
[42]. Hence, the can be approximatedas 7 andy axes [8], [29], the WVS occurring on the right-hand side

of (26) can be replaced by the generalized WVS [17]-[19], the
Le,(t. f) = Iz, (t. ]) (25) (generalized) evolutionary spectrum [23], [24], [28], [29], or the
physical spectrum (expected spectrogram) using an appropriate
wherelr (¢, f) is the indicator function o .. This extends analysis window [18], [19], [33]. This is possible since in the
the relation (13) to general underspread processes. Note thatdipRtly underspread case, these spectra become nearly equiva-
projection property o, only allowsP, to passor suppress |ent 18], [91, [12], [19], [29].
components of (¢); no intermediate type of attenuation (which \whjle the TF pseudo-Wiener filteH; is definedin the TF
would correspond to values dfp, (¢, /) between 0 and 1) is domain, the actual calculation of the signal estimate can be per-
possible. formed directly in the time domain according to
SExperiments show that this approximation is valid apart from oscillations of
Lp (1, f) about the values 0 or 1. Hence, the approximation can be improved

by a slight smoothing of. », (¢, f), which corresponds to the removal of over- 51(t) = (Hyir)(®) = / ha(t, ¢ )r(t") dt’
spread components frol, (cf. Section IV-A). t/
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whereh;(¢,¢'), which is the impulse response HI;, can be B. Time—Frequency Pseudo-Projection Filter

obtained from the WS in (26) as [cf. (15)] Next, we consider a TF filter design that is motivated by the
. b4t i , approximate expression (25) for the WSRY. Let us define a
hi(t,t) / Ly, <— f) 2= g (27)  new linear systen® by setting its WS equal to the right-hand
side of (25):
An efficient approximate multiwindow STFT implementation
will be discussed in Section VI. Lp(t, f) 2 Ir (t. f).
Compared with the Wiener filteH,,, the TF pseudo-Wiener
filter H; possesses two practical advantages: Sincelr , (t, f) is the indicator function of the TF regidR =

« Modified a priori knowledge:ldeally, the calculation {(t.f) € R, : Wi(t, f) > Wi(¢, )}, the WS of P is 1 for
(design) of H, requires knowledge of the correlationthose TF points where there is more signal energy than noise
operatorR, andR,, [see (5)], whereas the designHf, energy and 0 elsewhere. It is interesting that the W® i a
requires knowledge of the WV8/,(¢, f) andW,,(¢, f) rounded version of the WS of the TF pseudo-Wiener filtr
[see (26)]. Although correlation operators and WVS ar@ (26), i.e.,Lp(t, f) = round{Ls, (¢, f)}, which is consis-
mathematically equivalent due to the one-to-one maffntwith the stationary case. Furthermalg(¢, f) differs from
ping (16), the WVS are much easier and more intuitivém, (£, f) only on the signal-plus-noise TF regi@®y N R ,; in
to handle than the correlation operators or correlatidfe TF pass regioR.\R.., we haveLy(t, f) ~ Lu, (t, f)
functions since WVS have a more immediate physicdt and in the TF stop region outside,, there isLj (%, f)
significance and interpretation. In practice, the quarLHI(tv f) = 0.
tities constituting thea priori knowledge (correlation IngeneralP isnotexactly an orthogonal projection operator.
operators or WVS) are usually replaced by estimatddgowever, for jointly underspread processég andn(t), where
or schematic/idealized versions, which are much mof@5) is a good approximation, therelss(¢, f) ~ Lp, (¢, f),
easily controlled or designed in the TF domain than iand thusP =~ P,. Hence, the TF-designed filt# is a reason-
the correlation domain. For example, an approximate 8ple approximation to the optimal projection filte,, and we
partial knowledge of the WVS will often suffice for awill thus call it TF pseudo-projection filtertHowever, for pro-
reasonable filter design. cesses that are not jointly underspreBdnust be expected to

 Reduced computatioriThe calculation (design) oH, Pperform poorly and to be very different from an orthogonal pro-
requires a computationally intensive and potentialligction operator.
unstable operator inversion (or, in a discrete-time setting, AlthoughP is defined in the TF domain, the actual calcula-
a matrix inversion). In the TF design (26), this operatdion of the signal estimate can be done in the time domain using
inversion is replaced by simple and easily controllabie impulse response & that is derived frony_.(t, f) as (cf.
pointwise divisions of functions. Assuming discrete-timé27))
signals of length/V, the computational cost of the de- bt ,
sign of H, grows with N3, whereas that oH; (using p(t,t) = /]R+ <_ f) J2efE=t gf. (30)
divisions and FFT’s) grows only wittv? log, N. !

The TF pseudo-Wiener filter satisfies an approximate “TF Oy, efficient approximate multiwindow STFT implementation
timality.” For s(¢), n(¢) jointly underspread, it can be shown thalyil pe discussed in Section VI.

the MSE obtained witlany underspread systeH is approxi- Compared with the optimal projection filteP,, the TF

Qa

mately given by pseudo-projection filteP has two advantages:
_ A - » Modified/reduceda priori knowledge: The design of
Eemen= // [ Laa(t, HIFWa(t, f) P, requires knowledge of the space that is spanned

by the eigenfunctions of the operathy = R, — R,

p— . 2 1
L= Lu(t, W, ] de df. (28) corresponding to positive eigenvalues (see Section 11-B),

Minimizing eg (assuming a minimal solution, i.eLg (¢, f) = whereas the design dP merely presupposes that we
0for (¢, f) ¢ R,) then yields theLg; (¢, £) in (26) and, thus, the know 'Fhe TF_reg|onRJr in WhICh the S|gr_1al dominates
TF pseudo-Wiener filteH,, . This interpretation suggests ex- the noise. This knowledge is of a much simpler and more
tended TF desigthat is based on the following weighted MSE ~ intuitive form, thus facilitating the use of approximate or
with smooth TF weighting function(¢, f) [extending (12)] partial information about the WVS. _
» Reduced computatiohe design of?, requires the so-
(a) lution of an eigenvalue problem, which is computation-
// ot PlEua(t, FFWa(, 1) ally intensive. In contrast, the proposed TF design only re-
+[1 = alt, DL = Lu(t, )YPW.(t, fldedf  (29) quires an inverse WS transformation [see (30)]. Assuming
discrete-time signals of lengtN, the computational cost
with 0 < «t,f) < 1. The filter minimizing this of the design ofP, grows with N3, whereas that oP
weighted TF error is given by (26) withV,.(¢, f) re- (using FFT’s) grows withV2log, N

placed by a(t, f)W,(t,f) and W,(t,f) replaced by The TF pseudo-projection filteP is furthermore advanta-
1 — alt, )]Ws(t, f). geous as compared with the Wiener-type filErsor H; since
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its design is less expensive and more robust (especially with
spect to errors in estimating tleepriori knowledge and with o P oMwn | o
respect to potential correlations of signal and noise).

jection filter satisfies a “TF optimality” in that it minimizes the
TF MSE ey in (28) under the constraint of &/ 1-valued WS, S I LGP I
i.e., Lu(t, f) € {0,1}. Minimizing the TF weighted MSE(")

m

Similar to the TF pseudo-Wiener filter, the TF pseudo-prc® — : ) 8(t)
'K

Multiwindow STFT Multiwindow
in (29) rather tharey, again under the constraitig (¢, f) STFT analysis  weighting STFT synthesis
{0,1}, results in a generalized TF pseudo-projection ﬁRé‘f‘)
that is glven byL ) (t f) ; >(t f) WhereR(a) o Fig. 3. Multiwindow STFT implementation of the Wiener filter.
P R < -
{(t. 1) € Ry < [L = alt, HIWL(E]) > alt, HWa(t, )} » STFT synthesig he output signaj(t) is the inverse STFT
C. Time—Frequency Projection Filter [54], [55], [58] of the weighted STFT:

For jointly underspread processes, the TF pseudo- prOJect|on / / M, f )STF.ﬁg) @, f )} g (8) dt’ df.
t/ 7

filter P approximates the optimal projection filt&,, but it

is

onal projection operator is desired, we may calculate the or-
thogonal projection operatd that optimally approximateP

in

be equivalent to minimizingLe — 14|* = [, [,[Lp(t. f) -
I.(t, )))? dtdf [42], [51]. That is, the TF designed projection
filter (hereafter denoted bR, ) is the orthogonal projection op-
erator whose WS is closest to the indicator functiart, f).

not exactly an orthogonal projection operator. If an orthog- . . .
We note thaty(¢) is the signal whose STFT is closest to

M(t, f)STFTY) (¢, f) in a least-squares sense [57].
These steps implement a linear, time-varying filter (hereafter
denotedQ) that depends oM (¢, f) andg(t).

We recall from Section IV-A that for jointly underspread pro-
cesses, the underspread [t of the Wiener filterH,, is nearly
optimal. SinceSyg (7,1) = 0for (7,1) ¢ G, it follows that

the sense of minimizinP — P||;;¢. This can be shown to

It is shown in [42] and [51] thaP; is given by the orthogonal Sgyo (1, 1) = Sgo (7,0) (7, )
projection operator on the spase = spar{u(t) : \x > 1/2} e Hah ’
spanned by all eigenfunctiong(t) of P with associated eigen- where¥(r, /) is any real-valued function that is 1 gi{a “min-

values);, > 1/2,i.e., imal” choice for\W(r, ) is the indicator functiog (7, ), cf.
. , N
_ : i 19)]. Let T denote the linear system defined By.(r,v) =
P, = P, with Iy, = {k: A\ > 1/2). ( _ :
! k; o With Lye =4 k> 1/2) W(r,v). If ¥(r,v)is chosen such thalt(—, —v) = ¥(7,v),
cCl1/2

} T is a self-adjoint operator with real-valued eigenvalygand
For jointly underspread processes wherés close to an or- orthonormal eigenfunctiong (). It is shown in [8] and [20]

thogonal projection operatdP; is close toP and, hence, also thatHY can be expanded as
close to the optimal projection filtd?,. However, due to the in-

herent projection constrairi; may lead to a larger MSE than HS — Z'V’“Q’“ (31)
P. ’

In addition, the derivation P from P requires the solu-

tion of an eigenproblem. Therefore, the TF projection filkar

appears to be less attractive than the TF pseudo-projection fi
P.

M\g}ere theQ; are STFT filters with TF weighting function
(t, f) = Lyg(t, f) and STFT windowsy (t). Thus,HY is
represented as a weighted sum of STFT filters with identical
TF weighting function M (¢, f) and orthonormal windows

gr(t). In practice, the eigenvalues, often decay quickly so
Following [8] and [20], we now discuss a TF implementatioghat it suffices to use only a few terms of (31) corresponding

VI. MULTIWINDOW STFT IMPLEMENTATION

of the Wiener and projection filters that is based on the muli the largest eigenvalues (an example will be presented in
window short-time Fourier transform (STFT) and that is Vall@‘)ection V||) Assuming that the eigenva“_msare arranged in

in

the underspread case. nonincreasing order, we then obtain
A simple TF filter method is al8TFT filterthat consists of

the following steps [8], [13], [20], [52]-[57]:

K
« STFT analysisCalculation of the STFT [19], [54], [55], s~ QU= I;'V’“Q’“'
[58] of the input signalc(#) -
This yields the approximataultiwindow STFT implementation
STFTY(t, f) = / x(t') gy f(t)) dt’. of HY that is depicted in Fig. 3. It can be shown [8] that the
t/

approximation erroHY — Q) is bounded as
Here,g, ;(t') = g(t' — t)e>*/*" whereg(t) is a normal- o
ized window. HHg Q™ ‘ < |19} Z 7]
« STFT weighting Multiplication of the STFT by a HS Aol
weighting functionM (¢, f)

which can be used to estimate the appropriate ofleBince
STFT (¢, f) — M(t, /YSTFTO (¢, ). s(t) andn(t) are assumed jointly underspread, (23) holds, and



1426 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 5, MAY 2000

we obtain the following simple approximation to the STF™ f f
weighting functionM (¢, f) = Ly (¢, f):

WS (t7 f)
M)~ W e PDER ()
0, t, ) &€ R,.

A particularly efficient discrete-time/discrete-frequency vet
sion of the multiwindow STFT implementation that uses filte ¢ "
banks is discussed in [8]. Furthermore, it is shown in [8] ar
[20] that in the case of white noisgt), the STFT's used in the
multiwindow STFT implementation can additionally be used t
estimate the WVS of(¢), which is required to calculat¥ (¢, f)
according to (32).

A heuristic, approximate TF implementation of time-varying i
Wiener filters proposed in [31] and [32] uses asingle STFT filte ::“m“““““‘l‘“‘l‘}:u““‘;‘

,’/‘l|IIll|||llll||||lll||||llll|||

(i.e., K = 1) with TF weighting function i

Ps(tv f)
Byt f) + B, f)

whereP;(t, f) and P, (t, f) are thephysical spectr§l8], [19],
[33] of s(¢) and n(t), respectively. Compared with the mul-
tiwindow STFT implementation discussed above, this suffe
from a threefold performance loss since
i) Only one STFT filter is used.
i) The physical spectrum is a smoothed version of the WV
[18], [33].
iii) The STFT window is not chosen as the eigenfunction ¢
T corresponding to the largest eigenvalue. (c) (d)
An approximate multiwindow STFT implementation can

L ~ . Fig. 4. Second-order statistics of signal and noise. (a) WV&0f (b) WVS
also be developed for the TF pseudo-projection fiefwhich of n(t). (c) Expected ambiguity function of(¢). (d) Expected ambiguity

approximates the optimal projection filtd&,). Here, the TF function ofn(t). The rectangles in parts (c) and (d) have area 1 and thus allow
weighting function is assessment of the underspread property(tf andn(t). The signal length is

128 samples.
M(t, f) = Lp(t, f) = 14t f).

Since P is not exactly underspread, the functioh(r, )
defining the windowsg;(¢) and the coefficientsy, must be
chosen such that it covers thfectivesupport ofSg (7, ), and
hence

THRTTHRE

(TR
MITHTHI
(TR

i
AT
O

M, f) =

nique introduced in [59], we synthesized random processes
andn(t) with expected energieg; = 9.09 and E,, = 11.89,
respectively. Thus, the mean input SNR is SNR E,/E,, =
—1.17 dB. The WVS and expected ambiguity functionsstf)
andn(t) are shown in Fig. 4. From the expected ambiguity func-
Sp(r,v) = Sp(r,v)¥(r,v). (33) tions, it is seen that the processes are jointly underspread. The
WS’s of the Wiener filtei,,, its underspread paH¢, and the
Subsequently, the, andg,(#) can be constructed frofA(r, /) T pseudo-Wiener filteH, are shown in Fig. 5(a)—(c). The TF
as ngplamed above. The resulting [nUIt'W'?,dOW STFT filtehass, stop, and transition regions of the filters are easily recog-
Q™) leads to an approximation errét — Q) that can be nizeq. Itis verified that the WS di¢ is a smoothed version of

bounded as the WS ofH, and that the WS oH; closely approximates that
Hp — QU ‘ of HY. Fig. 5(d)—(f) compare the WS's of the optimal projection
HS 1o filter P.O’ TF pseudo-projection filteP, apd TF proje'ctilon filter
< U/ 11— Sty (1) 2|Sp (1 )2 dir du} ]:Pl. It is seen that the WS's of these filters are similar, except
s or small-scale oscillations, and that the WSkis a rounded

th T — K P This bound i f th version of the WS oH}.
with Ty = 3 5, Py, . This bound is a measure of the ex- 100 SNR improvementsSNR 2 SNRu. — SNR,,
tension ofSg (r, ) and will thus be small in the undersprea here SN — E./E. with - R hieved
Howevel|P — QU9 ||gg # 0 even forK — oo since where SNRw, = E,/E. with e(f) = s(t) — 5(1)) achieved
case. Hs with the Wiener-type and projection-type filters are listed in

(33) is only an approximation. Table I. The performance of the TF pseudo-Wiener filris
VIL N S seen to be very close to that of the Wiener filk#s. Similarly,
- NUMERICAL SIMULATIONS the performance of the TF pseudo-projection filkgris close

This section presents numerical simulations that illustrate atalthat of the optimal projection filteP,,. In fact, P performs
corroborate our theoretical results. Using the TF synthesis teelven slightly better than boi, and the TF projection filteP,
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Fig. 5. WS’s of (a) Wiener filtetH,. (b) Underspread pa¢ of Wiener filter. (c) TF pseudo-Wiener filteH ;. (d) Optimal projection filterP,. (e) TF
pseudo-projection filteP. (f) TF projection filterP,.

TABLE |

MEAN SNR IMPROVEMENT ACHIEVED BY
WIENER-TYPE AND PROJECTIONTYPE FILTERS

Filter type ASNR
Wiener filter H, 6.14 dB
Underspread part HY 6.10 dB
TF pseudo-Wiener filter H; 6.11 dB
Optimal projection filter P, 4.37 dB
TF pseudo-projection filter P || 4.41 dB
TF projection filter Py 4.34 dB

which can be attributed to the orthogonal projection constraint
underlyingP, andP; (see Section V-C).

The multiwindow STFT implementation discussed in Sec-
tion VI, with M (¢, f) approximated according to (32), is con-
sidered in Fig. 6. The signal and noise processes are as be-
fore. Fig. 6(a)—(c) show the WS’s of the multiwindow STFT
filters Q) using filter orderk = 1,4, and10. For growing
K, Q) becomes increasingly similar to the Wiener filter or
the TF pseudo-Wiener filter [cf. Fig. 5(a)—(c)]. Fig. 6(d) shows
how the mean SNR improvement achieved Wi}H<) depends
on K. Although the single-window STFT filtdt’’ = 1) is seen
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Fig. 6. Multiwindow STFT implementation of the Wiener filter. (a)—(c) WS’s of multiwindow STFT filters with filter oddex 1,4, and10. (d) Mean SNR
improvement versus STFT filter ordéy.
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(d) (e) (£

Fig. 7. Filtering experiment involving an overspread noise process. (a) W\é& pf(b) WVS of n(¢). (c) WS of Wiener filterH.,,. (d) Expected ambiguity
function of s(¢). (e) Expected ambiguity function ef(t). (f) WS of TF pseudo-Wiener filteH, . The rectangles in parts (d) and (e) have area 1 and thus allow
assessment of the under-/overspread propertytfandn(t). (In particular, part () shows that?) is overspread.) The signal length is 128 samples.

to result in a significant performance loss, a modest filter ordeft) andn(t), the TF pseudo-Wiener filtdd; merely achieves
K already yields practically optimal performance. an SNR improvement of 4.79 dB. This example is important
An experiment in which the underspread assumption is \gince it shows that mere quasistationaritys¢f) and n(t) is
olated is shown in Fig. 7. The signg(t) is again underspread not sufficient as an assumption permitting a TF design of op-
(and, in addition, reasonably quasistationary), but the ngige timal filters. It also shows that in certain cases—specifically,
is notunderspread—it is reasonably quasistationary, but its temhen signal and noise have significantly overlapping WVS but
poral correlation width is too large, as can be seen from Fig. 7(bglong to linearly independent signal spaces—the TF designed
A comparison of Fig. 7(c) and (f) shows that the TF pseudditter performs poorly, even though the optimal Wiener filter
Wiener filterH;, is significantly different from the Wiener filter achieves perfect signal reconstruction. We stress that this situ-
H,. The heavy oscillations of the WS &, in Fig. 7(c) in- ation implies that the processes arerspreadi.e., hot under-
dicate thatH, is far from being an underspread system. Thepread [12]), thereby prohibiting beforehand the successful use
processes(t) andn(t) were constructed such that they lie irof TF filter methods.
linearly independent (disjoint) signal spaces. Hd, is an Finally, we present the results of a real-data experiment illus-
oblique projection operator [44] thperfectlyreconstructs(¢), trating the application of the TF pseudo-Wiener filter to speech
thereby achieving zero MSE and infinite SNR improvement. Genhancement. The speech signal used consists of 246 pitch pe-
the other hand, due to the significant overlap of the WVS oiods of the German vowel “a” spoken by a male speaker. This
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Fig. 8. Speech enhancement experiment using TF pseudo-Wiener filter. (a) WS of TF pseudo-WiekEr fill§rTwo pitch periods of noise-free speech signal.
(c) Noise-corrupted speech signal. (d) Enhanced speech signal. All signals are represented by their time-domain waveforms and their (Shglhlf W éomoer
distributions [19], [58], [60], [61]. Horizontal axis: time (signal duration is 256 signal samples, corresponding to 2.32 ms). Vertical axiscyr@gkilohertz.

signal was sampled at 11.03 kHz and prefiltered in order to emtly efficient and uses a more intuitive form afpriori knowl-
phasize higher frequency content. The resulting discrete-tirmége. We furthermore discussed an efficient TF implementation
signal was splitinto 123 segments of length 256 samples (coroftime-varying optimal filters using multiwindow STFT filters.
sponding to 2.32 ms), each of which contains two pitch periods.Our TF formulation and design was based on the Weyl
Sixty four of these segments were considered as individual gsmbol (WS) of linear, time-varying systems and the WVS
alizations of a nonstationary process of length 256 samples arichonstationary random processes. However, if the processes
were used to estimate the WVS of this process. Furthermore, satisfy a more restrictive type of underspread property (if they
used a stationary AR) noise process that provides areasonabége strictly underspread8], [29]), then our results can be
model for car noise. Due to stationarity, the noise WVS equagtended in that the WS can be replaced by other members of
the PSD for which a closed-form expression exists; hence, thémne class ofeneralized WS48] (such as Zadeh's time-varying
was no need to estimate the noise WVS. Using the estimateahsfer function [25]), and the WVS can be replaced by other
signal WVS and the exact noise WVS, the TF pseudo-Wienerembers of the class afeneralized WV$18], [19] or gen-
filter H; was then designed according to (26). The W3f eralized evolutionary spectri29]. This extension is possible
is shown in Fig. 8(a). since for strictly underspread systems, all generalized WS’s are
The remaining 59 speech signal segments were cessentially equivalent and for strictly underspread processes,
rupted by 59 different noise realizations and input to the Ta&ll generalized WVS and generalized evolutionary spectra are
pseudo-Wiener filteH ;. The input SNR (averaged over theessentially equivalent [8], [9], [12], [19], [29], [47].
59 realizations) was SNR~ 1.7 dB, and the average SNR of
the enhanced signal segments obtained at the filter output was

SNR,y; & 8.4 dB, corresponding to an average SNR improve- APPENDIX A .
ment of about 6.7 dB. Results for one particular realization are UNDERSPREADAPPROXIMATION OF THEWIENER FILTER:
shown in Fig. 8(b)—(d). PROOF OF THEBOUNDS (20) AND (21)

We assume that the expected ambiguity functiong tfand
VIII. C ONCLUSION n(t) are exactly zero outside the same (possibly obliquely ori-
ented) centered rectanglewith area (joint correlation spread)
We have developed a time-frequency (TF) formulation angd .
an approximate TF design of optimal filters that is valid dior We first prove the bound (20). UsinBl,(R; + R,) =
derspread nonstationary random processes, i.e., nonstationgqyR,. = R, andH, = HY 4+ HY, the approximation error
processes with limited TF correlation. We considered two typ@$I9R,,. — R.,|| ;< can be developed as
of optimal filters: the classical time-varying Wiener filter and a
projection-constrained optimal filter. The latter will produce a
larger estimation error but has practically important advantage§HYR,. — R, Hils = |HR, - HOR,,H;s = HHfR,
concerning robustness aadriori knowledge.
The TF formulation of optimal filters was seen to allow an = // ‘SHgRT(T, v)
intuitively appealing interpretation of optimal filters in terms I
of passing, attenuating, or suppressing signal components lo-
cated in different TF regions. The approximate TF design d¥e will now show thatSHgRr (7,v) is zero outside the centered
optimal filters is practically attractive since it is computationrectangleg, that is oriented a§ but has sides that are twice as

2
HS

2
dr dv. (34)
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long. Using Sy (7, 1/) = A,(r,v), it can be shown [13] that FurthermoreF., = tr{(I-H, )R, } according to (6). We there-
Sper, (T:v) = (Syohd:)(7,v), where fore obtain

. . Eg - Eeo
(Sugsd) ) 2 [ [ Syglron)dtr —mov—m) _t{(I-H)R,} 1 {(H'R, — R,) HO*}
71 Y V1
B ejw(‘rul—‘rlu) dTl dl’l (35) - tr{(I — Ho)RS}
=tr{(H, —H{)R,} +tr {(H{R, —-R,) H T}

is known as theéwisted convolutiomf Sy (7,77) and A, (7, ) =1tr {H;(?Rs} +tr {(H/R, — R,) HS"}.
[13]. In the (7,») domain, H,R, = R, corresponds B
to Swr,(7,#) = Sr,(7,v), which can be rewritten as The first term is zero, i.e. AHIR, ) = ( SuesAs) = 0, since

(Su, 14, )(1,v) = A (r,v). With H, = HY + HY, we obtain A,(7,~) = 0 outsideG. The second term can be bounded by
applying Schwarz' inequality:

(SHg hA,) (1, v) + (SHg hA,) (r,v) = AS(T, V). (36) tl’{(HgRr _ Rs) H§+} < HHgRr _ RSHHS HH;(@;HHS .

The twisted convolution [cf. (35)] implies that Using (38), the upper bound in (21) follows.

APPENDIX B
TF FORMULATION OF THE WIENER FILTER: PROOF OF THE
BoOuND (22)

We consider the approximation error

‘ (Sugad. ) (7,v)
</

A
and, hence, that the support (& thA Y(7,v) is confined to At f) = Lag (8, /)Wt ) = W (2, )
G» [recall that bothSye (7, ) andA, (7, ) are confined t@].
The crucial observation now is that sinde(r, 1) is confined to
G C Gy and( thA (7, v) is confined taGz, (36) implies that

’/1)‘ |Ap(T = 1,v — )| dry din

Subtracting and addingyog (%, f), this can be rewritten as

(Sue 1A,.)(T, ) must also be confined @@, since any contri- Au(t, f) = Lye (t, IW(t, f) — Lyog, (¢, 1),
butions of (S 1Y nA,.)(r,v) outsideG, cannpt be canceled by As(t, f) = Lyog (t, f) - W, (¢, f).

(Sro A, )(T, 1/) and, thus, would contradict (36). Hence, we

can write (34) as According to the triangle inequality, the, norm of A(z, f) is

bounded aA|| < [|A1]] + ||Az||. It is shown in [8], [11], and

_ 2 [46] that||A; || is bounded as
HHS I// ‘(SHQHAT) (r,v)| drdv. A
G 7 ||A1||:HLH§W,,—L or.
S7rHH§HHSHRTHHS\/”?I%,RT
Applying the Schwarz inequality to (35) yields the bound G
(St ()| < [SgellSr. |l = [HE Jus|Relns. = [ s 1R s/

Inserting this into (37) and’using the fact that the areg.ois

4o, , (i.e., four times the area @), we obtain (20): where we have usedys g = 0,,,. Furthermore||A| is

bounded as
12 _ _ G
H <[ imaie [[ ara 182 = || Lugn, = Wi|| = [HER, — Ra g
) . o SR, 2y
_2 ) S HH; Rr H52 Tsn
= S| IR sdonn (@8) ps

where we have used (38). Inserting these two bounds into

_ _ < i .
We next prove the bound (21). The lower boubdd — E. > A< 1Al + 1421 gives (22)

0 is trivial sinceE._ is the minimum possible MSE. Let us con-

sider the upper bound. With (3), the MSE achieveddfy can REFERENCES
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