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Abstract—Recently it has been shown that continuous-
time orthonormal Wilson bases with good time-frequency
localization can be constructed. We introduce and discuss
discrete-time Wilson function sets and frames, and we show
that Wilson sets and frames (potentially oversampled) can
be derived from Weyl-Heisenberg sets and frames. We also
show that discrete-time Wilson expansions correspond to a
new class of cosine-modulated filter banks.

1. INTRODUCTION

The Gabor expansion [1]-[9] is an important linear signal
representation. Unfortunately, there do not exist orthonor-
mal Gabor function sets (Weyl-Heisenberg sets) with good
localization in both time and frequency [6, 7]. The recently
proposed Wilson ezpansion [10]-[12] is a simple variation on
the Gabor expansion that overcomes this drawback.

So far, only continuous-time Wilson bases have been con-
sidered [10]-[12]. This paper introduces discrete-time Wil-
son sets and frames with critical sampling and oversam-
pling. Extending the derivation of orthonormal continuous-
time Wilson bases from tight Weyl-Heisenberg (WH) frames
[10], we show that discrete-time Wilson sets/frames over-
sampled by a factor K (K odd) can be derived from WH
sets/frames oversampled by 2K. Specifically, tight Wilson
frames can be derived from tight WH frames.

We also show that discrete-time Wilson expansions cor-
respond to a new type of cosine-modulated filter banks [13].

2. WEYL-HEISENBERG SETS AND FRAMES

The discrete-time Gabor expansion [1]-[9] of a signal® z[n] €
1%(Z) is given by
co N-1
oln] =Y Y (@, Gum) gimln],

I=—00 m=0
where the Weyl-Heisenberg (WH) sets {gim[n]} and
{Gi.m[n]} are defined as gim[n] = g[n — IM]e?**¥™ and
Gi,m[n] = §ln — IM] > ¥ ™ with g[n] a suitable “synthesis
window” and g[n] a suitable “analysis window,” and the
parameters M, N € IN are the grid constants [2, 14].

The WH set {gi,m[n]} is a WH frame for 1*(Z) if for all
z[n] € 1*(Z)
oo N-1

Alll* < Y7 ) K gum)® < Blal®

l=—00 m=0

with the frame bounds A > 0 and B < oo [6]. The
frame property is desirable since it guarantees complete-
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1Here 12(Z) is the space of square-summable sequences z[n],
ie., ||z|]|2 = Zoo |z[n]|2 < oo.

n=—oo

ness of the WH set {gi,m[n]} and potentially good numer-

ical properties of the Gabor expansion (characterized by

the frame bounds A and B). Furthermore, the minimum-

norm analysis window [2, 3, 4, 14, 9] can be calculated as

3°[n] = (S™1g)[n], where S~! is the inverse of the frame op-
oo N-1

erator defined as (Sz)[n] = > > (z,91,m) gi,m[n] (sys-

l=—00 m=!
tematic methods for constructing §8[n] can be found in
[2, 3, 8], [14]-[16]). Best numerical properties are obtained
for tight WH frames, for which A = B.

In the oversampled case N > M, one observes better
numerical stability of the Gabor expansion and better time-
frequency concentration of the windows g[n] and §°[n] than
in the case of critical sampling where N = M; however, this
comes at the cost of redundant (and non-unique) expansion
coefficients. In the undersampled case N < M, the Gabor
expansion will not exist for all z[n] € 1*(Z).

The discrete-time Zak transform (ZT) [17]-[20]

Zo(n,0) = > an+IM]e > (1)
l=—o0
is of fundamental importance in Gabor (WH frame) the-
ory since it allows an efficient computation of the analysis
window §°[n] and the frame bounds A, B [17, 6, 3, 8, 15].

3. ORTHONORMAL WILSON EXPANSIONS

‘We shall first discuss the construction of critically sampled,
orthonormal, discrete-time Wilson bases.

3.1. Orthonormal Wilson Bases

The construction of continuous-time Wilson bases proposed
in [10] can be transferred (with slight modifications) to the
discrete-time case. Let {gim[n]} (—o00 < 1 < 00, m =
0,1,..,2M — 1) be a WH set with oversampling factor 2
(i.e., N = 2M). We define a discrete-time Wilson set as

Yim[n] =
gai,0[n] m=20
%(gl,m[n]+gl,2M_m[n]) m+leven, m=1, ..,M—1
Z (gmn] = grom-m[n]) m+lodd, m=1,.. , M-1
924r,0 (1] m = M,
where r = 0 for M even and r = 1 for M odd. We note
that form=1, ..., M —1
Yim[n] =
\/igl,o[n] cos(ZTr%n) m+leven, m=1, .., M—1
V2 gi,0[n) sin(27‘r%n) m+lodd, m=1, .., M—-1.
Following an approach suggested in [11] for the continuous-

time case, the next theorem provides necessary and suffi-
cient conditions on g[n] such that {1 m[n]} is an orthonor-

mal basis for I?(Z), i.e., the orthonormal Wilson ezpansion



Z Z  $rm) Yimln]

l=—00 m=0

exists for all z[n] € 1*>(Z).

Theorem 1. The Wilson set {t;,,[n]} is an orthonormal
basis for I>(Z) if and only if

CO ] = % 5] and  DPm]=0
for all k € Z, where
C¥m = > gln—1M]g’[n — (I +2k)M]
l=—o0
DEm] = > (~1)'gln —IM]g*[-n — (1 — 2k — 1)M].
l=—o0

We now reformulate the two conditions of Theorem 1 in
the frequency domain and in the ZT domain.

Corollary 1. The Wilson set {t,[n]} is an orthonor-
mal basis for 1?(Z) if and only if

CYWO)=2Ml] and DE(H) =0
for 1 =0,1,..., M — 1, where?
Ee— 1
60 = 3 6(0=557) & (- )
it
DI = 3 v G0+ )6 (o- LR,

An equivalent set of conditions is (cf. (1))

22
M

1
120, O + |24 (n,6—3)

and

Z4 (n, 6— %) Z,(—n,0) —

The first condition of Theorem 1 (equivalently, of Corol-
lary 1) simplifies when g[n] has finite length or finite band-
width. If g[n] is compactly supported within 0 < n <

2M — 1, then C¥[n] =

Z4(n,0) 2, (—n,O—%) =0.

< 6[k] reduces to

1

lgln]l® +lgln+ M]|* = 77 for 0<n<M-—1.

Similarly, if G(6) is supported within 0 < § < -, then
C19(6) = 2M4[l] (see Corollary 1) reduces to

2 1

1
=2M f()l () < ; ——.

1GO)* + |G(6+ W)

3.2. Relation with Tight WH Frames

An important relation between orthonormal Wilson bases
and tight WH frames exists in the case of a conjugate even
window g[n]. (This relation has previously been noted in
[10] for the continuous-time case.)

ZHere G(0) = > 7 gln]e=?™" is the discrete-time
Fourier transform of g[n].

Corollary 2. For g*[—n]=g[n], the Wilson set {:,m[n]}
is an orthonormal basis for 1>(Z) if and only if {g;m[n]}
constitutes a tight WH frame with oversampling factor 2
and ||g]| = 1.

Thus, the construction of orthonormal Wilson bases re-
duces to finding a tight WH frame oversampled by 2 with
conjugate even window g[n]. We note that for g*[—n] = g[n]
the second condition of Theorem 1 (equivalently, of Corol-
lary 1) is always satisfied.

We next consider the construction of tight WH frames
with oversampling factor 2. If {g;,[n]} is a (nontight) WH

frame for 1?(Z), then it can be shown [6] that the WH
set {gr; ,,[n]} generated by gr[n] = (S72g)[n] is a tight
WH frame for [>(Z) with frame bounds A = B = 1. Here,
S~Y2js the posmve definite square root of the inverse frame
operator S™". For time-limited or band-limited windows
g[n], this construction reduces to simple divisions in the
time or frequency domain, respectively. If g[n] is compactly
supported within an interval of length 2M, then [15]

g[n]

grln] = ————.
\/2MC$[n]

Similarly, if G(6) is band-limited within an interval of length
L, then a tight window gr[n] can be constructed in the
frequency domain according to [15]

G(
Gr(6) = 7( ) .
G0 (6)
If none of these support restrictions are satisfied, a tight
window gr[n] can be constructed in the ZT domain as [15]
Zg (na 0)
)‘9 (TL, 6)
where \g(n,0) = M [|Z,(n,0)]> +|2Z4(n,0 — 3)I’]. In all
three cases, g*[—n] = g[n] entails g7[—n] = gr[n].

Zgr (n‘: 6) =

4. WILSON SETS AND FRAMES

So far, we have discussed the derivation of critically sam-
pled, orthonormal Wilson bases from WH sets and frames
with oversampling factor 2. We now extend our results to
the construction of general Wilson sets and frames (criti-
cally sampled or oversampled).

4.1. Complete Wilson Sets
Let {gi.m[n]} with gin[n] = g[n — IM]e/?"2Rm" and
{hl,m[n]} with hl,m[n] = h[n — lM] eJ2‘Il' ZI?LM” be WH sets

with oversampling factor 2K (K odd). We define a Wilson
synthesis set {;,,[n]} associated to the window g[n] by

Yim[n] = )
921,0[n] m=0

V2 gi,0[n] cos(27rZKM ) m+leven, m=1,.., KM—1
V2 g1.0[n) sm(27r2KMn) m+lodd, m=1,., KM—1,
9214+, k0[] m = KM,

and a Wilson analysis set {¢:,m[n]} associated to h[n] as

S1,m[n] = ®3)
hat,o[n] m=0

V2 hyo[n] cos(27rﬁn) m+leven, m=1, ., KM-1
V2 hio[n] sin(27rﬁn) m+lodd, m=1,.,KM-1,

hotgr, k0] m=KM.



Here, »r = 0 for M even and r = 1 for M odd. The resulting
Wilson ezpansion reads

co KM

alnl = > > (@ bim) Yrmln]- (4)

l=—00 m=0

The next theorem provides necessary and sufficient con-
ditions on g[n] and h[n] such that the Wilson expansion

(4) exists for all z[n] € 1%(Z), i.e., the Wilson synthesis
set {t1,m[n]} is complete in I*(Z) with {¢;m[n]} being a
“dual” Wilson analysis set.

Theorem 2. The Wilson expansion (4) exists for all
z[n] € 1?(Z) if and only if

1
COM ] = 57 oK and DM n] =0
for all k € Z, where
COMn] = 2 g[n — IMR*[n — (I + 2kK)M]
l=—0
DEP[n) = 37 (~1)'gln — IM] A" [-n — (1—2KK — ) M].
l=—0o0

We can again formulate frequency-domain and ZT-
domain versions of Theorem 2.

Corollary 3. The Wilson expansion (4) exists for all
z[n] € 1*(Z) if and only if

¢ (6) = 2M3[1] and DM (6) =0

for!=0,1,...M -1, p=0,1,..., K — 1, where

2KM—-1

DY) =
2M—1
An equivalent set of conditions is
2K—1 * . :
3 2(n0 ) % (0 5x) = 37

and

k 1 “ k
2y(m6 -5z = 3) Z(-m0 - 5)
kY . Eoo1y
-2 (m0-5g) i(-n0- 55 —3) =0

for Kk = 0,1,..., K — 1. These conditions again simplify in
the case of finite-length or bandlimited windows g[n], h[n].

4.2. Wilson Frames

The Wilson synthesis set {1, [n]} is complete in [*(Z) if
the conditions of Theorem 2 or Corollary 3 are satisfied,;
however, it need not possess the (desirable) frame property.
We now discuss the derivation of Wilson frames from WH
frames, assuming a conjugate even synthesis window g[n].

Corollary 4. Let {gl,mln]} be a WH frame for 1?(Z)
with N = 2K M (K odd), g*[—n] = g[n], and frame bounds
A and B. Furthermore, let §°[n] denote the minimum-norm
analysis window as considered in Section 2.

(i) The Wilson synthesis set {t1,m[n]} associated to g[n]
by (2) is a frame with frame bounds A, = 4 and B, = £

i.e., for all z[n] € 1>(Z)

b)

co KM

A 2 2 B 2
Slel® < D7 > e vum)® < Fliall”

l=—00 m=0

(ii) For h[n] = 23°[n], the Wilson analysis set {¢;...[n]}
constructed from h|n] according to (3) is the dual frame [6]
associated to {1;,,[n]}.

The following conclusions can be drawn:

e The frame bounds A, = %, B, = g of the Wilson

synthesis frame {t¢; [n]} are trivially related to the
frame bounds A, B of the underlying WH synthesis

frame {gi,m[n]}. Since 7= = £ the Wilson frame
inherits the numerical properties of the WH frame.

e In particular, if the WH frame is tight (A = B), then
the Wilson frame derived from it is tight as well.

e The dual frame associated to a Wilson frame has again
Wilson structure.

With Corollary 4, known techniques for the calculation
of the minimum-norm dual window can now be applied for
constructing Wilson analysis frames for given Wilson syn-
thesis frames. We note that the methods for the calculation
of tight WH frames (see Section 3.2) can be generalized to
the case of integer oversampling [15].

5. WILSON FILTER BANKS

Signal expansions and frames are intimately related to filter
banks [21]-[27]. Hence, it is not surprising that the idea
underlying the construction of Wilson bases introduced in
[10, 11] and generalized in this paper has been used in filter
bank theory for many years (see [13], Chapter 8).

We shall now show that discrete-time Wilson expan-
sions correspond to perfect-reconstruction filter banks of
the cosine-modulated type [13]. For the sake of simplicity,
we shall discuss only the critical case K = 1 although an
extension to the oversampled case is possible. Consider a
critically sampled filter bank with 2M channels and decima-
tion factor 2M in each subband, and with the 20 analysis
filter impulse responses given by

hi[n] =
h*[—n] k=0
V2 h*[—n] cos(Zwﬁn) keven, k=1,..,M—1
V2h'[-n— M] cos(2n5%:n) kodd, k=1,..,M—1
h*[-n—rM](-1)" k=M
and
hi[n] =
—V2h* [—n — M] sin(?wﬁn) keven, k=1,..,.M—1
—V2h*[—n] sin (27 5£-n) kodd, k=1,.., M—1.
The corresponding 2M synthesis filters are given by
fuln] =
g[n k=0
V2 g[n) cos(QWﬁn) keven, k=1,..,. M—-1
V2 g[n — M] cos(QWﬁn) kodd, k=1,..,.M-1
gln—rM](—1)" k=M



and

filn] =
V2 g[n — M) sin(27r%n) keven, k=1,...,.M—1
V2 g[n] sin(27r%n) kodd, k=1,..,M—1,

where r is as before. The synthesis filters and Wilson syn-
thesis functions are related as

veslnl K even, k
_ 0,k |7 even, k=1,..,M—-1
felnl = ln]  kodd, k=1, M—1
¢0,M[n] k= M,
/ _ ftik[n] keven, k=1,..,M-1
filn] = {zpo,k[n] kodd, k=1,..,M—1.

Analogous relations exist between the analysis filters hx[n],
h}[n] and the Wilson analysis functions @o k[n], ¢1,k[n].

The Wilson filter bank consists of two partial filter banks,
one having M + 1 channels (hg[n], fx[n], k=0, ..., M) and
the other one having M — 1 channels (h,[n], fi[n], k =
1,...,M —1). The filters ho[n] and hum|n|, and fo[n] and
fa[n], have half the bandwidth of the other filters; this is a
difference from the cosine-modulated filter banks proposed
so far [13]. We note, however, that a similar filter bank has
recently been proposed in [28].

A Wilson filter bank corresponding to an orthonormal
Wilson basis is paraunitary, i.e., orthogonal, while a Wilson
filter bank with different analysis and synthesis prototypes
is biorthogonal. It can easily be checked that for g[n] = h[n]
a Wilson filter bank is paraunitary, i.e., hx[—n] = fr[n] and
hif[-n] = fi[n]. We have seen in Section 4 that tight Wil-
son frames can be constructed from tight WH frames. Since
WH frames correspond to DFT filter banks [22]-[24] and
tight frames correspond to paraunitary filter banks [22]-
[26], the procedure described in Section 4 can be seen as
constructing paraunitary Wilson filter banks from parauni-
tary DFT filter banks. In a Wilson filter bank the subband
signals are guaranteed to be real if the input signal and the
analysis prototype h[n] are both real; this is an important
difference from DF'T filter banks.

6. CONCLUSION

We presented a discrete-time framework for the recently
introduced Wilson expansions. Specifically, we demon-
strated the derivation of complete Wilson sets and Wil-
son frames (oversampled or critically sampled) from WH
sets and frames, respectively. We also established a corre-
spondence of Wilson expansions to a new class of cosine-
modulated filter banks.

We finally note that our construction procedure can be
generalized to the derivation of multi-window Wilson bases
and frames from multi-window WH frames [8].
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