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ABSTRACT

We propose a compressive estimator of doubly selective channels
within pulse-shaping multicarrier MIMO systems (including MIMO-
OFDM as a special case). The use of multichannel compressed sens-
ing exploits the joint sparsity of the MIMO channel for improved
performance. We also propose a multichannel basis optimization for
enhancing joint sparsity. Simulation results demonstrate significant
advantages over channel-by-channel compressive estimation.

Index Terms— MIMO-OFDM, multicarrier modulation, channel
estimation, multichannel compressed sensing, joint sparsity

1. INTRODUCTION

The methodology of multichannel compressed sensing (MCS) or
distributed compressed sensing [1,2] allows the efficient simulta-
neous reconstruction of several jointly sparse signals. Here, “jointly
sparse” means that all signals share the same small (effective) sup-
port. In this paper, we apply MCS to the estimation of doubly se-
lective multiple-input multiple-output (MIMO) channels [3]. We
consider pulse-shaping multicarrier MIMO (MC-MIMO) systems,
which include MIMO-OFDM systems as a special case. MIMO-
OFDM is part of several wireless standards [4].

Compressive channel estimation (e.g., [5-9]) exploits the sparsity
resulting from the fact that wireless channels tend to be dominated
by a relatively small number of clusters of significant paths [10].
However, MIMO channels also exhibit a joint sparsity across the
component channels, because the antenna spacings are usually much
smaller than the path lengths. Hence, we here propose the use of
MCS to exploit this joint sparsity structure for a further performance
improvement. We note that improved performance of MCS over
conventional compressed sensing has been demonstrated in [11].
Our method differs from the compressive MIMO channel estima-
tor proposed in [8] in that [8] uses conventional compressed sensing
to exploit sparsity in the angular domain, whereas we use MCS to
exploit joint sparsity. Also, [8] only considers frequency-selective
MIMO channels, whereas we consider the doubly selective case.

A further contribution of this paper is a multichannel basis opti-
mization technique that mitigates leakage effects. Such effects were
observed in [5, 6, 9] to impair the effective delay-Doppler sparsity of
doubly selective channels. The proposed technique extends the basis
optimization techniques of [6,9] to the MIMO case, in a way such
that the joint sparsity is optimized.

This paper is organized as follows. The MC-MIMO system model
is described in Section 2. In Section 3, we analyze the joint sparsity
of the MIMO channel’s delay-Doppler representation. The multi-
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channel-compressive MIMO channel estimator and multichannel ba-
sis optimization technique are presented in Sections 4 and 5, respec-
tively. Finally, performance gains achieved by the proposed multi-
channel techniques are demonstrated experimentally in Section 6.

2. MC-MIMO SYSTEM MODEL

We consider a pulse-shaping MC-MIMO system because of its ad-
vantages over cyclic-prefix (CP) MIMO-OFDM (e.g., [12]); how-
ever, CP MIMO-OFDM is included as a special case. The base-
band domain is considered throughout. Let K, N > K, L, N, and
Nr denote the number of subcarriers, symbol duration, number of
symbol periods, and numbers of transmit and receive antennas, re-
spectively. The modulator generates the discrete-time transmit signal

r
vecto 1K1

sin] = > aukgikln], (D

1=0 k=0

1) (Np)

T
where a; x £ (a; ) -+ a;,*’)" denotes the data symbol vectors and

grk[n] £ g[ln—IN) 727 & ("=IN) denotes time-frequency shifts of
a transmit pulse g[n]|. Subsequently, s[n] is converted into the con-
tinuous-time transmit signal vector s(t) = > 7 __ s[n]fi(t—nT3),
where f1(t) is an interpolation filter and 73 is the sampling period.
The channel connecting transmit antenna s € {1,..., N7} and
receive antenna r € {1, ceey NR} is assumed doubly selective with
time-varying impulse response h("**) (¢, 7). The MIMO channel out-
put is thus given by r(t) = [ H(t, 7)s(t—7)dr + z(t), where
H(t, ) is the Ng x N matrix with entries A("%) (¢, 7) and z(t) is
a noise vector. At the receiver, r(t) is converted into the discrete-
time signal vector r[n] = [*°_r(t) fa(nTi—t)dt, where fo(t) is an
anti-aliasing filter. Subsequently, the demodulator computes
oo
Xk = Z rin]yx(n], 2)

for! = 0,...,L—1and k = 0...,K — 1, where yx[n] =
~yln — IN]e?27 & ("=IN) with some receive pulse y[n]. We note
that CP MIMO-OFDM [4] is a special case obtained for rectangular
pulses g[n] and ~y[n] that are 1 on [0, N —1] and on [N — K, N —1],
respectively and O otherwise (N — K > 0 is the CP length).

By combining some of the above equations, we obtain

Z Hin, m]s[n—m] + z[n], 3)
where H[n, m] depends on H(¢,7), f1(¢), and f2(t). Combining
(2), (3), and (1) and neglecting intersymbol/intercarrier interference
(which is justified if the channel dispersion is not too strong) yields

r[n] =

xi0 = Higai e + 21k, 4
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forl =0,...,L—1and k = 0,..., K—1. The channel coefficient
matrices H ;, can be expressed in terms of g[n], H[n, m], and v[n].

Hereafter, we assume that y[n] = 0 outside [0, L~]. To compute
the x; 1, r[n] must be known for n = 0,..., Ny — 1, where Ny £
(L—1)N + L+ + 1. For these n, we can write (3) as

oo Np—1

r[n] = Z ZSh[m,i}s[n—m]ej

m=—oo 1=0

R 4ozln),  (9)

with the discrete-delay-Doppler spreading function matrix [3]

No—1

Sulm,i] & ;0 > Hin, mje ©)
n=0

Assuming that Hn, m] = 0 for m ¢ [0, K —1] and using (2), (5),
and (1) and the approximation Ny ~ LN (which is exact for CP
MIMO-OFDM), the H; ;. can be expressed as (L is assumed even)

K—1 L/2-1

Hiyp =Y. > Fui e~ R 1), (N

m=0i=—L/2

Here,
s N i+qlL
F., = Sulm,i+ qL] A g<m7 ) (8)
, No
q=0
with the cross-ambiguity function A, 4(m, &) £ 3257 ~y[n] g*[n—

m] 7]277571

3. JOINT SPARSITY IN THE DELAY-DOPPLER DOMAIN

Next, we analyze the joint sparsity of the functions Fn(;'f) 2 [Fuil,.,
in (8). We recall that a sequence F' is called S-sparse if at most S
of its values are nonzero, i.e., |supp{F'}| < S (here, supp{F'} is
the set of indices of all nonzero values of F’). Furthermore, a collec-
tion of sequences F® s called Jjointly S-sparse if all F© share a
common S-sparse support, i.e., supp{F@}} <8S.

Let § 2 (r,s) index the antenna pairs (or channels), with © £
{0 = (r,s) |7 =1,...,Nr,s = 1,..., Ny} the set of all 6.
We assume in this section (not, however, for the compressive chan-
nel estimator presented in Section 4) that each channel comprises P
propagation paths corresponding to the same set of P specular scat-
terers with channel-dependent delays Tp ) and Doppler frequency
shifts 1/,(,‘9> for p = 1,..., P. For this channel model, the impulse
response of channel 6 is given by

Za(9)5

with complex path gains a< ). It can then be shown [9] that the
delay-Doppler spreading functlon (see (6)) results as

o ()
W (t,7) —r{) et heo,

P
O i y(Ng—
S, i] = Y ol T BTN ANy i (9)

p=1
with the shifted leakage kernels A [m i| & ¢><0)( (0)/ 1)
(i — vy TNo), where % (z) 2 [ 92 th (Tx—t)
- fa(t)dt and 9 (z) £ s1n(7rx)/[No sin(mx/No)]. Each Ap [m, 1]

is effectively supported in a rectangular region of some delay length
Am € N and Doppler length Ai € N, centered about the delay-

Doppler point ") 2 (73? / T2, v{ T. No). Therefore, each AP [m, ]
can be considered approximately Na-sparse, with Na £ Am Ad,
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where Am and A¢ can be chosen such that a desired approximation
quality can be achieved. It then follows from (9) and (8) that each
E, (6) = [Fu,i], is approximately P N-sparse.

We will now investigate the joint sparsity of two different chan-
nels. Let dr and dr be the maximum distances between any two
transmit antennas and any two receive antennas, respectively. Fur-
thermore, let W, (=) » be the vector from transmit antenna s to a given
scatterer p, wf{ )p the vector from that scatterer to receive antenna 7,

& e wiy) 2 Hw“) I,.

scatterer pis glven by 7p ) = (w bt w(7> »)/c, where cis the speed
of light. Let A7y f2) & | ;,91)— p92>| denote the difference in time
delay between two different channels ; and 6>. Using some simple
geometric arguments, one can show the bound AT,EOI -62) < 78, with
dr +dr

—

and w2 ||wy Then, the time delay for

B =

Furthermore, let fo be the carrier frequency, v, the velocity
vector of scatterer p relative to the transmitter, vgr,, the velocity
vector of the receiver relative to scatterer p, and vr,, = ||vr,pll,,
VR,p = |[VR,pll,- Then, the Doppler shift for scatterer p is v\ =
Lo [vT pw(Ts)p/w(s) +Vh W (T) /w }.Using the Cauchy-Schwarz
1nequa11ty and some geornetrlc arguments, the Doppler shift dif-

ference between two different channels 6; and 6o, Au,(,gl’gz) =
{V(el) (92)} can be bounded as Av(el 02) <y <91 %) with
J1.62) _ Jo | vrpdr | VRpdr
VB,p c (s1,52) (r1,7r2)
T, p,min R,p,min
where w(Ts;;fg = min{w(Tb;),w(Té?;)} and wg;;ﬁ = min{wf{i},

w2
wR 3§

From these bounds on Ar(gl %2) and AV;(;QI %2) it follows that the
center points nwl) and nw? of the shifted leakage kernel supports
differ at most by [73 /73] in the m-direction and by [1/(91 92)’[;N0]
in the ¢-direction. Since this is true for any pair of channels (61, 02),

the set of all shifted leakage kernels Ag)) [m, ], 6 € © is (approxi-
mately) jointly Ny ,-sparse, where Ny, is bounded as

Nap < (Am+ Am')(Ai + Ady), (10)

with Am’ £ [75/T:] and Adj, £ maxg, e, { [1/(91’02>Z/;N0] bt
then follows from (9) that the spreading functions Sé )[m, i],0€0
are jointly S-sparse with S = Zf:r Nj,p. Finally, the same is
true for the functions F,,(lgz = [Fn,i], in (8). If the antenna spacings
(characterized by dr and dr) are much smaller than the path lengths
(characterized by the w(TS and wg >) and if the velocities (charac-
terized by the vr,, and vR,p) are not too large, Am’ and Aij, will
be small, and thus the joint sparsity parameter S will not be much

larger than the individual sparsity parameters of the functions F,,(:;S).

4. THE MULTICHANNEL-COMPRESSIVE ESTIMATOR

For practical (underspread [3]) channels as well as practical transmit
and receive pulses, the functions En ;in (8) are effectively supported
in a small rectangular region about the origin. (Within this region,
these functions share a common, sparse support as shown in Section
3.) Thus, we assume that the support of F,,, ; is contained in [0, D —
1] x [=J/2,J/2 —1], where D < K, J < L is assumed even, and
D and J are chosen such that AK £ K/D and AL 2 L/J are
integers. Because of (7), the function H; ;. is then uniquely specified



by its values on the subsampled grid G £ {(I, k) =
A=0,...,J-1,k=0,...,D—1}, and there is

(ML, kAK) |

D—1 J/2—1

Hyar,rax = Z Z Fnie

m=0i=—J/2

J2W(m**) (11)

To mitigate the leakage effects affecting F,,,,; according to Sec-
tion 3 and thereby enhance the joint sparsity, we generalize (11) to
an orthonormal 2-D basis expansion

D—1 J/2—1

H)\AL,NAK - Z Z F7rL,i ﬁ'm,i[)\,l‘ﬂ . (]2)

m=0i=—J/2

We again assume that the coefficient functions 'y( ) A [ m;iie share
a common S-sparse support that is contained in [0 D 1] x [-J/2,
J/2 —1] (a suitable construction of the basis {3m,i[), x|} will be
presented in Section 5). Evidently, the 2-D DFT (11) is a special
case of (12) with T, ; = v/ JD Fy,, ;.

Let 2 (1, k). We suppose that for each s € {1 ..., Nt}, Qiden-
P = (p (). pg\fT) ,q=1,...,Qare
transmitted at @) time frequency positions u ) e P, where the
P are disjoint subsets of the subsampled grid G. The pilot vec-
tors p<5) are chosen linearly independent for s = 1,..., Nt. Note
that |P*)| = Q, that there are in total N pilot vectors, and that
different entries of a ) = p® correspond to pilots at the same

tical pilot vectors a (s)

time-frequency posmon transmitted from different antennas. Writ-
ing 1u$” = (A AL, k) AK) and inserting relation (12) restricted
to the pilot positions into (4), we obtain

D—1 J/2-1

w0 =30 3 G A D]+ 2, a3

m=0i=—7J/2

for all ui¥ € P andalls = 1,...,Np,r = 1,..., Ng. Here,
22 [x,],, 20 2 [z,],, and Gig)z = (T)iT ® W1th '7< )Tdenot—

ing the rth row of I, ;. Let B be the unitary J D><J D matrix whose
((i+ J/2)D 4+ m + 1) th column is given by vecx «{Bm,i[A, k] }.
which denotes the columnwise stacking with respect to A, x of the
J X D “matrix” Bm,i[A, ] into a JD-dimensional vector. Further-
more, let ) 2 BEID®) where B denotes the Q x JD sub-
matrix of B composed of the () rows corresponding to the pilot po-
sitions P, and D) is a diagonal matrix such that the columns of
B‘*) have unit £2-norm. We also define the J D-dimensional vectors

u® £ (D)~ 1ye m{Gﬁfﬂz} Finally, let x(%) & (che) e m(Qe))T,
SO (L‘<T() with ufls) € P). We can then rewrite (13) as

Hq

where x4

— &)yl +Z )’

G )

0cO. (14)

Since the coefficients =,
(T>T (s

; were assumed jointly S-sparse, the func-
tions G(G) =Y, are jointly S-sparse, too. Therefore, (14) is
a stmullaneous sparse reconstruction problem: we have to recover
the NoNg vectors u'” € C’P, § € © from the Ny Ng vectors
x@ e C% 0 € ©, based on the known “measurement matrices”
&) e 9P Typically, Q < JD; however, the u'® are (ap-
proximately) jointly S-sparse (e.g., S = Zle Nj,p for the DFT
basis in (11), with N , bounded according to (10)). Hence, we
can use an MCS recovery algorithm such as DCS-SOMP [2] to ob-
tain estimates of the u'®) and, after rescaling with D), of the G(g)

(7") A (G(r SON G,(; iVT)) and P 2 ( (1) p(NT))
(T>T p® )yield 'y(r> =P Tgf;)z (note that

Writing g,
the relations G(9> =

m,1

P is nonsingular because the p ) are linearly independent). From
the estimated '7< ") we obtain estimates of the subsampled channel
coefficients H A L,x Ak via (12). Finally, inverting (11) and using
(7) yields estimates of all channel coefficients H; j.

For consistency with the standard construction of measurement
matrices [13], the pilot positions ) are randomly chosen from the
subsampled grid G. Accordingly, the measurement matrices &) are
constructed by randomly drawing |73(S> | = Q rows from the unitary
matrix B and normalizing the columns to unit 2-norm.

Alternatively, since &) in (14) does not depend on 7, we can also
apply the SOMP algorithm [1] for s = 1, ..., Nt. This is a special
case of DCS-SOMP for identical measurement matrices. Applying
SOMP Nt times is less complex than using DCS-SOMP, or using
orthogonal matching pursuit (OMP) [14] Nt Ngr times.

5. MULTICHANNEL BASIS OPTIMIZATION

We now present an algorithm for designing the basis {Gm,:[), ]} in
(12) such that the joint sparsity of the channel coefficients 77(:,)1‘ =
[Tn,i], is optimized. This algorithm is an extension of our basis
optimization algorithms in [6, 9] to the MIMO (multichannel) case.

Consider the single- scatterer channels h?(t,7) £ §(7— 7'1(9))

- ed2mA7t ,0 €0, where 7-1 ) and 1/( ) are random and distributed ac-
cording to the probability density function (pdf) p(7i,v1) 2
p(rl(l’n, R NT) D) quR’NT)). (A nonstatistical de-
sign that does not require knowledge of p(71,v1) is easily obtained
by constructing p(71,v1) from uniform distributions.) We set
Bm,i[ A, K] £ % bm,i[\ e —727 "B (see [6,9] for a motivation of
this construction), where {bm,z[)\]}j:/Q_Jl/Q, m=0,....,D—11s
a family of D orthonormal 1-D bases that will be chosen such that
I, is maximally jointly sparse on average. As in [11], the joint
sparsity is measured by [T, , = 2y bo-t ;]:/2:;/2 | T,
ITm,i|| denotes the Frobenius norm of Iy, ;. One can show the

following expression for the expectation of ||T'||, ;:

» Where

D—-1J-1

E{\|I‘\|21} = Z ZE{||BmCm(T1,l/1)H(2i+1)},

m=0 i=0
where By, is the J x J matrix with entries (Bn);,; ;1 =
i g2l Al and Con (71, u1) is the Jx No Ng matrix with columns
\/5¢§9)(m - 0)/T) v’ ) 0 € ©. Here, c¥) 2 (C,S:,)O

Cf,’j’)‘,_l)Twnh

J/2—1 N—1
ey Zw<”>(z'+qL)A:,g(m

i=—J/2 ¢=0

i+ qL) ej27r¥’
0

where ¢ (1) £ "B NG (No—) ¢ (i—VTiNo). Finally, [|A[|{”
denotes the /2 norm of the ith row of A. Hence, the joint sparsity
can be optimized by solving the D optimization problems
ming cul E{HB Cp(11,11) ||(ZJrl }om=0,...,D-1,
where U/ denotes the set of all unitary Jx.J matrices. Usrng a Monte-
Carlo approximation, we redefine these optimization problems as

J—1
B, £ argmin Y > [BuCo(m,m), IS, (15)
BnelU —

form =0,..., D—1, in which the (71, Ul)p denote samples of the
random vector (71, v1) drawn from its pdf p(71, v1).

An approximate solution of (15) can be obtained by an iterative
algorithm in which each iteration constitutes a convex minimization
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for which efficient methods exist (see [6, 9] for details). This algo-
rithm is initialized by the DFT matrix.

6. SIMULATION RESULTS

We simulated CP MIMO-OFDM systems with K =512 subcarriers,
CP length N — K = 128, QPSK symbols, carrier frequency fo =
5GHz, and bandwidth B =1 / Ti = 5MHz. The interpolation/anti-
aliasing filters f1(t) = f2(t) were root-raised-cosine filters with roll-
off factor 1/4. During blocks of L = 32 OFDM symbols, we gen-
erated a doubly selective MIMO channel using the simulation tool
IlmProp [15]. 7 clusters of 10 specular scatterers each were ran-
domly distributed between transmitter and receiver, which were sep-
arated by about 1500 m. Scatterers and receiver had random velocity
vectors with uniformly distributed directions and velocities of up to
50 m/s for the scatterers and 50 m/s for the receiver. We used up to
four transmit/receive antennas spaced ¢/ (2 fo) apart. The noise z[n|
in (3) was complex white Gaussian with component variance o2 ad-
justed to achieve a prescribed receive signal-to-noise ratio (SNR).
The SNR is defined as the mean received signal power averaged
over one receive block of length Ny and all receive antennas, di-
vided by o2. The pilot position sets P were randomly chosen
from a subsampled grid G with spacings AL =1 and AK =4. We
used |P(®)| = 1024, which implies that 6.25 - N+ % of all symbols
are pilots. The pilot vectors p<5), s = 1,..., Nt were randomly
chosen, orthogonalized, and normalized such that the power of each
p® equals the power of Nt data symbols.

For a MIMO system with Nt = Nr = 3 antennas, Fig. 1(a)
shows the normalized mean-square error (MSE) versus the SNR for
the proposed MCS-based estimator and for conventional channel-
by-channel compressed-sensing (CS) based estimation [5]. In Fig.
1(b), the normalized MSE is plotted versus the number of anten-
nas, Nt = Nr € {1,...,4}, at an SNR of 20dB. The recovery
algorithms were DCS-SOMP [2] and SOMP [1] for MCS-based es-
timation and OMP [14] and BP (denoising) [16] for CS-based es-
timation. We used the DFT basis (see (11)) and, for MCS-based
channel estimation, also an optimized basis designed according to
Section 5. The pdf for basis optimization was chosen as p(71,v1)
T B R e S

Ng,N 1,1 1,1 . . .
u{ R T>|7'1< ), u} )), where each factor is uniform in a rectan-

gular region. The region for the first factor was determined by the
maximum delay and Doppler, and the regions for the remaining fac-

tors were determined by A7, %) and Az/,(,ei’ej ) (cf. Section 3).

It is seen from Fig. 1 that MCS-based estimation using the DFT
basis significantly outperforms CS-based estimation, due to its abil-
ity to exploit joint sparsity. Furthermore, use of the optimized basis
in MCS-based estimation yields a large additional performance gain,
because of the enhanced joint sparsity. DCS-SOMP performs better
than SOMP, since it exploits the joint sparsity of a larger number
of channels. By the same reason, the performance gains mentioned
above increase with the number of antennas (see Fig. 1(b)).

7. CONCLUSION

The application of recently proposed multichannel compressed sens-
ing methods to MIMO channel estimation makes it possible to take
advantage of the joint sparsity of MIMO wireless channels, in addi-
tion to the sparsity of the individual component channels. Simulation
results demonstrated significant performance gains and (for SOMP
recovery) reduced computational complexity of multichannel-com-
pressive MIMO channel estimation relative to channel-by-channel
compressive estimation. A further substantial performance gain was
achieved by a multichannel basis optimization that mitigates leak-
age effects and enhances joint sparsity. The optimized basis can be
precomputed before the start of data transmission.
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——BP-DFT —BP-DFT
=¥~ OMP-DFT =¥~ OMP-DFT
-9 -8~ SOMP-DFT -14 —B-SOMP-DFT

—-©-DCS-SOMP-DFT
-E+ SOMP-optimized
-©- DCS-SOMP-optimized

* -6-DCS-SOMP-DFT
I - E- SOMP-optimized
134 -© DCS-SOMP-optimized -16

SNR [dB]
(a)

Fig. 1. Performance of MCS-based and CS-based MIMO channel
estimation: (a) MSE versus SNR, (b) MSE versus Nt = Ng.
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