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Abstract—We show that measurements of time-varying mobile sounding period is much smaller than the reciprocal of the
radio channels obtained with uncalibrated correlative channel maximum Doppler shift—does not provide guantitative

sounders are affected by four different types of systematic ermors o, 4 cterization of the measurement errors actually incurred
(commutation, pulse-compression, aliasing, and misinterpretation

error). We analyze these errors and provide upper error bounds during a specific measurement campaign. In this paper, we will
that are formulated in terms of channel and sounder parameters. show that the total measurement error consists of four different
Based on these error bounds, we provide guidelines for a judicious components, and we will provide a quantitative analysis of
choice of im?omgt Z?ﬁrliirnﬁz{ﬁmggfé gu?Tr?:éfétisgg?lileﬁmtnss each error component in terms of upper error bounds. These
lIiiSr|1r¢':1£I]Iygjlv?/gnsﬁ]ﬁw hov?/ our results can be used to assess the accuraglcyerror bounds are practically useful since they allgw to gssgss
of measured channel data. the accuracy of measured channel data and provide guidelines
for a judicious choice of sounder parameters.

It appears that only one of the systematic errors to be
discussed here has been recognized in the past. This error
is not due to time variations of the channel but to imperfect

. INTRODUCTION correlation/pulse-compression properties of the transmit and

CCURATE measurements of mobile radio channels afgceive filters. Practical channel sounders often attempt to
vital for the design, simulation, and performance evalu§ompensate for this error visack-to-back calibrationWhile
tion of mobile radio systems [1]. Due to higher data rates a,g@llbrated §ounders are no.t con5|dgred in this paper, we s_howed
multiple access techniques, most wireless systems are wideb#hbf] that in the case of time-varying channels conventional
[2]. Thus, it has become necessary and common to use wideb&abPration suffers from systematic errors as well. In [7], an
channel sounders [3]-[6]. |mproyed f:allbratlon method that is more immune to time
There are essentially three popular types of channel soundétgations is also proposed. _ _
[4]-[6]: 1) pseudonoise (PN) sequence correlation sounders; € rest of this paper is organized as follows. Section Il
2) swept time-delay cross-correlation sounders; and 3) chPpefly reviews some relevant _channel des_cnpuons. Section |1l
sounders. These sounders are based on correlation/pulse-cdPhgSents a unified mathematical formulation of popular cor-
pression techniques and on the assumption that the channel d6&¥ive channel sounding techniques. Section IV shows the
not change during a measurement period, i.e., that it is qua@fistence of four types of systematic measurement errors of
time-invariant (quasi-static). However, increasingly higher cagrrelative channel sounders in the case of time-varying chan-
rier frequencies result in larger Doppler shifts and thus in fast@g!s: Section V develops bounds on these errors. Guidelines
channel variations. These channel variations cause several @f- 2 judicious choice of important sounder parameters are
ferent types of systematic errors in the sounder measuremerté2vided in Section V1. Finally, in Section VII our theoretical
Unfortunately, the usual rule of thumb—namely, that thlindings are illustrated by computer simulations and their

channel can be viewed as effectively time-invariant if théSe in assessing the accuracy of measured channel data is
demonstrated.

Index Terms—Channel measurements, channel sounder, mobile
radio channels, time-varying channels.
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The (delay-DopplerandDoppler-delay) spreading functions

vadio link are defined as Fourier transformsgf (¢, 7) andh (¢, 7) with
=() ¥®  respect ta [8]
S e ©)
Li:l(tmf). ) Lis(to, f) )
58(7' 1/) /hH(t T) eI ¢, (6)
t
: i f | | | They quantify the delays (time shiftsand Doppler (frequency)
fo=B o fotB B0 B shifts - effected by the channel in the sense that

(b) ()

_ I _ j27ut
Fig. 1. Equivalent complex baseband model for a mobile radio channel. (a) y(t) - // SH (T’ ]‘/) a:(t T) ¢ dr dv
Block diagram. (b) Time-varying transfer function of radio likk at time¢,. AR
(c) Time-varying transfer function of equivalent baseband chaHnet timet,, . —_ // SIC{) (T’ L,) a:(t _ T) 6j27ru(t—r) dr du. (7)

A. System Functions Both Si; (7, v) and S (7, v) are special cases of tlyeneral-
The equivalent complex baseband chariiés a linear, time- 1zed spreading functiofi0] and related by a phase factor
varying (LTV) system. This LTV system can be characterized
by its kernelkg (¢, ¢') that relates the input(¢) and the output

y(t) [see Fig. 1(a)] &

Sk(r, v) = S§(r, v)e 927V,

Because the magnitudes §§; (7, v) and S3(r, v) are equal,

we shall hereafter use the shorthand notati®g(r, »/)| 2
y(t) = (Hz)(t) = / ku(t, ) w(t) dt'. D) |SL(r, v)| = |SQ(r, v)|. Assuming the channel to be causal,
' there is|Su(7, )| = 0 for r < 0.
In mobile radio applications, the terimpulse responsesually We finally note thatLi;(¢, f) and Si(7, ) as well as
refers to the channelisput delay spread functid8] defined as Lg (¢, f) and Sg(7, v) are related by a 2-D (symplectic)
L (t, 7) 2 ku(t, t— 7). Alternatively, theoutput delay spread Fourier transform [10].
function[8] Ay (¢, ) 2 ku(t+ 7, t) can be used. These func-

tions are related by simple coordinate transforms B. Delay-Doppler Moments and Underspread Channels

It is common practice to distinguish betweanderspread
hg(t, 7) =hG(t—7, 1), h§(t, 7) = hig(t+7, 7). (2) and overspreadchannels (or targets, in a radar context),
depending on the delays and Doppler shifts introduced by
The Fourier transform ofl; (¢, 7) with respect tor the channel [11]-[19]. Usually, this distinction is based on
the assumption that the spreading function has compact
I a I - I —j2m fr support with maximum excess delay,.,. and maximum
Lut. 1) ff {hH(t’ T)} /hH(t’ e ar Doppler frequency shifty,.., i.e., |Su(r, v)] = 0 for
(7, ¥) € [0, Tmax] X [—Vmax, Ymax]- The underspread property
then meansy,axmax < 1 [11]-[19]. An alternative concept
of underspread channels requires certain normalized moments
of the spreading function to be small [12], [14], [15]. These
moments are themean (excess) delgys

is referred to astime-varying frequency responser
time-varying transfer functiofB], [9]. It allows to rewrite the
input—output relation (1) as

y(t) I/Lh(t, X)) 2ot gf @)
1
f %) R // |7 — 70| |S1 (T, v)| dr dv ®)

|SH||2 \/// )2 [Su(r, v)|2 dr dv (9)

themean Doppler shifts

1P

‘il

where X (f) denotes the Fourier transform of¢). The fre-
quency-dependent modulation funct{8h

~1I
IIIz

(2)
H
LY, f) 2 z, {har(t, 1)} = / hy(t, 7) e 93T dr (4)

is an alternative definition of a time-varying transfer function. 1) g drd 10
Both LL (¢, f) and LY (¢, f) are special cases of thgener- ||5H|| |1/|| (7, v)| dr dv (10)
alized Weyl symbd]10] and reduce to the ordinary transfer

function in the case of time-invariant systems. In [11]-[15], a

transfer function calculus for the generalized Weyl symbol has

//1/ |[Su (7, v)|? dr dv (11)

||5H||2

been established; this calculus is closely related to our analysgs

of measurement errors in Section V. Here, 7, is a suitable reference delay. Furthermore, th¢R™) norm is
deflneda$|f||p_[f S1f(xe, -+, )P dey - dey] /P lorl <p < oo

2Unless indicated otherwise, integrals and sums are fraxi to co. and||fllee 2 sup |F(x1, ..., 2,)].

1

—
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I (1) _A T T T :l,,_ :l ] 2 transmit 1 receive post_
NII ||SII||] \/\/l/ | 0| |V| |SII( 2 V)| v ( ) filter ' ! ﬁlt;l‘ prOCeSSiﬂg

9 A 1 - Fig. 2. Generic channel sounder (equivalent baseband model).
E(H) = W / / (7 —70)2 2 |Su(r, v)|2drdv. (13)
Hliz Sl mth “channel snapshot”) can be shown [20] to equal the output

The underspread property then means that these momentsJgY spread functionat time¢ = mT

specific products thereof) are1 [12], [14], [15]. _ 10

The channel parameters in (8)—(13) will be used in Section V W +mT)w(r) = hy(mT, 7) (19)
for the formulation of quantitative bounds on measuremewherew(r) = 1 for 0 < ¢+ < 7" andw(7) = 0 otherwise.
errors. While their exact calculation would require perfect In practice, most sounder types record only evEty snap-
knowledge of the channel, in typical practical situations theshoth§ (m KT, 7), so that theepetition periocbf the measure-
can be coarsely determined by physical considerations (prepents isZ;., = K7 If in addition to7,,.x < 77, the channel

agation environment, vehicle speed, etc.) or estimated frayatisfiesvyx < 1/(2KT) = 1/(214p), then the complete

measurements (see Section VII-C). impulse response can be recovered without any error by inter-
polating between successive measurements [20],
lll. CORRELATIVE CHANNEL SOUNDING METHODS -
Whereas correlative sounding methods for mobile radio charmi(t:7) = > M (mTiep, Tsine < o (t- mTfeP))
nels are usually described under the assumption of quasi-time- m
invariance [4]-[6], we here place them in a unifying mathe- — ZU(T—FmTrep)w(r) Sinc< T (t—mTrep)>
matical framework for time-varying channels [7]. Most channel m rep
sounding methods are motivated by correlative identification (16)

techniques for timeavariant systems that are based on the fol- ] ] . )
lowing premises: wheresinc(z) = sin(x)/z. For convenience, this transforma-

. . . _tion of »(¢)—alignment of the channel snapshots and interpo-
* In the noise-freeé case, a single measurement sufhcers . . .
ation—will be denoted by the operatft, i.e.,

since the channel does not change over time.

» Channel and receive filter commute, so that the “effective” A . T
sounding signal is determined by the series connection GFu)(t: 7) = Z w(r+mTrep)Juw(r) SmC<Trep (t_mTrﬂ’))'
transmit and receive filter (see Section 1lI-B). m (17)

Unfortunately, for time-varying channels these assumptiokiznce, (16) can be compactly written as (see Fig. 2)
do not hold, i.e., channel and receive filter do not commute and

multiple measurements are required to track the channel varia- ha(t, 7) = (Tw)(t, 7) = (THA)(E, 7).
tions. This results in systematic measurement errors that will be
analyzed in Sections IV and V. B. Generic Channel Sounder Model

While being conceptually simple, the idealized sounder is im-
. . ~ practical since the impulse-train sounding sigh&t) has a pro-
The simplest channel sounder [20] uses an impulse train Wifhitively large (theoretically infinite) crest factor. It has thus be-

A. Idealized Impulse Channel Sounder

sounding period” as transmit signal come common to employ correlation/pulse-compression tech-
N nigues. Fig. 2 shows a generic correlative channel sounder. The
Alt) = Z 6(t —mT) sounding signal is given by
z(t) = (GA)(H) = (g+2)(#) = ) _gt—mT) (18)
so that the channel output is a superposition of “slices” of the zm:

kernelkg (¢, ¥/) in (1), . . . . .
m(t, ) in (1) whereT is the sounding periog@y(t) is the impulse response of

the linear, time-invariant (LTI) transmit filteG&, and* denotes
ke(t, )A(E) dt' = Y kn(t, mT). convolution. At the receiver, the channel output sign@) =
m (14) (Hz)(t) is passed through an LTI receive filtBrwith impulse
, Which results in the signal

u(t) = (HA)(H) = /

+

This idealized channel sounder is a special case of the gen&fPONSe ()
channel sound_er mgdel shown in Fig. 2, with transmit afd re- u(t) = (r+y)(t) = (RHGA)(#).

ceive filtersG = R = I (the identity operator) so thait) =

A(t) andu(t) = y(t). If the maximum channel delay satisfiesComparison with (14) shows that correlative channel sounding
Tmax < T, then themth block of the output signak(t) (the can also be viewed as idealized (i.e., impulse-train) sounding

4We consider a noise-free scenario since we are interested only in systematfiNote, however, that typically the channel sounder output is erroneously in-
measurement errors. terpreted ag},(t, 7) (see Section IV).
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of the composite channdRHG. Finally, estimates of the whereb; € {-1, 1} is a PN sequence angd¢) is the
channel output delay spread functiontat mT’, hgy(mT, 7), (typically rectangular) chip pulse of lengifi. The length
are obtained from(¢) according to (15). As mentioned above, of g(¢) is thusT, = NT.. The receive filter is usually
most practical sounder types compute only ev€ti snapshot, N
which yields ‘ .

Y () = g(T,— ) = A by ipiclt—iT,)  (29)

hx (MTiep, 7) =u(T + mTiep) w(T) i=1

= (RHGA)(7 + mIiep) w(T). and thus has the same len@th= 7, = NT.. For N suf-

ficiently large, the resulting virtual sounding sigrfa[t)

The final estimate is then obtained according to (17) in (21) approximates an impulse train over the bandwidth

WOt 1) = (Tw)(t, 7) = (TRHGA)(, 7). (19) 1/(27.). Sounding sequences other than PN sequences
and mismatched receive filters have also been proposed
If desired, an estimate At (mTep, f) [s€€ (4)] can be ob- [22]-[26]; these variants still fit into our generic sounder
tained by Fourier transforminb (mTiep, 7), model.
e Swept Time-Delay Cross-Correlator (STDC@Yhereas
LG (MT e, f) = / A (MTep, 7) e ~92 7 dr the correlation sounder described above requires a sam-
r pling rate ofl /A7 to obtain a delay resolution dfr, the
_ /U(T + mTep) w(T) o—I2TET g STDCC allows to obtain the same resolution with a sam-
. pling rate of onlyl /( K’ A7) where typicallyK’ = 5000

[1], [27]. The price paid is a reduced channel tracking
ability. In practical implementations, the receiver uses a
dilated version of the transmitted PN sequence such that
the receive filter is longer than the transmit filter Byr,
i.e., 1. = T,+A7. Therepetition period is here defined as

Hence,ﬁg(mTrep, /) can be viewed as Fourier transform of
the mth block of the received signal(t) or, alternatively, as
short-time Fourier transform [21] of(¢) using the analysis
window w(t), sampled at = m7;.,,. An estimate ofLg (¢, f)

for arbitraryt can be ob_tained_ by interpolatirfoﬁ_(mTrep, D 12, = K'T, = 1/ fuip With theslip rate o, = 1/7, —
or by Fourier trar]%formlng (with respect 19 the interpolated 1/T, = 1/T, — 1)(T, + Ar). The resulting estimate of
impulse responskg (¢, 7) in (19) the output delay spread function at tihe= m77,, and
19, f) = / RO(t, ) e 2T g (20) delayr = karis
T flﬁ(mTr’ep, kAT) = w(mTy,, + K1) w(kAT).
We now consider the design of the transmit fikefi.e., g(¢)]
and the receive filteR [i.e., 7(¢)]. If the channel is time-in- SinceT},,, > T, the STDCC is significantly more sensi-
variant, the receive filteR and the channdd commute, i.e., tive to time variations of the channel than a conventional
RH = HR, and thus we have PN correlation sounder with smaj.

R Chirp SounderHere, the transmit filter is given by
u(t) = (RHGA)(t) = (HRGA)(t) = (HA)(¢) )
g(t) = A2 BUE/To)=t) for0 <t <1,
with thevirtual sounding signal
and the receive filter equalg(t) = g¢* (1, — t) [28].

At) 2 (RGA)(H) = D rxgt—mI). (21 The resulting virtual sounding signal(¢) in (21) approx-
m imates an impulse train within the barjd B, B]. Im-

Proper operation of the correlative channel sounder reguires ~ Proved pulse-compression properties can be obtained by
(r* g)(t) ~ 8(t), since thenA(t) ~ A(t). This means that using nonrectangular (e.g., Gaussian) envelopeg(for

the effectivesounding signal is an impulse train whereas the ~— andr(t) [29].
actual sounding signat(¢) [see (18)] can have a small crest
factor. Note that this argument is based on the commutation of IV. M EASUREMENT ERRORS
chan_nel and receive filter e_md thus no longer holds for time- For time-invariant channels, the sounding techniques de-
varying channels (see Section IV). scribed above are theoretically exact (assuming perfect pulse
Subsequently, we discuss the three most common changgl, oression). However, for time-varying channels they are af-
sounders within our general framework. fected by systematic measurement errors that will be identified
« Correlation SounderWhile all sounders considered herexnd analyzed in this section [7].
use correlation techniques, the tecorrelation soundeis The overall measurement erreft, 7) is given by the dif-
usually reserved for sounders using a transmit pulse  ference between the measureméﬁ(t, 7) in (19) and the de-
sired true impulse responggy (¢, 7). We will now show that

N
g(t) = AZ b; c(t — iT)) (22) this error can be decomposed as
i=1
8Note that itis actually sufficient to requite + ¢)(t) &~ B sinc(rB(t—t,)) et, ) 2 R (t, 7) — hig(t, 7) = Z ei(t, ) (24)

since only a bandlimited portion (with bandwid®) of the channel is measured. i=1
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with e (¢, 7) being thecommutation errares (¢, 7) the pulse-
compression errqres (¢, 7) thealiasing error, ande4 (¢, 7) the
misinterpretation error These four error components will be
defined and discussed in the following.

1) Recall that the actual ordering of transmit filter, channel,
and receive filter iIRHG whereas correlative sounding
assumes the virtual orderifldRG, i.e., commutation of
H andR. Unfortunately, a time-varying channH does
not commute withR and thusRHG # HRG, which
causes theommutation error

(TYHRGA)(¢, 7)
(THR z)(¢, 7)

e (t,7) éizg(t, T) —
=(YRH=z)(t, 7) —
= (Y[R, H]z)(t, 7). (25)

Here, the systenR, H] 2 RH — HR is thecommu-

tator [30] of receive filterR. and channeH. Note that

[R, H] = 0 and thuse;(¢t, 7) = 0 only for an LTI

channelH.

Imperfect pulse-compression properties of transmit and

receive filter—i.e.(r x g)(t) # 6(t) or RG # I, and

henceA(t) # A(¢)—lead to thepulse-compression error

2)

(26)
(27)

ex(t, T) 2
=(THA)(t, 7) —

(THRGA)(t, 7) — (THA)(t, 7)
(THA)(t, 7).

This error also occurs in the time-invariant case. Usuallyg
one attempts to reduce it via back-to-back calibratio
However, for time-varying channels conventional calibra-
tion is also affected by systematic errors [7].

For channels with maximum delay,.. > 7', subsequent
channel snapshots will overlap (aliasing in the delay do-

3)

main). For channels with maximum Doppler shiftax > with I, (4, f)

RS (t, T) —
In a similar way, the difference between the measured func-
on LG (t, f)in (20) and the desired time-varying transfer func-
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with T,, = KT [i.e., Iz (r, v)is Lfor(r, ) € R and O
elsewhere]. For channels with maximum detay,. and
maximum Doppler shift,,,,, such that

T, <T<
e = - 2K1/1113X

(29)

we haveSQ(r, v) = S{(r, v) and thush§(t, 7) =
hg(t, 7), i.e., es(t, 7) = 0 (this result was previously
derived in [20]). Note that the condition (29) for perfect
identification requireSyaxtmax < 1/(2K), i.e., anun-
derspreacdchannel as defined in Section 11-B.

4) Finally, the measured functitfrﬁ(t, 7) is typically used
as an estimate of the impulse respohggt, ) whereas
according to Subsection IlI-A it is rather an estimate of
the output delay spread functidif} (¢, 7). This corre-
sponds to thenisinterpretation error

ea(t, ) S hG(E 7) = hix(t, 7).
Misinterpretation can easily be avoided by correctly in-

terpreting the measurement as an estimatedt, ) or
via the conversionl,(t, 7) = hG(t — 7, 7) [See (2)].

(30)

Itis readily checked that the sum of the four error components
¢;(t, 7) isindeed equal to the total measurement erfrr) =

hl(t, 7), as was stated in (24).

on LL (¢, f) can be written as

4
Le(t, H2 LG H = Lt ) =Y Lot ) (31)
=1

F.—s{e(t, 7)} being a time-frequency rep-

1/(2T%.p), the channel variation is insufficiently traCkedresentanon of the error componentt, 7).

(aliasing in the Doppler domain). These two error mech-
anisms are combined in ttadiasing error

es(t, ) 2 (YHA)(E, 7) —

Ry (t, 7) (28)

V. ERRORBOUNDS

Next, we present a quantitative analysis of the error com-

ponentse;(t, ) and L., (¢, f) via upper bounds on specific

which is the deviation of the channel estimate obtaine&ffor norms [7]. These bounds are formulated in terms of im-
with the idealized channel sounder (i.e., perfect pulg@rtant channel and sounder parameters. We note that for arbi-

compression)h$ (¢, 7) = (THA)(t,

output delay spread functidigy (, 7).
Via the Fourier transform relation (6), an estimate of

the channel’s spreading functio{j(r, ) can be ob-

tained fromh$ (¢, 7) ag (see Appendix C)

7), from the true

58(7 1/) /hH(t T)e —I2mIT gy

=Ig(m,v ZZ SH <T+kT 1/—|—Tl )
rep

k

% eijWk(V'f'(l/Trcp))T

where Iz (7, v) is the indicator function of the delay-
Doppler regionR. = [0, T x [—(1/2T}ep), (1/2T1ep)]

A similar result was obtained in a speech analysis context in [31].

trary normsg|| -
and (31) gives

||, application of the triangle inequality to (24)

4 4
llell <37 lleall and ||1Lefl < D IILe,
i=1 i=1

respectively. Thus, our upper bounds on the error components
¢i(t, 7)and L. (t /) also yield upper bounds on the total er-
rorse(t, 7) =
LL(, f), respectlvely. Furthermore, due to the Fourier trans-
form relatinge; (¢, 7) and L., (¢, f), there is

h’ ( )_h’h(tv T) andLe(tv f) = IA’I?I(tv f)_

Lo (t, )] = / ei(t, ) I dr| < / jei(t, )] dr
(32)
ILe, |2 = [lei]l2- (33)
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A. Commutation Error Bounds lleall2 <@ 2y [ﬁ%{ +ﬁg)} (39)

Sulla Il =4
We first consider the commutation errar (t, 7) = g1l [15ll2 fl7llx
(Y[R, H]x)(#, 7) in (25). Whereas[R, H] is_generally with ﬁ(.Q) as defined in (13). A proof of the first bound is pro-

nonzero f_or_ an LTV channdl, it was shown i_n [12], [13] that \jqeq in Appendix A. Using (32) and (33), it further follows that
for R, H jointly underspread12], [13] there is[R, H] ~ 0, these bounds also apply to the, andL norms ofL. (¢, f) =
which entailse; (¢, 7) = 0. Indeed, we show in Appendix A io t, f) — L9na(t, ), ie AR

) HRG\L /)i 1€

that fo 7, < T the magnitude of the commutation error H

e1(t, 7) att = mI e, is upper bounded as |Le, (t, )] @ | Ley I ()
e < e, e Sey .
1 HI[1 1 1 H||2 1
T llgllx [1Seell (|7l llglly [1Sell2 (|7l
|le1(mTrep, 7)) W) 2 gz W 5D (34)
glloc 11 Sexllx [l B. Pulse-Compression Error Bounds
where Next, we consider the pulse-compression eegit, 7) =
W a 1 (THA)(t, 7) — (THA)(t, 7) as defined in (27). As noted pre-
TR = L / || |r(7)| dr (35) viously, the transmit and receive filters are required to yield
1 Jr

good pulse compression, i.&(f) G(f) = 1, only within the
measurement barld- B, B]. This is reflected by the following
error bounds. In particular, it is shown in Appendix B that the
magnitude ok (¢, ) att = mIi.p is upper bounded as

is the mean duration of the receive filteft) andvg) is the
channel’s mean Doppler shift as defined in (10).
Since the postprocessing operadfoincorporates the window

w(7) [see (17)], it follows that; (¢, 7) = (Y[R, H]z)(¢, 7) is lea(mTrep, 7)) Al k k
nonzero only fol0 < = < 7" and hence 1581 &= T Z R <T) G <T) o 1‘
|k|<BT
. T (40)
/ ler(mTyep, 7)|F dr = / ler(mLyep, 7)|F dr where R(f) and G(f) are the Fourier transforms eft) and
T 0 T g(t), respectively. This further induces the bounds
S max ey (mTep, T / dr [ leam Ty, Dl dr _ "
=T max ler (myep, )7 ISk |1 =02
for arbitraryp. Together with (34), this yields the bounds [ lea(mTep, 7)1 dr
yp g (34) y \/ ||SH||1 Sﬁfo. (42)
fT ler(mTep, 7)|dT <7 36 ) ) o
lglleo ISel 17l = Te; (36) According to (40), these bounds are determined by the deviation
- of the composite transfer function of transmit filter and receive
er(mTo. )2 dr filter, R(f) G(f), from the ideal value 1 (within the measure-
[ ler(mTiep, 7))

< \/ngl). (37) ment band—B, B)).
For the following bounds, we assume tHatHA)(¢, 7) =

For typical receive filters that have constant envelope within thei (f; ) and (YHRGA)(t, 7) = higg(t, 7). i.e., that no
interval[0, 7;] and are zero otherwiSEg) = T./2. Hence, the aliasing errors are present in the |dea!|zed measuremeiHs of
above bounds imply that if the product of the channel’s me@fdHRG. Itis then shown in Appendix B that
Doppler shiftﬁg) and the receive filter’s duratidfi. is small, [ lea(t, 7)| dr A
the commutation errat, (mep, 7) will be small too. We note THTHI <d; = /|(7‘ * g xsincp )(7) —sinep(r)| dr
that the requirement of small. conflicts with the desire to use T (43)
large filter lengths in order to obtain better pulse-compression Lo, (t, )]
properties (see Sections V-B and VI-A). = <y (44)

In order to obtain further bounds, we assume that 154
(YRHGA)(t, 7) = hf{puag(t, 7) and (THRGA)(t, 7) = . A L,
hGra(t, 7), which megr11{sGthat the idealized measurements 6 eresincp(r) = Bsinc(rBr), and

llglloo [1Sell (II]2

the compositechannelSRHG and HRG feature no aliasing lez2|l2 A
errors. With this assumption, one can show that B < Do = Fe BB [RUHGH =1 (45)
L.
[let, ldr o @9 el cpp, (46)

Y <
lalls ISzlly [lrfls = Sl

8The assumptiod, < T means that subsequent transmit pulses do n§tor typical correlation or chirp sounders, these error bounds

overlap. If this is not the case, the bound remains valisif . is replaced will decrease with increasing transmit/receive filter length. The

by9||x||m. , _ above error bounds (just as the pulse-compression error itself)
Note that this can be equivalently formulated as an upper bound @b not depend on the channel and are valid for time-varying and

ller(mTreps )|l = sup_ |ei(mThe,, 7)| since (34) is valid for allr. A p ying

similar remark applies to several subsequent bounds. time-invariant channels.
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C. Aliasing Error Bounds by converting the estimatf%ﬁ(t, 7) according tofzh(t, T) =

The aliasing erroes(t, 7) = (YHA)(t, 7) — hg(t, 7) in hi(t =7, 7).
(28) will be nonzero unless the condition (29) for perfect iden-
tification is met. In Appendix C, the following boundson the VI. CHOICE OF SOUNDER PARAMETERS

aliasing error are derived: Based on the above error bounds, we next present guidelines
[ les(t, )ld T () for the choice of two important sounder parameters: transmit/re-
c /
- 1e3t, 7 T <€(1) A

<elP 2 B S 2Kk T7 Y (47) ceive filter length and sounding period.
(| Smllx T -0

- 12 A. Choice of the Filter Length

2
lesl]2 <, @A < ?ﬁ? ) @)\ 2 We first consider the filter lengttl,, = 7T, (note that the
<egz’' = + (ZKWH ) . . . X g
|SE]|2 T—19 transmit and receive filter lengths are assumed equal). In Sec-
- tions V-A and V-B, it was shown that the commutation error
(48) increases with increasing filter length whereas the pulse-com-
pression error usually decreases with increasing filter length.
Thus, the choice of the filter length corresponds to a tradeoff
petween small commutation error and small pulse-compression
error.

In what follows, we will calculate the filter length that min-
imizes an upper bound on the sum of commutation error and
pulse-compression error. For simplicity, we restrict our atten-
tion to correlation sounders, i.e., sounders using PN sequences
[see (22) and (23)]. Furthermore, we assume that the sounding
4 4 period equals the filter lengtt; = 7;. = 1},. The chip length
In the error bounds$”, the termi7 7 /(T" — 1) corresponds to 7 corresponding to a fixed measurement bandwiitaquals
aliasing with respect te (i.e., overlapping snapshots) and thg:, — 1/(2B). The filter length7;, = T, then corresponds
term 2KT17§§) corresponds to aliasing with respectitdi.e., to the PN sequence lengf via 7, = NT,. and (35) gives
insufficient channel tracking). The values &f and 7" in rela- 7§> =1T,./2 = NT,/2 = N/(4B). The transmit and receive
tion to?(ﬁ) and:?ﬁ) determine which aliasing type dominatesilters are normalized so that = 1/\/T in (22) and hence
the bounds. A balanced choiceBithat minimizegg) willbe |lg||., = 1/VT and||r||, = VT. Inserting these values into
described in Section VI-B. (34) yields |e; (mTyep, T)|/|1Su|L < N(leg)/(QB)' Fur-

The above bounds are convenient in that they depend onlyta@rmore, it can be shown that (40) can further be bounded as
?(}ZI) andr (;I) and thus do not require a more detailed charactgés (myep, 7)|/||Sulli < 2/N. The sum of commutation error
ization of the channel. On the other hand, for the same reasu pulse-compression errer(mIyep, 7) + ea(mIyep, 7), iS

Here,7 §;> , ?(é) andv (}i), Pg) are the mean delay and Dopple
shift parameters in (8)—(11), and it is assumed that> g
[recall thatr, is the reference delay occurring in the definitio
of?g) and?g), see (8), (9)]. Furthermore, it follows with (32)
and (33) that the corresponding transfer function ekrg(z, f)

is bounded as

|Les (2, f)] <P, | Les |2
S5l ||SH]|2

< 5%2).

they tend to be rather loose. thus bounded as
D. Misinterpretation Error Bounds |ler(mTiep, 7) 4 e2(mTiep, 7)|
Finally, we consider the misinterpretation ere(t, 7) = 1581
RS (t, 7) — ki (¢, 7) as defined in (30). In [12] it was shown < lev(mTiep, 7)| |, |e2(mTiep, 7)]
that the corresponding transfer function differedice(¢, f) = 158l | Smllx
LY (¢, f) — LL (¢, f) is bounded as A
Q. ) - Li(t. ) v 2 50
L@ Dl o 0 ag 0 el o @8, 2o
|Sul, ~— ¢ B9kl = ¢ H " This bound is minimized by
It can be shown similarly that,(¢, ) is bounded as N 1B
o = (1)
t d
I lea(t, 7)) dr < lleall2 <@ (49) TV 3y
[Swl2 [EEE

which corresponds to an optimal balance between the bounds on
[the second bound follows with (33)]. These bounds involviae error components (¢, ) andes(¢, 7). The resulting min-
the channel’s mean delay-Doppler produa_zl%) as defined in
(12) and (13); these will be small for underspread channels
course, the bounds do not depend on any sounding param
or on the sounding method itself. As was mentioned in Sec-
tion IV, the effect of misinterpretation can easily be avoided l 1B

10These bounds do not apply directly to STDCC sounders. However, sligﬁ((’l’t =2t — 1 with lgpe = round{10g2 <V m—’_l)}'
modifications of the proof in Appendix C yield qualitatively similar bounds for H
the STDCC. (51)

imum upper bound in (50) equaft§/7n7§)/3. Since in practice

' gfrg 2! — 1 with somel, our final design rule is to choose the
sequence length according to
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Fig. 3. Systematic measurement errors (dashed line) and corresponding upper bounds (solid line), both in decibels, for a synthetic two-p@h\hzimem
integrated commutation error. (b) Maximum integrated pulse-compression error. (¢) Maximum integrated misinterpretation error. (In thislesenvpds no
aliasing error.) The horizontal axis is the channel’s Doppler shift, in hertz.

B. Choice of the Sounding Period sponding to a velocity ranging from 0.06 to 600 km/h. We as-
According to Section V-C, the sounding peridand the sumedacorre_lc_':ltion sounderusingaPN sequence of Idnhgth
repetition factork are the sounder parameters that determirje’ @nd repetition factoi = 1. With the sampling frequency
the aliasing error. Using (47) and (48) with = 0 (similar (double measurement bandwid}) assumed as 10 MHz, the
results exist for arbitrary, but are more difficult to interpret), duration of the PN sequenceflter length= sounding period)

it follows that the bounds"’ ande'>’ on the aliasing error are 'S Lo = 1r =T =12-7ps.

minimized (for fixedK) by choosing the sounding period as In this example, the aliasing error is zero since with
Tmax = 2US, Vmax < 1000 Hz, T = 12, 7pus, andK = 1

condition (29) is satisfied. The other three error compo-
i=1,2. (52) nents and their upper bounds are compared for various
values ofw,,,, in Fig. 3. The short PN sequence caused the
pulse-compression error to dominate. The maximum integrated

The resulting minimum value of,” is pulse-compression erratax,, {(1/1) [ _|ex(mT, 7)| dr} and
‘ S the corresponding upper bounb||1z2 according to (41)
eV =4V2ETW Y, i=12 (53) were calculated a$.9 - 102 and 7.8 - 102, respectively,

independently ofv,,.. [see Fig. 3(b)]. The maximum inte-
Fgr an interpr.etation, we rec.alllfror_n Section V-C .that thgrated commutation erromax,,{(1/7) [ |ex(mT, 7)| dr}
al!as!ng error is caused by_ahasmg in the d(_alay var|ab‘le anfdy the corresponding  upper bourid||e ||5H||1||7‘||1€§1)
aliasing in the Doppler variable. The sounding ‘pendf({%)t according to (36) are shown in Fig. 3(a) as a function of
achieve an optimal balance between the teﬁnﬁg /T and ... Similarly, the maximum integrated misinterpretation
2KT17§;) in the bounds (47), (48) that are associated to thesgormax,,{(1/T) [_|es(mT, )| dr} and the corresponding
two aliasing mechanisms. Furthermore, (53) showsaﬁ)q;;in upper bound2r ||SH||1E§)/T according to (49) are shown
is determined by the product @fg) andljg); it will thus be in Fig. 3(c). It is seen that the commutation and misinterpre-
small if the channel is underspread. Of course, in practice otfi@ion errors and the corresponding upper bounds grow with
criteria not considered in our optimization (like computationdNCreasing’max; however, in this example the misinterpretation
or storage requirements) may suggest to use sounding periBtier always stays well below the commutation and pulse-com-

- (1) op 720 : _
different from7;,; or 7o ;. pression errors .
The total error  max,,{(1/7) [_|hg(mT, 7)—
VII. SIMULATION AND MEASUREMENT RESULTS hiy(mT, 7)|dr} and the associated bound are shown in

] ) ] Fig. 4(a). Comparing with Fig. 3, we see that whereas up
We next present computer experiments illustrating our thegy aboutyma, = 200 Hz the (constant) pulse-compression

retical results, and we demonstrate how our results can be uggg, dominates, for,... > 200 Hz the commutation error
to assess the accuracy of measured data. dominates. For comparison, Fig. 4(b) shows the total error and
corresponding bound when the same two-path channel is
sounded with a PN sequence of length= 1023. It is seen

In our first experiment, we simulated the sounding of a sy#hat the value of,.x Where the commutation error starts to
thetic two-path channel with carrier frequency 1.8 GHz. Thgominate has dropped to about 50 Hz. This confirms our result
baseband channel's impulse response is [see (51)] that for different maximum Doppler shiftg,a,
different values ofN are preferable. The choice @f for a
givenr,,x is considered in the next subsection.

A. Measurement Errors for a Simulated Channel

hh(t, T) = ao 6(7) + a1 cos(2mnaxt) 6(7 — Tinax).  (54)
This channel consists of a direct path with constant amplitude ] ) )
ao = 1 and a second path with delay,., = 2us and sinu- B- Choice of Filter Length for the Simulated Channel

soidally varying amplitude with peak amplitude = 0.4. The Our next experiment investigates the influence of the
Doppler shifti,,,, was varied between 0.1 and 1000 Hz, corrdransmit/receive filter length (equivalently, PN sequence
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-10 ‘ -1 TABLE |
’ TRULY OPTIMAL PN SEQUENCELENGTH Npin AND PN SEQUENCE
-20 =X LENGTH N, ACCORDING TO(51) FOR THE SYNTHETIC TWO-PATH
“ 2 s CHANNEL WITH VARIOUS DOPPLERSHIFTS Vi ax
i 0 vmex/Hz || 10 | 30 [ 50 [ 100 | 300 | 500 | 1000
) /Hz || 2.9 | 86 | 143 [ 28.6 | 85.7 | 142.9 | 2857
=50, -5 5 Nmin 2047 | 1023 | 1023 | 511 | 255 127 127
Nopt 2047 | 1023 | 511 511 | 255 255 127
-6 .1 1 10 100 1000 _68.1 1 10 100 1000
(a) (b) o
Fig. 4. Total systematic measurement error (dashed line) and correspond /\
upper bound (solid line) in dB for the synthetic two-path channel. (a) PM g 10

sequence length’ = 127. (b) PN sequence lengili = 1023. The horizontal R~ \
axis is the channel's Doppler shift, ., in Hz.

\

) V\N

0 05 1 15 2 25 =10 5 0 5 10

— 7 [us] v [He]
(a) (b)

Fig. 6. (a) Estimated delay profiIéH(T) and (b) estimated Doppler profile
Qu(v) (both in dB) obtained from measurements of a typical suburban mobile
radio channel.

C. Evaluation of Measurements

: . I 5 In order to demonstrate the use of our error bounds for as-
e 17 25 S 0B 2047 sessing the accuracy of existing measurements, we analyzed
— N measurement results obtained with a RUSK XL channel sounder
[25]. The carrier frequency was 1.8 GHz. The receiver part of
F]ig-hS- 'I\/laximum magnitude (iféng Cglt_he Comgugaﬂo_n error (dcll_tctﬁd linethe sounder was located in a vehicle that moved with average
B B e e e ol e s (sl 1°®) §élocity 5.9 kmih (corresponding to a Doppler shif of 9.83
Umax = 60 Hz. Hz) through a typical suburban environment. The sampling fre-
guency (double measurement bandwiéhwas 10 MHz, cor-

. responding to a delay resolution of . Each impulse re-
length) on the measurement accuracy, and illustrates %?p g y OB P

) onse snapshot consisted of 1024 samples (corresponding to
fact that a good choice of the PN sequence length balan(% P ples ( P g

. X nding period’ = 102.4 us), which was also the length of the
commutation error and pulse-compression error. We soun

) . . Fehsmit and receive filters. The repetition factor was= 480
the same two-path channel as in the previous section, WID thatT — 49.152 ms
rep — . .

_ ; _ ol _
Vmax = 60 Hz, using PN sequences of '8”9“7 =2-1 . The measured data were used to compute an estimate
with I = 5,...,11. Fig. 5 shows the maximum magni- 4

wde of th it T £ th Su(r, v) of the channel's spreading function, an estimated
ude of the commutation erromaxy,, ; lex(mT’, 7)|, of the o)., profile P (7) = [, |Su(r, v)|dv, and an estimated
pulse-compression errotpax,,, - |e2(mT, 7)|, and of their i -

’ . Doppler profile Qu(v) = [ |Su(r, v)|dr. The latter two
SUM,max,, - |er(mT, 7) + ea(mT, 7)|, as a function ofV. It . LT "
. : . functions are shown in Fig. 6. These quantities were used to
is seen that these errors are best balancedvfor 511 since derive the following channel parameters [see (8), (10), (12)
maxy, r |e1(mT, 7) + ea(mT, 7)| features a pronounced min- g P ' '

: 5 A
imum at this point. This agrees with our theoretical guideling'(tf; |Sx(7, v)| replaceg(gywH(r, gl THoT L8 ps,
(51) which also yieldsVep,; = 2" — 1 = 511. v = 6.49 Hz, andjiyy = L1 x 107", With these

Table | contrasts the PN sequence length according to (53}annel parameter estimates and the sounder parameters

Nops = 2rt — 1, with the truly optimum PN sequence Iengtrﬂ)ﬁdﬁed further above, we qbtained the upper error bounds
= 2.1 - 102 (commutation error)g, = 9.76 - 10~*

(hereafter denoted,, ;) for a variety of Doppler frequencies.®1
Note thati,,,, minimizes the actual sum of commutation errofPulse-compression errory§” = 1.28 (aliasing error), and
and pulse-compression error wheredis,, minimizes just the <5~ = 7 - 10~ (misinterpretation error). The bourg" and
corresponding upper bound (see the analysis in Section VI-A). suggest that commutation error and pulse-compression error
Furthermore, whereas calculation/éf,,; = 2>t —1 according are well balanced. Indeed, the transmit/receive filter length

to (51) only requires knowledge of}’, calculation ofV,,,;, re-  used.N = 1023, equalsN,,; as obtained from (51).

quires complete knowledge of the channel's impulse responseThe large boundsél) suggests large aliasing errors. Since
Nevertheless, it is seen that our guideliNg,; almost always %§;> <« T, these aliasing errors cannot be due to an overlap
agrees withV,,;,. of successive snapshots but must be due to the repetition rate
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1/T,., being too small to properly track the channel’s time varand the fact thaSk (7, ) = r(7)6(v) sinceR is time-in-
ations. Indeed] /T;e, = 20.35 Hz is quite close to the doublevariant,||S[IR H1||1 can be bounded as follows:

mean Doppler shiftzfz(é) = 12.98 Hz. The corresponding .
aliasing effects are also visible in the measured Doppler pr(H-S[R,H]Hl
file in Fig. 6(b). The aliasing error can be reduced by using a
/ ) . — |SI (T ]/) — SI (T 1/)| dr dv
shorter sounding peridfl and/or a smaller repetition factéf. /. RH\" * HR\': -

Setting for examplel’ = 1, (52) yields the sounding period
Tééz = 370 us, which would reduce the aliasing error boundto = // // (') 8(v) S(r — 7', v = /)
aboutsél) ~ 0.02 (i.e., by a factor of 64). However, this choice e ;Wr(,,_,,f) dr
of K andT requires faster data acquisition. e T

Finally, the boundsff) suggests that compared to the other - / / St (', VY r(r =7 8(v —1/)
error components, the misinterpretation error is negligible. v
Thus, the measured channel snapshots can be used equally well w 32w (v=v") gt
as estimates ofl;(¢, 7) or A3 (¢, 7).

dr dv

dr dv

/ (1) Sh('r -7 v) [CJQWT,” — 1} dr’

VIIl. SUMMARY AND CONCLUSION /T/V

Based on a unified mathematical framework for (uncali- < 2// [r(7))] | Sta (71, v)| |sin(xr'v)| dry dv dr’
brated) channel sounders, we analyzed the systematic errorsthat =~ ™7 %" .
arise in the sounding of time-varying mobile radio channels. < 27r/ |Sti(7, )| |v| dr dz// [r ()] || dr’
We identified four different error components and developed T/ o
upper bounds for each of them. These error bounds show that= 27||Si |l 7% ||IrlL 7 & (57)
systematic measurement errors will be small if the channel is ) L 1) (1)
underspread and if the sounder parameters are properly choﬁ%ﬁ{e'_we usefsin z| < || and the definitions of . andvyy.
The error bounds also lead to guidelines for a judicious choi serting (57) in (55), we finally obtain (34),
of sounder parameters. Our theoretical results were illustrated ler (MTiep, 7)| < 27)|9]l0o || SHllL ||T||1;§> ,79.
by numerical simulations and their usefulness in assessing the .
accuracy of existing channel measurements was demonstratefiext, we prove the bound ory_|ei(t, 7)| dr in (38),
We note that an analysis oglibratedchannel sounders and artnder the assumptiof ¥ RHGA)(¢, 7) = hrue(t 7) and

improved calibration technique are presented in [7]. (THRGA)(¢, 7) = higreg(t, 7). With (25), this entails
ei(t, 7) = (YRHGA)(t, 7) — (THRGA)(¢t, 7)
APPENDIX A = hgne(t, 7) — hira(t, 7)

PROOF OFCOMMUTATION ERRORBOUNDS 1O
=hgr, me(t 7)

We shall first prove the error bound in (34). With (25) and o P
(17), and assuming;, < 7, we have = / Sir, e (T, V)™ dv.
le1 (mTyep, 7)) L_Jsing (56) and the fact_ thetl; (7, v) = g(7) 6(v) sinceG is
— [([R, H]2)(r + mToep) w(7)| time-invariant, we obtain
< (R, H]2)(r +mTiep) [l mar
_ L o, o "
= ‘/ﬂ/y S[R,H}(T s l)-’lj(’/' +mTrep T ) _ / /S[Cl?{,H}G(T’ l/) 6j27rz/t dv| dr
j2rv(r4+mTiep) ! 00, . Y
e dr'ds < // S[?LH}G(T, v)| drdv
T ! _ !
. /r//y Sr m] (7, )| |27 + mliep — 7)) dr'dy/ = // S[IR,H1G(T, V)| drdv
< T
<l | | [Stustr ] ar [ [|[ | shantatr =o0-v)
= lgloo || St (55) T
I x 27T W) art /| dr dy
where we usedw(r)| < 1, (7), and|z||., = ||g]|,, due to .
T, < T. With thetwisted convolutiori12], [32] = // Sty (7, V)| dr dl’/ lg(r)| dr

(1 (1
< 27 ||Sull 7 Il T gl

SII{2H1 (r,v) = / / SIIJQ (r', ) SII{1 (r—7v—1")
T o where in the last step we used the bound (57}|6ﬁ{ mllt-
xe2 =) qr' d/ (56)  This completes the proof of (38).
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APPENDIX B Due to the bandlimitation ofH, there is Li;(¢, f) =
PROOF OFPULSE-COMPRESSIONERRORBOUNDS LL(t, f)rectp(f) [where rectp(f) is 1 for |f| < B

- - d 0 otherwise]. Sincell(t, f) and Sk (7, v) are re-
We first prove the bound (40). With (26), (1w(7)| < 1, an : HA® . THAD
and (3), we obtain lated by a 2-D Fourier transform, this implie&; (7, v) =

SLi(r, v) %, sincp(r) with sincp(r) 2 Bsine(nBT). Hence,

|e2(mTiep, 7)) we obtain
= [(HRGA)(7+mTrep) w(r) — (HA) (T +mTiep) w(T)| |e2(t, 7)| dr
< |(HRGA)(r +mIiep) — (HA)(T + mTiep)| "
: i < // / Sty (r v) (rx g*sincg)(7’) dr’
= / [Liira (7 + MTiep, f) = L(7 + mTiep, f)] Ty
d / St v)sincg(r') dr'| dr dv
1 k :
= 5 <f _ _) C]Qﬂ'f(‘r-l—rnTmp) df .
r zk: r ] = // / Siy(r—7",v) [(r % g x sincg) (')
Using thatli;g e (. f) = Lig (¢, ) R(f) G(f) sinceG andR _ , ,
are time-invariant, thatl; (¢, f) = 0 for f ¢ [-B, B] due to —sincp(r')] dr’| dr dv
the bandlimitation ol [see Fig. 1(a)], and thaf.i; (¢, f)| <
||S®]|;, we further obtain / / , |5H 1, V)
lea(mTrep, 7)| (r* g *sincg) (T ) — sincg(7')| dry dv dr’
B . .
<| [ thatr T, DR GO - 1 - “SH'“ v ssines)) s o
-B which is (43). The bound in (44) is obtained from (43) using

(32).
Finally, we prove (45) and (46). WithL., (¢, f) =

k
72 <f - :T)
* Lira(t, /)= Lu(t, f). 1 Lallz = || Lyll2 andLy (¢, f) =0
for |f| > B, we obtain

1 I k
T Z LH <7'+mTrep7 T) ||L€2||2

|k|<BT = HL%RG—LEHQI HL%{RG_LhHQ

X [R <%) G <%) - 1} pI2m(TAmTiep )k /T _ [/t/_i |Lh(t, ARG — It f)|2 " df] 1/2

1 k 1/2
<= LI + Tre)7 _>‘
<7 2 H<T Mfveps // Lk, DI IR G — 17 dedf

ej?Tr(‘r—I—rnTmp)f df

|kl < BT
2

Je(z) e (z) -
T T < max |R( —1] // L4, dtdf
1 k k fe[-B,B]
< |I5ull T Z R T G 7]~ 1
|k|<BT = ||LH||2 EIHE};XBJ |R(f) G =1
which is (40). With ||LL]l2 = ||Su]|2, this y|elds (46). The bound in (45)
We next prove the bounds in (43) and (44). Assumin@llows from (46) using (33).
(YHRGA)(t, 7) = hgre(t, 7) and (YHA)¢, 7) =
rG(t, ), we haveea(t, 7) = h@gra(t, 7) — hG(t, 7). Let APPENDIX C

S..(r, v) 2 r {ea(t, )} = SQpe(r, ) — SQ(r, ), and PROOF OFALIASING ERRORBOUNDS
t—v

recall that| SO (r, 1)| = |S'(, 1/)|. It then follows that We first show the bound (47) ones(t,7) =

(YHA)E, 1) — hQ(t ) [of. (28)]. With (17) and

/ lealt, 7)| dr (HA)(E) = ¥, kult, nT) = X, h§(nT, t — nT) [cf.
. (14)], we have
) ) hG(t,7) 2(THA)(t, 7)

i (t—mTrep))

rep

:Z(HA) (74+mTiep)w(7)sine <

S//|S€2(T, V)| drdv

0
= // |Stira (75 ) = Sq(7,v)| dr dv - Z [Z hi (T, 7 + Moy — nT)
il (t—mTrep)>.

rep

w(7)

Sk(r—7",v) (r* g)(7") dr’ = S (7, v)| dr dv. x sinc <
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We then obtain the spreading function estimate < / 1S9 (7, )| dr dv
50 = _ ’
*alr ) RT (R Tn
£ /ﬁ%(t, T) e 92t gt + Z / / (', 1/)| dr’ di/
t 320 120 VKT 1~1/2)/Trep

= /t [ZZIL% (nT, 7 + mTiep — nT) w(T) =2 / / |Su(r, v)| dr dv. (59)

" For(r, v) € R, thereigr — 70| > T — 79 or |v| > 1/2T}, and

« sine < ) (t — mTrep)) e—I2mvt gy thus (assumin@ — o > 0) (|7 —70]) /(T —10) + 2T5ep || > 1.
Tiep Hence, (59) yields

repZZhH (T, 7+ (mK —n)T) w(r)I(v) 1Se, 11 SZ// [|T +2Trep|1/|} |Su (7, v)| drdv

X eijﬂ'VrnTmp (D W
— H =
I(v) Trep Z Z hH Liep — kT, 7+ ET) = 2l|9ull: — 70 T+ 2hepV 11
o k With [ les(t, 7)|dr < [|Se,]l1, this finally establishes the
X g ISy trep bound (47).
= I(r, v ZZSH <T L kT, v+ Tl ) To show the bound (48), we not;a that
rep ||A51||§ :/ |58(T, 1/)| I%(T, v)dr dy
% e—]?ﬂk(u—l—(l/Tmp))T (58) TJuv
where I(») is the 1-D indicator function of—1/(2T..;), = /ﬁ |Sw(r, v)|* dr dv

1/(2T%ep)] and Ir(7, v) = w(r)I(r) is the 2-D indicator and

function of the regiorR = [0, 7] x [~1/(2Ttep), 1/(2Tep)]- I
From (58), it follows that$Q(r, ) = SQ(r, v) if and only  [[AS:]l; = / / IR(r,v)> > S <T+/€T vt )
if S§(r, v) is completely contained withirR. The aliasing k#£0 170 rep
error can be described in the delay-Doppler domain by 2

Se, (T, V) 2 FAes(t, 1)} = SO(T v) — Sg(r, v). Using w127k Teo DT 4 dy

(58), we obtatun

l
Se, (1, v) =Ig(T, V) S9 <7_ + kT, v+ ) I
G iz ()

—j2rxk(v+{/Trep DT _ SIQI (7_7 l/) k320 120

X e
=AS1(1,v) + ASy(7, V)

2

a4 _
with x S (', v e T dr gy

AS (7, v) 2 Sg(m, V)[Ir(r, v) —1]

/ l l
ASo(r, 1) 2 Ir(r, v) > > su <7’ + kT, v+ Trep> < /T /V S>> Ik <T’ — KT, v — T@)

k#0 1#£0 k70 10
« 327k Trop )T 2

The component\S; (7, v/) is the error resulting from the sup- x|Su(r' V)| | dr'dV/
pression of spreading function components outside the region
R, corresponding to delays larger tharand Doppler frequen-
cies with magnitudes larger thaly(2T:.,). The component //
AS, (7, v) describes aliasing components falling into the region
R. With R denoting the region complementaryRo and noting = // |Su(r, v)|° drdv.
that| Iz (7, v) — 1| = Ix(r, v), we have Hence, we obtain

1Se. 1y lesl2

< ASl + [[AS2l, = [1Sesllo < |ASH[2 + [[AS2 |2

1/2
= // |58('r, 1/)| I (7, v)dr dv <2 |:/_|SH(7', W)|? dr dl/:|
1/(2Tep) I , 1/2
/ / ZSH <'r + kT, v+ T ) <2 [// [ + (2T ep) :||SH(7', v)|® dr dl/:|
rep

1/ (2T
/(2Trop) | k20 120 1/2

) |Sa(’, )] dr’ d/

@ \? 5
. TH —(2)
XG*JQW’V(V'F(I/TN})))T d7— dl/ =2 ||SH||2 <T — TO) + (2TrepVH )
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